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Preface

This book develops the themes first introduced in Categories for AGI1 1 Mahadevan [2026c], revised July 25,
2026.by synthesizing them around a new core principle for machine learning.

Rather than beginning with a scalar-valued loss function, it begins with
the failure of a declared composition. Such a failure retains information
that a single number discards: what was meant to compose, how it
failed, and what kind of repair might restore it.

The framework developed here is lincs, short for Learning in In-
finitesimal Non-Compositional Sketches. Its central claim is simple:

Compositionality is a desirable structural property of learning systems,
whether natural or artificial. A deviation from it is therefore a potential
signal for learning, but not yet a scalar error: it is a typed, generally non-
scalar obstruction recording which declared composition failed, where it
failed, and along which directions. Scalar observations may be chosen
to optimize against that obstruction, but they neither exhaust its content
nor determine an admissible repair.

Most learning systems begin with an objective and ask how to op-
timize it. lincs begins one level earlier by declaring what structure
the system promises to preserve. A failure produces an obstruction
that may later be observed through a norm, likelihood, test statistic, or
decision functional. Those scalarizations can drive optimization, but re-
main accountable to the type, location, and semantics of the obstruction.
Optimization is therefore placed inside an explicit structural contract
rather than allowed to define it.

Design principle

Declare the structural promise before selecting the scalar diagnostic.
The same residual magnitude can represent different failures and
therefore authorize different repairs.

Why category theory?

Modern machine learning already draws on a powerful mathemati-
cal toolkit. Calculus describes local variation and supplies gradients.
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Graph theory represents incidence and dependence. Probability and
statistics quantify uncertainty, evidence, and generalization. Opti-
mization searches for parameters or policies that improve an objective.
LINCS uses all of these. Category theory is needed for a different
question: what is the structure that these operations are supposed to preserve
when they are composed?

Suppose a learning system is represented by a diagram

D : J −→ C.

The indexing category J records typed components and their legal com-
posites; the target category C records the objects and maps that realize
them. A sketch can additionally declare that two paths agree, that a
cone is limiting, that a cocone is colimiting, that a section descends,
or that a construction is functorial. These are not merely numerical
properties of isolated parameters. They are obligations among opera-
tions. When an obligation fails, the failed diagram supplies the typed
obstruction from which LINCS begins.

Set theory can encode all of these constructions, and category theory
need not be advertised as a stronger foundation in an absolute sense.
Its advantage is one of native expression. Set theory foregrounds mem-
bership and elements. Category theory foregrounds maps, composition,
universal properties, and transport between representations [Mac Lane,
1998]. Lawvere’s functorial semantics makes the same point for theories:
generators and equations can be specified abstractly, while their models
are structure-preserving realizations in a chosen category [Lawvere,
1963]. This separation between a declaration and its realizations is
precisely what a learning sketch requires.

This choice also makes the framework representation-aware without
making it presentation-bound. Functors compare realizations; natu-
ral transformations compare structure-preserving updates; limits and
colimits express assembly; adjunctions express canonical transport;
sheaves separate local consistency from global realization; and tan-
gent structure imports calculus without reducing the declaration to
coordinates. Category theory therefore does not replace the familiar
mathematics of machine learning. It provides the organizing language
in which their outputs can be composed, compared, and audited.

Design principle

Use category theory to state the invariant structural promise; use
graphs, calculus, probability, statistics, and optimization to rep-
resent, observe, test, and repair particular realizations of that
promise.
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Language Native question Role inside LINCS

Set theory What are the elements
and subsets?

Represents underlying
data, states, and
parameter spaces

Graph theory Which vertices or
variables are incident or
dependent?

Represents wiring,
neighborhoods, and
sparse interaction
structure

Calculus How does a quantity
change locally?

Constructs tangent
probes, sensitivities,
and update directions

Probability and statistics What is uncertain,
supported, or
identifiable?

Quantifies evidence
and supplies statistical
admission tests

Optimization Which available
candidate best
improves an objective?

Searches within a
declared repair
language

Category theory What must compose,
transport, or glue, and
in what type?

Declares the structural
contract and types its
failure

Table 1: The mathematical languages
are complementary. Category theory
supplies the compositional declaration
within which the others operate.

From causal models to models of learning

There is a second route into LINCS, through the causal revolution in
statistics and artificial intelligence. Pearl’s critique of mainstream ma-
chine learning is not simply that its predictions can be inaccurate. It
is that systems trained primarily on associations often lack an explicit
model of the mechanisms that produced those associations, and there-
fore lack a principled object on which to perform an intervention [Pearl,
2009b, 2018, Pearl and Mackenzie, 2018]. A predictor can estimate
P(Y | X = x) without representing what it would mean to replace the
mechanism for X, hold the other mechanisms invariant, and ask for
P(Y | do(X = x)).

McCarthy posed an antecedent challenge in terms of appearance and
reality [McCarthy, 2007]. Sense data provide partial, view-dependent
appearances; intelligence must reason about the comparatively stable
objects and mechanisms that generate them. Recovering reality from
appearance is an inverse problem and is generally non-unique. More
fundamentally, the vocabulary of the explanation need not already
occur in the observations. Atomic theory required theoretical objects
that were not present as patterns in unaided sense data. Democritus
proposed the ontological idea centuries before Dalton made atoms and
molecules elements of a quantitatively constrained scientific theory.

McCarthy and Pearl therefore expose complementary limitations.
Classification of appearances does not by itself construct a model of
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their hidden reality; conditioning on observations does not by itself
determine how that reality would respond to action. A learning frame-
work adequate to both challenges must permit theoretical objects be-
hind appearances and controlled changes to the mechanisms connecting
them.

Causal inference addresses this limitation by making a domain model
explicit. Structural causal models, structural equation models, potential
outcomes, and related formalisms specify enough structure to dis-
tinguish observation from action. Their variables and mechanisms
are normally grounded in a domain such as epidemiology, biology,
economics, or policy. Once that structure has been declared, an inter-
vention can be represented as a controlled change to part of the model,
followed by propagation through what remains invariant.

LINCS imports this methodological lesson into machine learning
at a different level. Its primary model need not be a causal model
of a biological or economic system. It is a model of the learning system
itself : its objects, transformations, data flows, compositional obligations,
observers, allowed edits, and admission tests. A learning sketch makes
that system inspectable and actionable. Non-compositionality localizes
a structural discrepancy; the repair language specifies what may be
changed; and admission tests whether the proposed change preserves
the promises that were not targeted.

Causal inference LINCS analogue Shared discipline

Causal model Learning sketch and its
realization

Make the relevant
structure explicit before
acting

Structural mechanism Declared component,
path, or universal
construction

Give a proposed change
a typed target

Intervention target Localized obstruction
and registered repair
site

Separate diagnosis from
the authority to change

Mechanism replacement Typed repair or sketch
edit

Change the target while
preserving declared
non-target structure

Post-intervention law Behavior of the
repaired realization

Propagate the change
through the model

Experimental validation Admission on
independent probes

Do not identify
proposal with
successful intervention

Table 2: LINCS inherits the model-and-
intervention discipline of causal inference
while applying it to learning systems
more generally.

The comparison also raises a proof-theoretic question. Causal models
provide the semantics of intervention, while do-calculus supplies rules
for transforming observational and interventional expressions under
explicit graphical conditions. Chapter 1 develops the corresponding
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distinction for LINCS. Its axioms specify admissible structural-learning
models. It begins with a Universal Obstruction Axiom: every admissible
diagnostic factors uniquely through a typed obstruction object, whose
triviality is equivalent to satisfaction of the declared compositional
obligations. Additional structural laws govern tangent lift, descent,
and repair; a candidate repair calculus then gives rules for observer
substitution, presentation elimination, localization and gluing, tangent
transport, target surgery, and conservative theory extension. These
rules preserve declared structural judgments. They do not identify
causal effects unless the learning sketch also carries the required causal
semantics.

The analogy supports several scales of action. A parameter intervention
moves within a fixed realization. A component intervention replaces a
morphism, module, policy, adapter, warrant, or skill. An architectural
intervention changes routes, interfaces, covers, or composition laws. A
declaration intervention augments the sketch with new objects, arrows,
probes, or axioms. Ordinary optimization usually occupies the first
level. The later levels require an explicit language of structural change
and stronger evidence that the unaffected obligations remain intact.

This does not make every LINCS repair causal in Pearl’s semantic
sense. A repair becomes a causal intervention only when the relevant
arrows denote mechanisms and the edit is connected to a realizable
intervention protocol. Otherwise it is a more general structural interven-
tion. Category theory supplies the typing, composition, and invariance
conditions; domain knowledge and experimental design supply causal
meaning. LINCS is therefore best understood as extending the disci-
pline of causal modeling, not as declaring all learning to be causality.

Design principle

Make the learning system itself an actionable model. A proposed
update should state what structural component it changes, what it
holds invariant, how the change propagates, and which indepen-
dent observations would justify its admission.

The observability caveat

The central claim contains a meta-level assumption that should be
made explicit: a failure of compositionality must be observable through
some available diagnostic. It is not enough for a declared diagram to
fail in the mathematical model. The learning system, its designer, or
an accompanying audit process must be able to obtain a witness that
distinguishes the failure from ordinary variation.

Let O(D) denote the typed obstruction associated with a realized
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diagram D. In practice the learner does not inspect O(D) directly. It
sees an observation profile

ObsΛ(D) =
(
ωλ(O(D))

)
λ∈Λ,

where the maps ωλ may be norms, tests, probes, comparison maps,
counterfactual outcomes, human judgments, or instrument readings.
After quotienting decision-null variation, the observer family should
separate the obstruction classes on which the system is authorized to
act:

[O1] ̸= [O2] =⇒ ωλ(O1) ̸= ωλ(O2) for some λ ∈ Λ.

This is an observability condition, not a theorem supplied by LINCS. If
every registered observer vanishes on a genuine actionable obstruction,
the system has a structural blind spot. No repair rule driven only by
those observations can be expected to correct it. Observability is always relative to a dec-

laration, a probe family, and a quotient.
A diagnostic may detect that something
failed while remaining unable to identify
which typed obligation failed or what
caused it.

Reinforcement learning makes the distinction concrete. An agent
playing backgammon may know the legal moves and eventually observe
whether it won or lost. That terminal signal does not by itself reveal
the compositional structure of a Bellman equation, much less localize a
failed Bellman factorization. Bellman observability requires additional
representational commitments: states or predictive histories, rewards,
transition structure, and comparisons between one-step and continued
value. The game supplies an outcome; the learning architecture supplies
the structural observer.

Natural cognition raises the deeper question of where such observers
and declarations originate. The debate surrounding universal grammar
asks how much language-specific structure is available prior to, or
constrains, language learning [Chomsky, 1965]. This should not be
identified uncritically with semantic compositionality, but it illustrates
the general problem: a learner cannot diagnose every structural reg-
ularity unless some representational resources make that regularity
expressible.

Developmental studies offer a related example. Spelke’s core knowl-
edge program argues that human cognition is founded in part on
early-developing, domain-specific representational systems [Spelke,
2000]. A later synthesis identifies systems for objects, actions, number,
and space, with a possible further system for social partners [Spelke
and Kinzler, 2007]. On this account, infants do not begin with an un-
differentiated stream and learn every object and relation from scratch.
Early structural resources constrain what can be tracked, compared,
and combined. Whether a particular resource is innate, learned, cultur-
ally scaffolded, or engineered is an empirical question; LINCS requires
only that the operative structural promise and its observers be declared.

There are consequently four possible sources of observability:
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1. the environment supplies an explicit witness, such as a violated rule
or failed test;

2. a system designer registers structural probes and audit maps;

3. a learner acquires observers from repeated intervention and repair;

4. an organism or architecture begins with structural priors that make
certain failures salient.

The third possibility opens an important outer loop. A LINCS system
can learn not only how to repair under a fixed observer family, but also
where its current observers fail to predict admission outcomes. It may
then propose a new probe, refine its cover, or enlarge its sketch. The
new observer must itself be validated on held-out failures; otherwise
the system merely changes what it is able to notice in order to certify
its preferred repair.

The dual issue is controllability. Even if the probes reveal and localize
an obstruction, the registered repair language may contain no admissi-
ble path from the current realization to one satisfying the declaration. A
system can therefore be observable but uncontrollable: it can diagnose
a failure yet must abstain from repairing it. Conversely, a system with
many available interventions but no observer capable of discriminating
their relevant effects is controllable only in a dangerous, unlicensed
sense. Viewed as a control system, LINCS makes both assumptions
relative and typed: the probe family determines which obstruction
classes are observable, while the repair language determines which
admissible classes are reachable. Admission then asks whether the
reached realization is supported, stable, and semantically licensed.

Boundary

LINCS assumes neither perfect observability nor an innate univer-
sal compositional grammar. It assumes that each claimed repair
is supported by a declared observer family capable of detecting
the relevant obstruction and by a repair language capable of reach-
ing the proposed realization. The completeness of the observers
and the reachability of the repair are themselves auditable and
revisable modeling claims.

Compositionality is not compression

An influential account of learning treats it as the discovery of a short
description: a good model compresses the data by exposing regularity,
and model selection balances the length of the model against the length
of what remains unexplained.2 lincs neither rejects this account nor 2 This viewpoint includes minimum de-

scription length [Rissanen, 1978, Grün-
wald, 2007] and its foundations in al-
gorithmic information theory [Li and
Vitányi, 2019].
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takes it as the definition of learning. Description length is a scalar
quantity relative to a coding language. A compositionality obstruction
is a typed failure relative to a structural declaration. They answer
different questions.

A compact model can encode a systematic violation of an essential
composition, while a structurally faithful model may require extra
description to preserve sources, qualifiers, uncertainty, or compatibility
across contexts. Conversely, reusable compositional structure often
makes compression possible. The relationship is therefore productive
but not an equivalence. Compression may rank admissible models or
repairs, regularize a search, or become one coordinate of an observation
profile; it cannot by itself say which structural promise was broken or
whether a shorter repair is semantically licensed.

A sharper limitation appears when discovery requires changing the
language in which descriptions are compared. Zahavy’s position paper
LLMs Can’t Jump uses Einstein’s path to general relativity to argue that
compression of observations and deduction from established axioms
do not by themselves explain the abductive step that proposes new
axioms [Zahavy, 2026]. Whatever one concludes about the paper’s
stronger claim concerning present LLMs, it identifies an important
boundary: selecting a concise model inside a fixed representational
frame is different from inventing and validating a new frame.

lincs makes that boundary expressible. Repair may change a
realization inside a declared sketch, or it may propose a conservative
change to the declaration itself. The latter can add objects, paths, probes,
quotients, or axioms and then ask whether old evidence transports and
newly required compositions hold. This does not prove that lincs can
generate a creative jump. It supplies a typed language in which such a
jump can be proposed, compared with the old frame, and admitted or
rejected without confusing novelty with compression.

The recurring workflow

Across the theory and all ten application systems, the same six-stage
workflow provides the organizing spine of the book.

declare
a sketch

differentiate
the failure

quotient
null variation

localize
over a cover

repair
in a typed language

admit, reject,
or abstain

Figure 1: The recurring LINCS work-
flow. A run may stop before admission
when the obstruction is unidentifiable,
the cover is incomplete, the repair is un-
supported, or validation fails.

Declaration fixes the objects, arrows, equations, and universal prop-
erties that give success a type. Differentiation turns a failed composite
into a local sensitivity or interaction signature. Quotienting removes
variation that is null for the declared decision. Localization assigns the
surviving obstruction to a cover of modules, agents, contexts, skills, re-
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lations, or argument fragments. Repair searches only within a registered
language of admissible changes. Admission then tests the candidate
against evidence independent of the signal that proposed it. Rejection
and abstention are therefore successful outcomes of a well-specified
workflow, not merely failures to optimize.

This separation is the practical heart of lincs. A residual can diag-
nose a broken promise without identifying its cause. A localized cause
need not support a feasible repair. A repair that reduces the training
obstruction need not preserve meaning. Each transition requires its
own assumptions and its own certificate.

What the book develops

Part I establishes the categorical foundations. Chapter 0

supplies a working language of categories, functors, natural trans-
formations, enriched categories and sketches, universal constructions,
sheaves, and tangent structure. Chapter 1 then introduces the Univer-
sal Obstruction Axiom, states its accompanying structural laws, and
develops a typed repair calculus. Chapter 2 introduces learning by
repair and the six-stage workflow. Chapters 3 and 4 develop learn-
ing sketches, factorization obstructions, tangent lifts, and infinitesimal
non-compositionality. Chapter 5 specializes these ideas to intervention
protocols and infinitesimal causality. Chapter 6 constructs infinitesimal
categorical databases, separating pointwise tangent instances, tangent-
stable database sketches, and bracket enrichment. Chapter 7 develops
Infinitesimal Decisions as the tangent layer of Universal Decision Learn-
ing. Chapter 8 gives the deep computational realization, Deep Learning
in Non-Compositional Sketches (DLINCS), while Chapter 9 makes
quotienting, localization, repair, and admission explicit as separate
mathematical and engineering obligations. Chapter 10 then assembles
these pieces into CoLT, a general architecture for reasoning through
typed diagnosis, repair, and admission.

Part II turns the framework into learning systems. BRIDGE
and SKFM use Lie-bracket geometry to screen for latent-confounded
causal structure. LINCS–KET treats attention and diffusion architec-
tures through Kan-extension structure. ALLORA studies composable
low-rank neural adapters. LASKO formulates skill optimization over
Lie algebroids. GIRL recasts reinforcement learning as infinitesimal,
structurally constrained repair. These chapters deliberately span dif-
ferent objects of learning: graphs, architectures, adapters, skills, and
policies.
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Part III focuses on relational learning and reasoning.
LINCS–RLHF replaces a single scalar reward with typed preference ob-
structions and guarded admission. RADAR repairs relational manifold
structure rather than isolated embeddings. SID uses sheaf descent to
coordinate local agents while preserving the boundary between local
evidence and global claims. LINCS–Toulmin applies the same grammar
to argumentation, where claims, grounds, warrants, backing, rebuttals,
and qualifiers must glue without erasing provenance or disagreement.
Odyssey and Prometheus then extend the framework to trustworthy
foundation-model foundries, separating artifact construction from struc-
tural validation, argument scrutiny, and durable admission.

Part IV extracts the common design. Chapter 21 presents a pat-
tern language for new lincs systems. Chapter 22 develops the research
frontier, from learned covers and higher interactions to homotopical re-
pair, coalgebraic stabilization, statistical tangent sites, and mechanized
verification.

The applications are not instances of one universal loss. They share a
discipline: state the promise, retain the failed diagram, separate signal
from semantics, make the learning system itself an actionable model,
and require a certificate before changing it.

How to read the book

New readers can begin with Chapters 0–2. The theoretical route con-
tinues through Chapters 3–10 and 21. The causal route connects
Chapters 5–6 with Chapter 11; Chapter 7 gives the general tangent
semantics of decision making, while Chapters 12–14 treat architectures,
adapters, and skills; and Chapters 15–20 treat trajectories, preferences,
relations, distributed claims, arguments, and trustworthy foundation-
model foundries. This is an advanced companion to Categories for AGI;
readers seeking a slower introduction may begin with that book.
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The boundary of the claim

lincs does not assert that every compositional failure has a unique
cause, that every obstruction supports a repair, or that categorical
structure eliminates uncertainty. It makes those boundaries explicit by
distinguishing diagnosis from identification, intervention, repair, and
admission.

Nor does it assert that every repair is a causal intervention. The
broader claim is methodological: mainstream learning becomes more
inspectable when its own architecture and obligations are modeled
explicitly enough to support localized, invariant-preserving action.
Causal semantics is an additional achievement when those modeled
components are grounded as mechanisms.

That distinction matters as learning systems become modular, agen-
tic, and distributed. A global score can improve while a local contract
is violated; successful components can fail when composed; and a
plausible repair can destroy the semantics used to justify it. This book
treats such cases as central objects of learning.

Boundary

A lincs certificate supports only the claim registered by its decla-
ration, cover, probe family, quotient, and admission test. It does not
license a stronger causal, semantic, or safety conclusion without
additional evidence.

The durable question running through the book is therefore not
simply whether a model can reduce a loss. It is:

Which structural promise failed, how does that failure move, and what
part of the modeled learning system may be changed while the rest is
held fixed? What independent evidence licenses that repair without
changing the promise merely in order to pass?

The chapters that follow develop a language, workflow, and family
of systems for answering that question.





A Trail Map of LINCS

The Preface explains why compositional failure can become a learn-
ing signal. This trail map shows how the pieces fit together before
the book develops them in detail. The route has two broad halves.
Chapters 0–10 construct the theory and its reasoning architecture; Chap-
ters 11–20 test and specialize it; Chapters 21–22 extract the common
design and identify its open frontier.

Design principle

Keep four questions separate while reading: What structure was
declared? What obstruction was observed? What repair was
authorized? What independent evidence admitted the change?

The view from above

LINCS begins with a model of the learning system itself. Objects and ar-
rows describe its typed components and legal computations. Equations,
cones, cocones, covers, and descent conditions declare the structural
promises that those computations should satisfy. A failure of one of
these promises produces a typed obstruction. Tangent structure asks
how that obstruction changes under admitted local probes; quotienting
removes variations that are irrelevant to the declared decision; localiza-
tion assigns the surviving failure to a cover; repair proposes a typed
change; and admission determines whether the maintained system
should actually change.

structural
declaration
sketches

and models

typed obstruction
base and tangent

structural diagnosis
quotient and
localization

controlled change
repair and
admission

Theory and CoLT
Chapters 0–10

Applications
Chapters 11–20

Pattern language
Chapter 21

Open frontier
Chapter 22

Figure 2: The upper sequence is the re-
curring LINCS computation. The lower
route is the organization of the book.

The obstruction is the intellectual hinge. It is not defined by a scalar
loss, although scalar observers may measure it. It does not identify
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its own cause, although localization and domain assumptions may
support a diagnosis. It does not authorize its own repair, although its
type restricts the repair language. Finally, a successful local repair is
not automatically admitted: finite behavior, uncertainty, invariants, and
transfer must still be tested.

The foundations trail

The foundational chapters form a dependency graph rather than a list
of independent topics.

0
categorical language

1
axioms and calculus

2
learning by repair

3
learning sketches

4
tangent sketches

5
infinitesimal causality

6
infinitesimal databases

7
infinitesimal decisions

8
deep realization

9
quotient, local-

ize, repair, admit

10
CoLT reason-

ing architecture

Figure 3: One recommended route
through the foundations. Causality and
decision making are distinct interpreta-
tions of tangent structure; their chapters
communicate without being identified.

Chapters Main object introduced Question answered Reader should retain

0–1 categorical language and
universal obstruction

what is declared before a loss is
chosen?

structure, observer, and
scalarization have different types

2–3 six-stage workflow and learning
sketch

how does a failed declaration
become an operational signal?

factorization failure precedes
diagnosis and repair

4 tangent learning sketch how does a failure change under
an admitted local probe?

infinitesimal non-compositionality
is directional and typed

5–7 infinitesimal causality, databases,
and decisions

when does tangent structure
acquire causal, persistent, or
decision semantics?

grounding, bracket enrichment,
and decision relevance are
additional declarations

8 differentiable realization how can typed diagrams be
compiled into layered learners?

architecture, differentiation, and
optimization remain distinct

9 quotient, localization, repair, and
admission

how is a structural change
governed?

null variation, diagnosis,
authority, and validation must be
separated

10 CoLT reasoning state and
transition record

how does governed repair become
an auditable reasoning process?

only certified admission changes
the maintained state
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The recurring field procedure

Every application substitutes domain-specific objects into the same
six-stage discipline.

Declare Differentiate Quotient

LocalizeRepairAdmit

Declare. State the objects, arrows, equations, universal properties, ob-
servers, and admissible probe language.

Differentiate. Ask how the obstruction moves under supported local
variation; retain base and tangent information separately.

Quotient. Remove gauge, presentation, baseline, paraphrase, or other
variation that the declared decision cannot observe.

Localize. Assign the surviving failure to modules, contexts, overlaps,
skills, relations, agents, or argument fragments.

Repair. Search only within a registered language of typed changes and
record what must remain invariant.

Admit. Use independent evidence to accept, reject, quarantine, or defer
the proposal.

A chapter need not instantiate every stage with equal depth. The
map is an audit device: a missing stage should be visible as an open
obligation rather than silently replaced by a scalar objective.

The applications trail

The applications change the object of learning while preserving the
structural grammar.
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Chapter and domain Structural focus Control and admission lens

11 — causal discovery visible intervention geometry and causal
graphs; Lie-bracket nonclosure or unstable
extraction

audit the model class and identification
assumptions

12 — neural architec-
ture

Kan-extended representation routes;
disagreement between direct and extended
base or tangent behavior

repair the route or architecture, then test finite
behavior

13 — neural adapta-
tion

ordered families of low-rank adapters;
order-sensitive interaction

route, merge, separate, or retrain under an
explicit admission test

14 — skills sections over a Lie algebroid; anchor, bracket,
or feasibility failure

repair the skill or workflow while preserving
declared constraints

15 — reinforcement
learning

Bellman and policy factorizations; base or
tangent inconsistency

use decision quotients, effective sample size,
quarantine, and recovery

16 — preference learn-
ing

relational preferences; cycles or a
nonintegrable preference field

retain a relational fallback and guard any
reward update

17 — relational learn-
ing

charts, joins, and shared manifold geometry;
incidence, cocycle, or apex failure

make sparse, decision-preserving chart repairs

18 — distributed learn-
ing

local predictive sections; compatibility or
effectivity failure

audit descent and apply transverse correction
only when admitted

19 — argumentation typed Toulmin roles and source-bound
sections; role, qualifier, rebuttal, or gluing
failure

localize edits while preserving source
provenance

20 — foundation mod-
els

foundry artifacts and validation contracts;
cross-agent or cross-stage failure

separate construction, scrutiny, and final
admission

Chapters 11–15 emphasize causal, architectural, skill, and sequential
decision systems. Chapters 16–20 emphasize relational evidence, dis-
tributed reasoning, argumentation, and foundation-model foundries.
Chapter 21 then compresses their recurring choices into a pattern lan-
guage. Chapter 22 asks how the framework might learn its own probes,
covers, declarations, and theories, and how it might participate in
scientific discovery rather than only repair a fixed model.

Choose a route

The book supports several routes besides reading every chapter in
order.
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Interest Suggested
route

Guiding question

Core theory 0–10, then 21 what is the minimal categorical contract for learning by repair?
Causality and discov-
ery

0, 1, 3–6, 9–11,
22

when can a geometric obstruction support a causal or theoretical claim?

Decision making and
RL

0, 1, 4, 7–10, 15–
16

how does local variation alter universally extended decisions?

Deep architectures
and skills

0, 3–4, 8–10, 12–
14

how are compositional obligations compiled into trainable modules?

Relational and multi-
agent reasoning

0, 3–4, 6, 9–10,
17–20

how do local structures glue without erasing disagreement or provenance?

Scientific creativity 1–7, 10–11, 21–
22

when should repair change the model, and when should it change the theory?

Signposts for the journey

Three distinctions prevent most misreadings of the framework.

1. Obstruction is not loss. A scalar may observe or rank a typed
failure, but it does not exhaust the failed structural promise.

2. Diagnosis is not authority. A localized obstruction may motivate a
repair without identifying its cause or licensing a change.

3. Infinitesimal coherence is not finite success. Tangent agreement
must be transported, tested, and admitted before it supports a de-
ployment or scientific claim.

With those signposts in view, the long theoretical ascent has a prac-
tical destination. The applications do not merely illustrate category
theory. They test whether one disciplined sequence—declare, differ-
entiate, quotient, localize, repair, and admit—can make very different
learning systems more inspectable and actionable.





Part I

Categorical Foundations





0
A Working Language of Compositionality

LINCS begins from a simple observation: a learning system is as-
sembled from parts, and the ways those parts are composed carry
meaning. An encoder feeds a predictor; an intervention changes a state;
local models exchange information on overlaps; argument roles connect
evidence to a claim. Category theory provides a language for saying
which compositions are possible and which compositions are intended
to agree.

This chapter develops the portion of that language used throughout
the book. It is not a miniature survey of category theory. Its purpose
is practical: after reading it, one should be able to identify the objects
and arrows in a LINCS application, read its diagrams, understand
what its sketch declares, and distinguish a structural obstruction from
a numerical measurement of that obstruction. The central reading habit is type first. Be-

fore asking for a formula or a loss, ask
for the source and target of every map
and for the two routes that are being com-
pared.

0.1 Categories: typed composition

Definition 0.1 (Category). A category C consists of:

1. a collection of objects X, Y, Z, . . .;

2. for every pair X, Y, a collection of morphisms f : X → Y;

3. an identity morphism 1X : X → X for every object; and

4. a composite g ◦ f : X → Z whenever f : X → Y and g : Y → Z.

Composition is associative, and identities are neutral:

h ◦ (g ◦ f ) = (h ◦ g) ◦ f , f ◦ 1X = f = 1Y ◦ f .

The definition is deliberately spare. It says nothing about what an
object “really is” or how a morphism is represented in software. That
abstraction lets the same language describe several levels of a learning
system.



34 machine learning from enforcing compositionality

Category Objects Morphisms Composition
means

Set sets functions ordinary
function
composition

VectR real vector
spaces

linear maps matrix or
linear-map
composition

Smooth smooth
manifolds

smooth maps composition of
differentiable
transforma-
tions

A path category nodes of a
typed graph

directed paths concatenating
executable
steps

A schema category entity and
relation types

declared
relational paths

following
foreign keys or
joins

A category of models model states or
structured
realizations

admissible
transforma-
tions

transporting
one realization
to another

Table 1: The word category fixes a disci-
pline of typed composition, not a single
choice of mathematical object.

A morphism is not merely an arrow drawn on paper. Its type
f : X → Y is a contract. The composite g ◦ f exists only when the
output type of f matches the input type of g. Many bugs in complex
learning systems are already visible as type failures: an adapter ex-
pects a representation that an earlier adapter does not produce, a local
database chart lacks the join witness needed by a downstream map, or
a proposed argument repair changes a claim where only a warrant edit
was authorized.

Example 0.2 (A skill pipeline). In LASKO, a retrieval step r : Q → E
maps a query to evidence, and a synthesis step s : E → A maps
evidence to an answer. Their composite s ◦ r : Q → A is a candidate
skill. If a verifier v : A→ V follows, then associativity guarantees that

v ◦ (s ◦ r) = (v ◦ s) ◦ r.

Associativity does not guarantee that the result is correct or executable;
it guarantees that the two parenthesizations name the same typed
composite. Additional declarations supply the substantive promises.

0.2 Ordinary syntax and enriched semantics

An ordinary category assigns a set of morphisms to each pair of ob-
jects. In many learning domains, however, the maps between two
objects carry structure that matters to composition: they may form
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a vector space, an ordered collection, a space with a distance, or a
category of transformations. Enrichment makes that structure part of
the categorical typing rather than attaching it afterward as an untyped
score.

Definition 0.3 (Enriched category). Fix a symmetric monoidal category
V , with tensor ⊗ and unit I. A V-enriched category C has objects
X, Y, . . ., a hom-object

C(X, Y) ∈ V

for each pair, composition morphisms in V

C(Y, Z)⊗ C(X, Y) −→ C(X, Z),

and unit morphisms I → C(X, X), satisfying enriched associativity and
unit laws. A V-functor maps objects and hom-objects while preserving
this composition and these units.

Ordinary categories are precisely categories enriched over Set with
Cartesian product. Other bases expose different information in the
hom-objects:

Enriching category V What a hom-object
records

Familiar case

Set a set of maps ordinary categories
the two-element ordered set 2 whether a

comparison holds
preorders

([0, ∞],≥,+, 0) a generalized
directed distance

Lawvere metric
spaces

VectR a vector space of
maps with bilinear
composition

linear or differential
operators

Cat a category of maps
and transformations
between them

2-categories

Table 2: Enrichment changes the type of
a hom from a bare collection into a struc-
tured object whose structure is respected
by composition.

Boundary

Enriched is not a synonym for equipped with additional structure. A
tangent category has a tangent endofunctor and coherence maps;
a Markov category has symmetric monoidal, copying, and dis-
carding structure; a site has a coverage; and a Lie algebroid has
a bracket and anchor. Any of these may participate in an en-
riched construction, but none is automatically an enriched category
merely by possessing that structure.
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This distinction explains the convention adopted throughout the
book. The ordinary category or sketch supplies a common combina-
torial backbone of objects, paths, and factorization obligations. Each
application then states the semantic structure actually used: enrichment
of homs, tangent structure, monoidal structure, probability objects,
sheaf semantics, Lie brackets, or some compatible combination. A
norm, expectation, distance, order, or subtraction is available only after
that extra structure has been declared.

Design principle

Read every LINCS model at two levels: first identify its ordinary
typed compositional skeleton; then identify the enrichment or
other semantic structure that makes its obstruction observable and
its repairs admissible. Changing the second level can change the
diagnostic without changing the underlying graph of composi-
tions.

0.3 Graphs, paths, and diagrams

A directed graph lists objects and generating arrows but does not yet in-
clude all composites. Its path category Path(S) freely adds identities and
finite paths. This distinction is useful in machine learning: the graph
can describe primitive modules, while the path category describes every
route that can be built from them.

Definition 0.4 (Diagram). A diagram of shape J in a category C is a
functor

D : J −→ C.

Informally, J is the wiring pattern and D supplies its realization: each
formal object receives an object of C, and each formal arrow receives a
morphism of C.

Consider two adapters A, B : H → H acting on a hidden-state space.
Their two orders form parallel paths

H H.
B◦A

A◦B

The paths are parallel because they share a source and target. This
makes it meaningful to ask whether they agree. ALLORA does not
assume that they do: the order discrepancy is part of the structure
being diagnosed.

Definition 0.5 (Commutative diagram). A diagram is commutative
when every pair of parallel directed paths with the same endpoints has
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the same composite. For the square

X Y

X′ Y′,

f

u v

f ′

commutativity means v ◦ f = f ′ ◦ u.

The square can express equivariance, simulation, consistency under
a data transformation, or agreement between direct and transported
prediction. Its meaning comes from the labels and chosen category; its
categorical form says that two typed routes are intended to agree. A diagram can be meaningful without

commuting. In LINCS, a noncommuta-
tive diagram is often the observed candi-
date, while commutativity is the declared
structural promise.

Example 0.6 (Bellman consistency in GIRL). Let V be a space of value
functions and let Pπ : V → V be the Markov expectation operator for a
policy π. With reward function Rπ , define

Bπ(V) = Rπ + γPπV.

A parametrized value family V̂ : Θ→ V determines parallel maps

V̂, Bπ ◦ V̂ : Θ⇒ V .

Bellman consistency declares these maps equal. A sampled temporal-
difference residual is a numerical observation of their failure to agree
at the sampled state and transition.

0.4 Functors: compositional translations

Definition 0.7 (Functor). A functor F : C → D assigns an object F(X)

of D to every object X of C, and a morphism F( f ) : F(X) → F(Y) to
every morphism f : X → Y, such that

F(1X) = 1F(X), F(g ◦ f ) = F(g) ◦ F( f ).

The second equation is the important one: a functor preserves com-
position. It is therefore the natural mathematical form of a translation
that respects how a system is assembled.

Three uses recur in this book.

Realization. A functor D : J → C realizes a formal computational
shape J as actual spaces and maps. In a neural realization, objects may
be representation spaces and arrows may be differentiable modules. In
RADAR, the shape can be a relational schema and the realization can
assign local geometric charts.
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Change of representation. A functor can translate a structured system
into a different category without forgetting composition. A database
instance is commonly treated as a functor from a schema category to
Set [Spivak, 2012]. The schema says which relational paths exist; the
functor supplies their tables, keys, and realized functions.

Differentiation. The tangent construction is a functor

T : Smooth −→ Smooth

that sends a manifold X to its tangent bundle TX and a smooth map f
to its derivative-level map T f . Functoriality is the chain rule:

T(g ◦ f ) = Tg ◦ T f .

This is why a declared compositional route can be lifted as a route
rather than differentiated as an untyped scalar expression.

Design principle

Whenever the book writes D : J → C, read it in two passes. First
read J as the declaration of available routes. Then read D as the
candidate implementation of those routes. The distinction between
shape and realization is essential to LINCS.

0.5 Natural transformations: coherent change

Functors describe structured systems. Natural transformations describe
maps between such systems that are compatible with every arrow in
the structure.

Definition 0.8 (Natural transformation). Given functors F, G : C → D, a
natural transformation η : F⇒ G assigns to every object X a morphism
ηX : F(X)→ G(X) such that for every f : X → Y,

F(X) F(Y)

G(X) G(Y)

F( f )

ηX ηY

G( f )

commutes. Equivalently, ηY ◦ F( f ) = G( f ) ◦ ηX .

The adjective natural means that the component maps do not act as
unrelated patches. They transport coherently along every morphism of
the source category.

Example 0.9 (A structured model update). Suppose D, D′ : J → C are
two realizations of the same learning sketch. A family of local updates
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ηj : D(j) → D′(j) is a natural transformation only when it commutes
with every realized operation D(u). Thus an encoder update, predictor
update, and decision update cannot be selected independently if the
arrows connecting them are to retain their meaning.

This is stronger than the claim that every module improved on its
local metric. It is one formal model for a compositional repair. LINCS
does not require every repair to be a natural transformation, but when
one is claimed, its naturality squares are explicit admission obligations. Objects, functors, and natural transfor-

mations form successive levels: compo-
nents, structured systems, and coherent
changes of structured systems. Higher
category theory continues this ladder, but
the first two levels suffice for most con-
structions in this book.

0.6 Reading coherent change in two dimensions

There are two standard two-dimensional ways to depict the data of CAT.
The first raises the directed diagrams of Section 0.3 by one categorical
dimension. In the pasting scheme associated with Bénabou, categories
are vertices, functors are directed edges, and a natural transformation
is a 2-cell drawn between parallel functor edges [Bénabou, 1967]. This
convention remains common in category theory texts; see, for example,
Riehl [2017].

Street’s string-diagram convention gives the planar dual picture
[Street, 1996]. Natural transformations become vertices or boxes, func-
tors become the wires incident on them, and categories become the
regions separated by those wires. Vertical stacking expresses composi-
tion of natural transformations, while horizontal attachment expresses
whiskering by a functor. Nothing mathematical has changed: the two
drawings encode the same typed 2-cell, but make different dimensions
visually prominent.

This second graphical language belongs to the calculational tradition
developed by Marsden and subsequently presented systematically by
Hinze and Marsden [Marsden, 2014, Hinze and Marsden, 2023]. It
treats category theory itself diagrammatically, including natural trans-
formations, adjunctions, monads, and Kan extensions. Cockett and
Cruttwell specialize the calculus to tangent-category reasoning, using
it to simplify calculations with tangent functors, lifts, flips, and Lie
brackets [Cockett and Cruttwell, 2015]. The diagrams in this book
specialize it once more: they form a LINCS dialect for displaying struc-
tural declarations, observers, obstructions, coherent repairs, and their
transport.

Figure 0.6 compares the two conventions and then fixes the Street
convention used in this book: functors point from the region on the left
to the region on the right, and 2-cells are read from bottom to top. The
first two panels depict the same 2-cell η : F ⇒ G. The third gives its
first LINCS reading. A fixed-sketch repair ρ : D⇒ D′ is not a collection
of unrelated component edits; it is one coherent change between two
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realization functors.

(a) Pasting scheme

C D

F

G

η

(b) Street dual

category C category D

functor F

η

functor G

(c) LINCS repair

sketch shape
J

semantic domain
C

model D

repair ρ

model D′

Figure 1: Two planar presentations of the
same 2-cell, followed by its LINCS read-
ing. The Street diagram is the planar dual
of the pasting scheme: categories move
from vertices to regions and the 2-cell
moves from an arrow between parallel
edges to a vertex on a wire. Region col-
ors are pedagogical; the typing is carried
by the category and functor labels.

This notation supplements rather than replaces the other diagram
languages in the book. A commutative diagram displays obligations
among objects and morphisms. A monoidal string diagram displays
processes, tensor products, copying, and discarding. A CAT-diagram
displays coherent changes of whole structured systems. The distinction
matters: moving a box through a crossing is licensed only when the
corresponding 2-categorical coherence law has been stated.

Design principle

Use graphical deformation only as a typed proof step. A visually
smooth redrawing is not evidence of equality unless the relevant
naturality, interchange, or tangent-coherence law licenses it.

0.7 Universal constructions

Some objects are characterized not by their internal representation but
by how all other objects map to or from them. Such universal properties
make constructions invariant under changes of implementation.

0.7.1 Products, pullbacks, and equalizers

A product X × Y comes with projections πX : X × Y → X and πY :
X × Y → Y. For every pair f : Z → X, g : Z → Y, there is a unique
map ⟨ f , g⟩ : Z→ X×Y whose projections recover f and g.

A pullback refines this idea. Given f : X → Z and g : Y → Z, the
pullback X×Z Y represents pairs that agree after mapping to Z:

X×Z Y Y

X Z.

πY

πX g

f

Every other commutative cone into this cospan factors uniquely through
the pullback.
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In RADAR, a pullback can express the relation obtained by joining
two typed views over a shared key. A learned geometric apex is not
merely an embedding with low pairwise error; it is asked to realize the
declared incidence and join relations.

An equalizer of f , g : X ⇒ Y is an object E → X selecting exactly
the part of X on which f and g agree. In SID, compatible local families
form an equalizer of two restriction maps: one route restricts the first
local section to an overlap, and the other restricts the second.

0.7.2 Coproducts, pushouts, and quotients

The dual constructions are defined by reversing arrows. A coproduct
combines alternatives; a pushout glues objects along a shared part; a
coequalizer identifies points or paths according to a declared relation.
If p, q : X⇒ Y, a coequalizer is a map c : Y → Q satisfying c ◦ p = c ◦ q,
universal among maps with that property.

This makes a quotient more than deletion. It records which distinc-
tions are declared irrelevant. LINCS uses quotients to remove presen-
tation changes, gauge directions, advantage baselines, paraphrases, or
other variations that should not consume repair effort.

Construction Structural
question

LINCS reading Example

Product Can several
observations be
paired?

assemble jointly
available
information

a block of
diagnostic probes

Pullback Which pairs agree
over a shared
target?

enforce relational
compatibility

database joins in
RADAR

Equalizer Where do parallel
maps agree?

identify a
consistency locus

compatible
sections in SID

Coproduct How are
alternatives
combined?

retain typed
alternatives

families of repair
proposals

Pushout How are pieces
glued along a
common part?

construct a
candidate global
object

source-bound
argument
fragments

Coequalizer Which distinctions
are identified?

form a declared
quotient

null or gauge
variation

Table 3: Universal constructions used as
structural declarations in LINCS.
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Boundary

A numerical optimizer may approximate a universal construction,
but a low penalty is not itself the universal property. Existence,
compatibility, and uniqueness obligations must be stated at the
structural level and then connected to measurable tests.

0.8 Adjunctions and Kan extensions

An adjunction packages a best or universal translation between two
categories. Functors F : C → D and G : D → C form an adjunction
F ⊣ G when maps F(X)→ Y correspond naturally to maps X → G(Y).
The correspondence does not say that F and G are inverses. It says that
one construction is universally adapted to mapping into or out of the
other.

Kan extensions apply this idea to diagrams. Suppose K : A → B
changes an indexing shape and F : A → C is known. A left Kan
extension LanK F : B → C is the universal way to extend F along K:

A C

B

F

K
LanK F

together with a natural comparison

η : F =⇒ (LanK F) ◦ K.

The triangle therefore commutes up to the displayed natural transfor-
mation; it is not a strict equality unless additional hypotheses impose
one. A right Kan extension is the dual universal construction, equipped
with a comparison

(RanK F) ◦ K =⇒ F.

In LINCS-KET, direct computation and Kan-extended computation
provide two routes. Their discrepancy can be evaluated at the base level
and after tangent lift. The Kan extension is not decorative terminology:
it specifies which extension counts as canonical relative to the declared
change of indexing shape.

Example 0.10 (Extending from observed contexts). Let A index contexts
in which a representation has been directly observed, and let B include
additional composite contexts. The map K : A → B records the
inclusion. A Kan extension constructs values on B from the observed
diagram. A separately learned direct route on B can then be compared
with this universal extension. LINCS asks whether the two routes agree
and how their failure changes under admissible perturbations.
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0.9 Sketches: declarations before objectives

A graph says what can be composed. A sketch additionally marks the
diagrams that must commute and the cones or cocones that must satisfy
universal properties [Ehresmann, 1968, Barr and Wells, 1999].

Definition 0.11 (Learning sketch). In the notation used throughout this
book, a learning sketch is

S = (S,D,L,K),

where S is a graph of formal operations, D is a family of equations
between parallel paths, L is a family of designated limit cones, and K
is a family of designated colimit cocones.

When the homs themselves carry essential structure, the same decla-
ration can be made internally to an enriching category. A V-enriched
learning sketch consists of a small V-category of generators and compos-
ites together with enriched equations and designated weighted limits
and colimits. A model in a V-category C is a V-functor into C that pre-
serves the designated weighted constructions. The ordinary definition
above is the case V = Set.

The book retains the lighter notation S for both cases and names the
enriching base whenever it affects a theorem, obstruction, observer, or
repair. This prevents a metric, linear, probabilistic, or order structure
used by an implementation from being mistaken for part of every
learning sketch.

Let J = Path(S). The equations in D generate an equivalence relation
on paths that is compatible with composition, and hence a quotient
category

q : J −→ J/∼D .

A candidate realization is a functor D : J → C. It satisfies the path
declarations precisely when it factors through the quotient:

J C

J/∼D

D

q
D

D = D ◦ q.

The dashed arrow is therefore a witness of compositionality. For a strict
quotient q, such a factorization is unique when it exists.

This factorization is the formal hinge of LINCS. A candidate
model need not satisfy it. Diagnosis may reveal a missing path factor-
ization, a missing or nonunique universal filler for a declared cone or
cocone, or a witness that is unstable under the declared probes. These
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distinct failures become structural problems from which obstructions
are derived. Only afterward are they observed through vector residuals,
norms, likelihoods, hypothesis tests, or decision functionals.

Example 0.12 (One grammar, several applications). The same four-part
declaration takes different meanings later in the book:

• in ALLORA, paths are adapter orders and the declaration specifies
which compositions should agree or remain safely compatible;

• in GIRL, a path equation expresses Bellman consistency;

• in RADAR, designated cones encode relational incidence and a
shared geometric apex;

• in SID, an equalizer cone defines compatible local predictive states;

• in LINCS-Toulmin, arrows connect typed claim, ground, warrant,
qualifier, rebuttal, and source roles.

The categorical grammar is shared; the semantics and admissible repairs
are not.

0.10 Presheaves, sheaves, and local-to-global reasoning

Many LINCS applications distribute information across overlapping
contexts. A presheaf records what is known locally and how it restricts
to smaller contexts.

Definition 0.13 (Presheaf). Let U be a category of contexts and inclu-
sions. A presheaf on U with values in C is a contravariant functor

X : Uop −→ C.

For an inclusion V ⊆ U, it supplies a restriction map ρU
V : X(U) →

X(V). Functoriality says that restricting in stages agrees with restricting
directly.

For the ordinary sheaf condition, take C = Set and equip U with
a specified coverage or Grothendieck topology. Suppose U is covered
by contexts Ui. A family xi ∈ X(Ui) is compatible when its restrictions
agree on every overlap:

ρ
Ui
Ui∩Uj

(xi) = ρ
Uj
Ui∩Uj

(xj).

A sheaf requires every compatible family to arise from a unique global
section x ∈ X(U). Compatibility is local agreement; effectivity is the
existence of the global realization.



a working language of compositionality 45

X(U) ∏
i

X(Ui) ∏
i,j

X(Ui ∩Uj)

The paired arrows compare restrictions to overlaps. In familiar set-
valued cases, global sections form an equalizer of those arrows.

Example 0.14 (A crossword as a sketch and a sheaf). A crossword makes
the local-to-global structure visible without any categorical machinery.
Let Ui be an across or down slot and let X(Ui) be the set of candidate
words licensed by its clue and length. If slots Ui and Uj meet at a
square c, restriction extracts the letter occupying that square:

ρ
Ui
c : X(Ui) −→ Σ, ρ

Uj
c : X(Uj) −→ Σ,

where Σ is the alphabet. The local answers are compatible exactly when
the two extracted letters agree.

X(Ui)

X(U) Σ

X(Uj)

ρ
Ui
c

ρ
Uj
c

For example, an across candidate cat restricted at its second square
and a down candidate are restricted at its first square both produce a.
Replacing the down candidate by ore produces o; the failure is local-
ized to that crossing. A family of answers that agrees at every crossing
glues to a unique completed grid relative to those local answers.

The same puzzle can be read as a sketch. Word slots, crossing cells,
letters, and clue-licensed answer sets are typed objects; letter extraction
supplies the arrows. The declaration says that the two routes into every
crossing must agree, while a designated limit identifies a completed
grid with the compatible family of its word-level restrictions. The sketch
states the rules of the puzzle; the sheaf organizes its local solutions and
their gluing. A wrong crossing is therefore a small, typed obstruction
rather than a scalar score saying only that the grid is bad.

Example 0.15 (SID). Each foundry maintains a local predictive state on
its own context. Two foundries may agree on every audited pairwise
overlap without their family belonging to the admitted class of global
predictive models. SID therefore separates compatibility from effectivity
and reports which part of the descent declaration fails.

Example 0.16 (LINCS-Toulmin). A source passage may support a
ground locally, a warrant may connect that ground to a claim, and
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a qualifier may restrict the claim’s scope. Agreement of isolated text
spans is not enough. Their typed roles, source bindings, and restrictions
must glue to a coherent argument. A failed warrant or incompatible
qualifier is localized to a different part of the sheaf diagram and licenses
a different repair.

Boundary

For an ordinary set-valued sheaf, compatibility on all pairwise over-
laps is precisely the gluing hypothesis and already entails coher-
ence on triple overlaps. Apparent higher-order obstructions arise
when not all overlaps are observed, when the assignment is only
a presheaf, when the admitted global model class is smaller than
the sheaf semantics, or in enriched, derived, or higher-categorical
versions where genuine cocycle data remain.

0.11 Tangent structure and infinitesimal language

LINCS also asks how a compositional failure changes under small,
admissible perturbations. On smooth spaces, a tangent vector v ∈ TxX
represents a first-order direction at x. A smooth map f : X → Y
transports it by

T f (x, v) =
(

f (x), D f (x)[v]
)
.

The chain rule makes T functorial. A tangent category abstracts this
behavior beyond ordinary smooth manifolds [Cockett and Cruttwell,
2014b].

Example 0.17 (An equivariant encoder and its tangent). Let ag : X → X
transform an input, let Fθ : X → Y be a learned encoder, and let bg :
Y → Y be the corresponding action on its representation. Equivariance
is the declaration that the square

X Y

X Y

Fθ

ag bg

Fθ

Fθ ◦ ag = bg ◦ Fθ

commutes. For an image encoder, ag might rotate the image and bg

might rotate or reindex its feature representation. The sketch records
this promise before any norm is chosen to measure its failure.

Applying T transports the entire declaration:

TFθ ◦ Tag = Tbg ◦ TFθ .

In ordinary coordinates, its directional part is

DFθ(agx) Dag(x)v = Dbg(Fθ(x)) DFθ(x)v.
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The base square asks whether the two routes agree at x. The tangent
square asks whether their first-order responses agree around x. A
model can therefore fit sampled transformed inputs while remaining
locally unstable to nearby perturbations.

An LLM encoder or hidden-state map can occupy the role of Fθ , but
the transformation must be declared carefully. A self-attention block
with no positional or causal structure is permutation equivariant; a
standard causal LLM with positional information and a causal mask
is not equivariant under arbitrary token permutations. Appropriate
declarations may instead concern a controlled paraphrase, a formatting
transformation, or a simultaneous reindexing of token representations
and their structural data. The output action bg may be the identity for a
decision that should be invariant, or an explicit transport for token-level
states. In either case, equivariance is a typed, testable promise, not an
automatic property of the language model.

Design principle

A tangent category packages the chain rule so that LINCS can
differentiate a compositional declaration, not merely the individual
functions appearing in it.

Two constructions that look similar must be kept distinct. Write

TnX = TX×X · · · ×X TX︸ ︷︷ ︸
n factors

for the fiber power of tangent vectors based at the same point, whereas
TnX = T(T(· · · T(X))) denotes iteration of the tangent functor. Thus
T2X = TX ×X TX is the domain of fiberwise addition, while T2X
contains tangent vectors to TX.

Definition 0.18 (Tangent category). A tangent structure on a category
C is a tuple

T = (T, p, 0,+, ℓ, c)

with the following data and axioms.

1. T : C → C is an endofunctor and p : T ⇒ 1C is a natural projection.
Every finite fiber power TnX of pX : TX → X exists, and every iterate
Tm preserves these pullbacks.

2. Natural transformations

0 : 1C ⇒ T, + : T2 ⇒ T

make pX : TX → X a commutative monoid object in the slice C/X.
Hence only tangent vectors over the same base point may be added.
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3. The vertical lift ℓ : T ⇒ T2, together with the zero section, is an
additive-bundle morphism from pX : TX → X to T(pX) : T2X →
TX.

4. The canonical flip c : T2 ⇒ T2 is an additive-bundle morphism from
T(pX) : T2X → TX to pTX : T2X → TX.

5. The lift and flip satisfy the tangent coherence axioms: in particular

c ◦ c = 1T2 , c ◦ ℓ = ℓ.

The standard iterated-lift and braid/interchange diagrams involving
ℓ, c, T(ℓ), and T(c) also commute.

6. Let π0, π1 : T2X⇒ TX be the fiber-power projections and define the
derived lift

νX = T(+X) ◦ ⟨ℓX ◦ π0, 0TX ◦ π1⟩ : T2X −→ T2X.

The vertical-lift universality axiom requires the square

T2X T2X

X TX

νX

pX◦π0 T(pX)

0X

to be a pullback. Equivalently, a second-order tangent that is vertical
in the required sense factors uniquely through the derived lift.

A tangent category is a pair (C, T) of a category and a chosen tangent
structure on it.

The last two clauses abbreviate the standard coherence diagrams and
universality square of Cockett and Cruttwell [Cockett and Cruttwell,
2014b, Definition 2.3]; they are axioms, not consequences of the first
four pieces of data. In local coordinates on a smooth manifold, the
structure has the familiar form

p(x, v) = x, 0(x) = (x, 0),

+(x, v, w) = (x, v + w), ℓ(x, v) = (x, 0; 0, v),

c(x, v; ẋ, v̇) = (x, ẋ; v, v̇).

The flip exchanges the two first-order directions in a double tangent,
while the vertical lift embeds a tangent vector as a vertical second-order
direction.
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Boundary

An endofunctor called T, or the availability of automatic differ-
entiation, does not by itself make a category tangent. The fiber
pullbacks, additive bundles, lift, flip, coherence diagrams, and
vertical universality property are all part of the declaration. A
LINCS application using only some of this structure should state
that weaker assumption rather than silently claiming a tangent
category.

There is a second boundary that is just as important for DLINCS.
The category of finite-dimensional smooth manifolds and smooth maps
is a tangent category, but it is not Cartesian closed. It has products, so
a smooth family such as a motion of a body can be written

q : T× B −→ E.

Cartesian closedness would additionally provide an exponential object
ET and the equivalent curried description

q̂ : B −→ ET .

The smooth path space ET is generally infinite-dimensional and is
not an object of the ordinary category of finite-dimensional manifolds.
Thus tangent structure supplies differentiation, but it does not by itself
supply internal function spaces [Lawvere, 1980].

The Kock–Lawvere solution is to embed ordinary smooth spaces
into a suitable well-adapted smooth topos E [Kock, 2006, Moerdijk and
Reyes, 1991]. Because a topos is Cartesian closed, it admits the natural
correspondence

E(P× X, Y) ∼= E(P, YX).

A parametrized model I : P×X → Y can therefore be treated internally
as a map Î : P → YX into a genuine model-space object. In the
same setting an infinitesimal object D represents tangent structure on
the appropriate infinitesimally linear or microlinear objects by TX =

XD. Cartesian closure and tangent structure remain logically distinct
requirements; the smooth-topos setting is valuable because it supports
them compatibly.

Design principle

Ordinary smooth manifolds motivate the tangent calculus of
LINCS, but the internal higher-order semantics of DLINCS lives in
a Cartesian-closed smooth topos. Products support parameterized
evaluation; exponentials make spaces of models into objects of the
theory.
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This passage to a topos changes more than the available collection of
smooth spaces. It also gives the theory an internal, generally intuition-
istic logic. That logical consequence is the subject of Section 0.12.

0.12 Internal logic: infinitesimals, subobjects, and interventions

There is a shared logical feature behind two constructions used later in
the book. Synthetic differential geometry represents first-order variation
by the infinitesimal object

D = {d ∈ R | d2 = 0},

while sheaf- and topos-based causal models represent predicates, ad-
missible contexts, and domains of applicability by subobjects. In both
settings the ambient category may have an intuitionistic internal logic:
the law of excluded middle

φ ∨ ¬φ

is not available as an unrestricted internal inference rule.
The reason is structural rather than philosophical. In Set, the sub-

object classifier is the two-valued set Ω = {⊥,⊤}, and every subset
has a complement. In a general topos, a monomorphism A ↪→ X is
still classified by a map χA : X → Ω, but Ω is generally a Heyting
algebra rather than a Boolean algebra [Mac Lane and Moerdijk, 1992].
Truth can depend on a stage or context, and a subobject need not have
a complementary subobject. Thus failure to establish membership in A
does not by itself establish membership in its complement.

For synthetic differential geometry this distinction is indispensable.
Kock’s axiom says that every map g : D→ R has a unique form

g(d) = g(0) + d b.

If equality on D were decidable internally, excluded middle would
permit the discontinuous case split “d = 0 or d ̸= 0.” Together with
the Kock–Lawvere axiom, that split collapses the intended infinitesimal
behavior and leads to contradiction [Kock, 2006, Section I.1]. The
elements of D are therefore not ordinary hidden real numbers waiting
to be classified as zero or nonzero; they are generalized elements whose
first-order action is visible through maps out of D.

The causal parallel requires care. A causal intervention is not cre-
ated merely by naming a subobject. In a categorical causal model it
normally also requires a mechanism-replacement map, policy, or other
intervention semantics. Subobjects instead describe such things as an
observational event, an admissible context, the region on which a proto-
col is defined, or the stages at which an independence or identification
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claim is validated. When these subobjects live in a non-Boolean sheaf
topos, the model need not decide globally between “the causal claim
holds” and “the causal claim fails.” A claim may hold after restric-
tion to a cover, remain unresolved at the present stage, or acquire a
counterexample on a refinement. This is the logic used by intuitionistic
j-do-calculus [Mahadevan, 2025c].

This common logic has four practical consequences for LINCS.

1. Unknown is not false. The absence of a factorization witness, causal
certificate, or global section is not automatically a witness of nonex-
istence.

2. Diagnosis is stage-sensitive. An obstruction may be visible on one
context, become locally trivial on a cover, or survive every admitted
refinement. These are different judgments.

3. Repair requires positive evidence. A proposal is not admitted merely
because its negation has not been proved. Admission must provide
the declared witness, test, or certificate.

4. Boolean reasoning is local and declared. An application may use or-
dinary classical logic externally, and may reason classically about
a decidable predicate or inside a Boolean model. What it may not
do is assume without justification that every internal structural or
causal predicate is decidable.

Design principle

LINCS distinguishes not observed, observed to fail, and proved impossi-
ble. Constructive internal logic preserves these three states until an
observer or admission rule supplies enough evidence to identify
them.

Example 0.19 (Holmes’s rule of elimination). In The Sign of the Four,
Sherlock Holmes tells Watson, “when you have eliminated the im-
possible whatever remains, however improbable, must be the truth”
[Doyle, 1890, Chapter 6]. The maxim cleanly separates possibility from
probability, but it hides two logical certificates.

Suppose an external investigator has a finite, exhaustive family of
hypotheses

H1 ∨ · · · ∨ Hn

and constructive refutations of every hypothesis except Hk. Then Hk

follows even intuitionistically: eliminating cases from an explicitly
given disjunction does not itself require excluded middle. The stronger
Holmesian move is to assume that the hypothesis family is exhaustive,
that each impossibility judgment is sound, and that no unrepresented
explanation remains.
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Internally, those assumptions may fail. If eliminating ¬H yields
only ¬¬H, intuitionistic logic does not in general permit the final step
¬¬H ⇒ H. Likewise, failure to construct Hi is not a construction of
¬Hi. For LINCS, Holmes’s maxim is therefore a valid admission rule
only when exhaustiveness and elimination are themselves certified;
otherwise the remainder is a candidate for repair, not yet the truth.

This is not a demand that implementations abandon classical arith-
metic or Boolean control flow. The distinction is between the external
metatheory in which a model is built and the internal language used to
reason about its context-dependent objects. One may study a smooth
or causal topos using ordinary classical mathematics while correctly
refraining from inserting excluded middle into that topos’s internal
logic.

0.13 Symbolic and neural reasoning

The relation between symbolic and neural reasoning has been debated
since the emergence of connectionist AI. Symbolic accounts emphasize
explicit representations, compositional rules, and search over expres-
sions [Newell and Simon, 1976]; connectionist accounts emphasize
distributed representations and learned transformations [Smolensky,
1988]. Neural–symbolic systems often respond by placing a rule layer
beside, before, or after a neural model [d’Avila Garcez et al., 2002].
LINCS suggests a different division of labor. It does not treat symbolic
and neural reasoning as rival substances, nor does it identify their
reconciliation with a particular two-module architecture.

Three roles must be distinguished.

1. A structural declaration specifies typed objects, generating arrows,
admissible diagrams, equations, covers, and repair operations. This
is the role most closely associated with symbolic reasoning.

2. A computational realization assigns actual representations and maps
to that declaration. Neural networks, embeddings, vector fields, and
learned stochastic maps can all serve as realizations.

3. An internal reasoning discipline determines which claims, witnesses,
restrictions, and repairs are warranted inside the chosen category.
In a smooth or sheaf semantics this discipline may be intuitionistic
and context-dependent, even when the external implementation uses
ordinary classical arithmetic.

The interface between these roles is a typed obstruction. If S is the
declared sketch and Dθ : J → C is a neural realization, then

(S, Dθ) 7−→ OS(Dθ) 7−→ localized typed repair.



a working language of compositionality 53

The obstruction is neither an ordinary symbolic contradiction nor
merely a scalar neural loss. It records how the learned realization
fails relative to a particular structural promise. An observer may sub-
sequently turn part of that object into a loss or test statistic, but the
scalarization does not define the failure. Category theory supplies the grammar

of declaration and realization; it does not
make a neural representation symbolic
by fiat. The typing map, observers, and
admission criteria must all be supplied
and validated.

This account also makes the symbolic side revisable. A failure can
sometimes be repaired by changing parameters inside a fixed sketch. At
other times the available declaration is itself inadequate: a new object,
arrow, axiom, cover, or observer must be proposed and old evidence
transported into the enlarged theory. LINCS therefore distinguishes
repair within a symbolic language from repair of the language. The latter is
a controlled form of theory change, not the execution of a permanently
fixed rule base.

There is consequently no single universal “LINCS logic.” The inter-
nal logic depends on the semantic category selected by an application.
Deep LINCS uses parametrized differentiable maps to realize declared
diagrams; infinitesimal causality uses tangent directions and inter-
vention protocols to reason about local causal variation; CoLT uses
constructive witnesses, restrictions, and admission certificates to govern
reasoning traces. Their commonality is the declaration–realization–
obstruction–repair pattern, not one shared stock of symbols or one
neural architecture.

Design principle

LINCS treats symbolic structure as a revisable categorical decla-
ration, neural computation as one family of its realizations, and
learning as the diagnosis and repair of failures between the two.

If D : J → C is a realized diagram, its tangent lift is

TD : J −→ C.

The base diagram asks whether declared routes agree. The tangent
diagram asks whether their transported first-order behavior agrees
along a specified class of probes.

Example 0.20 (Adapter order). For two smooth adapter actions A and
B, the base comparison is between B ◦ A and A ◦ B. Their tangent lifts
compare

T(B ◦ A) = TB ◦ TA, T(A ◦ B) = TA ◦ TB.

A base discrepancy measures finite order sensitivity. A tangent dis-
crepancy asks how that sensitivity changes locally around the current
representation and parameters.
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Vector fields introduce another infinitesimal operation. The Lie
bracket [X, Y] is the infinitesimal commutator: it records the leading
mixed-order discrepancy between the short flows generated in the two
orders X then Y, and Y then X. It supports different semantics in
different applications:

• BRIDGE/SKFM uses bracket closure as a falsifiable screen for a
candidate intervention distribution;

• infinitesimal causality studies when intervention fields and their
interactions can be given causal meaning;

• ALLORA uses order interactions among adapter-induced directions;
and

• LASKO uses Lie-algebroid structure to test closure and executability
of skill compositions.

Automatic differentiation supplies deriva-
tives. It does not supply their seman-
tics. A LINCS tangent site declares which
points, directions, transports, covers, and
null variations are admissible.

0.14 From structural failure to learning signal

We can now state the transition that motivates the book. Let a sketch S

declare a structural promise and let D be a candidate model. Write

FactS(D)

for the space, category, or type of witnesses that D satisfies the decla-
ration. Under the representability and triviality axiom introduced in
Chapter 1, LINCS associates a base obstruction object

O0(D) = OS(D),

which is trivial exactly when the declared factorization exists. After an
admissible tangent lift, the corresponding infinitesimal obstruction is

O1(D) = INC(D) = OS(TD).

The obstruction object is intentionally abstract. Depending on the
application, it may represent missing fillers, incompatible families,
cohomology classes, route differences, failed closure conditions, or
other typed diagnostics. To compute with it, one chooses an observer

ω : Ok(D) −→ Z

and perhaps a scalarization σ : Z → R. The composition σ ◦ ω can
become a loss or test statistic. It is evidence about the obstruction, not
its definition.
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Design principle

The order of construction is:

typed declaration −→ factorization problem −→ obstruction

−→ observation −→ scalar diagnostic.

Reversing this order risks inventing a structural story for a conve-
nient number after the fact.

A repair is similarly typed. It may change an adapter, a policy
component, a relational chart, a local predictive section, or a Toulmin
warrant. The application must say which changes are allowed, which
variations are null, and what separate evidence admits the result.

0.15 A compact worked example

Consider a representation space H, two learned transformations Aθ , Bϕ :
H → H, and a decision map d : H → Y. Suppose the declaration says
that the two transformations may be reordered without changing the
decision:

d ◦ Bϕ ◦ Aθ = d ◦ Aθ ◦ Bϕ.

Category and diagram. The objects are H and Y; the arrows are the
adapters, their composites, and d. The two sides are parallel paths from
H to Y.

Sketch. The graph contains generators A, B, d, and D declares the two
decision paths equal. The quotient of the path category identifies them.

Candidate model. The learned maps Aθ , Bϕ, d define D : Path(S) →
Smooth. They may fail to factor through the quotient.

Observation. At a probe h ∈ H, one possible representative is

e(h) = d(Bϕ(Aθ(h)))− d(Aθ(Bϕ(h))).

This subtraction uses the additional assumption that Y has suitable
linear or metric structure.

Tangent observation. For v ∈ Th H, the derivative De(h)[v] measures
first-order change in the decision-level order discrepancy. Parameter
probes θ̇, ϕ̇ answer a different question and must be labeled separately.

Quotient and localization. Directions that alter hidden coordinates but
leave d invariant may be decision-null. The remaining discrepancy can
be localized to layers, adapter blocks, data regimes, or token positions.
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Repair and admission. A repair can adjust Aθ , Bϕ, their routing, or the
declared order relation. It is admitted only if the registered structural
discrepancy improves on held-out probes while capability and safety
constraints remain satisfied.

Admission contract

The equation above does not imply that all adapter orders ought to
commute. It is a declared, decision-relative promise for a specified
pair, regime, and support. If order carries intended semantics,
forcing commutativity would be the wrong repair.

Application Objects and
arrows

Declaration Obstruction Typical
repair

BRIDGE/SKFM states and
intervention
fields

candidate
distribution
closes appro-
priately

bracket
nonclosure
or unstable
causal
extraction

revise fields,
support, or
downstream
graph

LINCS-KET indexed rep-
resentations
and attention
routes

direct and
extended
routes agree

base or
tangent route
discrepancy

change
architecture,
route, or
training rule

ALLORA hidden states
and adapters

declared
orders
preserve
composition
and safety

order-
sensitive
low-rank
interaction

route, merge,
separate, or
retrain
adapters

LASKO task states
and
executable
skills

sections
compose and
close

anchor,
bracket, or
feasibility
failure

repair a skill
or workflow
edge

GIRL states, values,
and Bellman
maps

value
structure
factors across
computation

base or
tangent
Bellman
failure

localized
policy or rep-
resentation
update

LINCS-RLHF alternatives
and
preference
arrows

preference
data support
the chosen
representa-
tion

cycle or non-
integrable
preference
field

relational
fallback or
guarded
reward
update

RADAR relational
views, joins,
and charts

local charts
descend to a
shared
geometry

incidence,
cocycle, or
apex failure

sparse
decision-
preserving
chart repair

SID contexts,
sections, and
restrictions

local
predictive
states glue
effectively

compatibility
or global-
realization
failure

tangent
preservation
or transverse
correction

LINCS-Toulmin claims,
grounds,
warrants,
and sources

typed
argument
roles restrict
and glue

role, source,
qualifier, or
rebuttal
failure

localized
typed
argument
edit

Trustworthy foundation models agent roles,
evidence,
claims, and
obligations

typed
foundry
workflows
pass local
and global
checks

unsupported
synthesis or
unsafe
cross-role
composition

repair
evidence,
role routing,
or admission
policy

Table 4: The formal language stays fixed
while the application semantics change.
Later chapters make each row precise.



a working language of compositionality 57

0.16 How to read the rest of the book

Every chapter can be parsed with the same questions:

1. What category contains the re-
alized system, and what en-
richment or additional semantic
structure is actually used?

2. What are the formal objects and
generating arrows?

3. Which paths, cones, cocones, or
descent data are declared?

4. What would witness the re-
quired factorization or univer-
sal property?

5. What kind of object records its

failure?

6. Which base and tangent obser-
vations are actually measured?

7. Which directions are null,
gauge, or decision-invariant?

8. Over what cover is the failure
localized?

9. What is the typed repair lan-
guage?

10. Which independent blocks ad-
mit, reject, or defer the repair?

Chapter 1 turns this grammar into an axiomatic contract and repair
calculus; Chapter 2 makes it operational. Chapters 3 and 4 make the
sketch and tangent constructions precise. The remaining foundations
develop causal and decision interpretations, deep realization, localiza-
tion, quotienting, and admission before the applications specialize the
common language.

Further reading

For category theory, see Mac Lane [1998] and Riehl [2017]; for sketches
and computational models, see Ehresmann [1968], Barr and Wells
[1999], and Spivak [2012]. Enriched categories, enriched functors, and
weighted universal constructions are developed systematically by Kelly
[1982]. Local-to-global and tangent foundations are developed by
Mac Lane and Moerdijk [1992], Cockett and Cruttwell [2014b], and Lee
[2012]. For the two-dimensional graphical calculus used in this chapter,
see Marsden [2014] and the systematic book-length account of Hinze
and Marsden [2023]; its tangent-category specialization is exemplified
by Cockett and Cruttwell [2015]. For a more extended discussion of
categorical learning, see Fong et al. [2019], Cruttwell et al. [2022], and
Gavranović et al. [2024].





1
Axioms of Structural Learning
L I N C S A N D A R E PA I R C A L C U L U S

Chapter 0 supplied the working language of sketches, factorization,
quotients, descent, tangent structure, repair, and admission. This chap-
ter now states the structural contract of LINCS before the remaining
foundations develop its ingredients one at a time. Its organization
takes methodological inspiration from synthetic differential geometry.
Kock begins that subject with an axiom saying that every map from
the infinitesimal object D to the line R has a unique affine form [Kock,
2006]:

g(d) = g(0) + d b.

Equivalently, a canonical map R× R → RD is invertible. The axiom
supplies a universal decomposition into value and infinitesimal slope;
the subsequent theory explores what this single structural promise
makes possible.

LINCS begins from an analogous organizing move, although not
from the same algebraic axiom. Its primitive object is the typed obstruc-
tion: a universal carrier through which every admissible observation of
a declared compositional failure must factor. This makes a failure prior
to any chosen norm, loss, or coordinate system. Scalar losses become
observers of the obstruction rather than definitions of it.

An axiomatization is not yet a calculus. Axioms give the semantic
structures in which reasoning takes place. A calculus gives rules for
transforming one licensed judgment into another. The distinction is
familiar from causal inference. A structural causal model supplies
semantics for interventions; do-calculus supplies rules for replacing ex-
pressions involving actions and observations when graphical separation
conditions hold [Pearl, 2009b].

LINCS suggests a related, but more general, question:

Under what declared conditions may one change the observer, quotient,
localization, tangent level, repair target, or theory while preserving the
meaning of a structural-learning judgment?
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This chapter first states one universal obstruction axiom and then
identifies the additional structural laws required to transport its mean-
ing through tangent lift, presentation, localization, and repair. It then
proposes a repair calculus as a disciplined interface for structural inter-
vention. The rules are sound only relative to their stated sketch-theoretic
hypotheses. They are not do-calculus rules for identifying causal effects,
and no completeness theorem is claimed. The word calculus is used in the proof-

theoretic sense: a small collection of trans-
formations on typed judgments. It is not
another name for gradient calculus.

1.1 What an axiomatization must distinguish

Let
S = (S,D,L,K)

be a learning sketch, let J = Path(S), and let

D : J −→ C

be an admissible realization in a tangent category (C, T). The commu-
tativity data induce

qD : J −→ J/∼D .

The designated cones and cocones add limit and colimit obligations.
We write FactS(D) for the combined factorization problem.

Four levels must remain separate.

1. The declaration specifies what is required to compose.

2. The realization supplies a candidate model of that declaration.

3. The observation makes some aspect of failure detectable.

4. The admission rule decides whether evidence licenses a change.

Collapsing these levels makes an axiomatization circular. If a pro-
posed repair may silently rewrite its observer, or if an observer may
silently redefine the declaration, the system can remove evidence of
failure without repairing the failure.

Boundary

The axioms define structural learning relative to a declaration.
They do not declare the sketch correct, the cover complete, the
observers sufficient, or the admitted policy normatively acceptable.
Those are explicit modeling and validation commitments.
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1.2 The universal obstruction axiom

For each pair (S, D), let ES,D be a category of typed obstruction values
with a distinguished trivial object 0S,D. No initial, terminal, or zero-
object property is assumed unless a later law states it explicitly. For
Z ∈ ES,D, write

DiagS(D; Z)

for the set of admissible, structure-respecting diagnostics of the declared
factorization problem with values in Z. Changing Z changes how the
failure is observed; it must not silently change the declaration whose
failure is being observed. For a morphism u : Z → Z′, functoriality
provides postcomposition

DiagS(D; u) : DiagS(D; Z) −→ DiagS(D; Z′).

Axiom 1.1 (Universal obstruction). For every learning sketch S and
admissible realization D, the diagnostic functor

DiagS(D;−) : ES,D −→ Set

is representable. Thus there is an obstruction object OS(D), unique up
to unique isomorphism, and natural bijections

DiagS(D; Z) ∼= HomES,D

(
OS(D), Z

)
for every admissible observer Z. Moreover,

OS(D) ∼= 0S,D ⇐⇒ FactS(D) ̸= ∅.

Proposition 1.2 (Universal diagnostic factorization). Under the represent-
ing bijection, the identity of OS(D) determines a universal diagnostic

ηS,D ∈ DiagS

(
D;OS(D)

)
.

For every diagnostic δ ∈ DiagS(D; Z), there is a unique δ̂ : OS(D) → Z
such that

δ = DiagS(D; δ̂)(ηS,D).

Proof. Define ηS,D as the element corresponding to 1OS(D). Naturality
of the representing bijection shows that postcomposing ηS,D by δ̂ corre-
sponds to δ̂ ◦ 1OS(D) = δ̂. Taking δ̂ to be the morphism corresponding
to δ proves existence. Injectivity of the representing bijection proves
uniqueness.

The uniqueness belongs to this factorization of diagnostics. It does
not imply that a repair exists, that an obstruction identifies its cause, or
that two successful repairs must coincide.
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Proposition 1.3 (Non-scalar primacy). Whenever R≥0 is an admissible
observer object, every admissible structure-respecting scalar diagnostic for the
declared failure is represented by a morphism

ℓ : OS(D) −→ R≥0.

Consequently, changing the scalarization changes the view of the obstruction,
not the obstruction itself.

Proof. Apply Axiom 1.1 with Z = R≥0. Representability gives the
unique morphism ℓ corresponding to the chosen scalar diagnostic.

This is the book’s central reversal of the ordinary optimization pic-
ture. The primitive failure is typed and potentially structured. A scalar
may rank, threshold, or aggregate candidate repairs, but it can discard
location, direction, interaction, provenance, and symmetry information
carried by OS(D). Axiom 1.1 is a representability claim, not

an observability theorem. The diagnos-
tic functor may be poorly chosen or em-
pirically incomplete. Observer adequacy
remains a modeling commitment.

1.3 Nonsmooth refinement: from a derivative to a response space

The Kock–Lawvere axiom makes the first-order response unique. This
is exactly the property that a nonsmooth component may lose. Let

ρ(x) = max(0, x)

be the rectified linear unit. Away from the origin it has an ordinary
derivative. At the origin its directional derivative is

ρ′(0; v) = max(0, v),

which is positively homogeneous but not linear in v. There is therefore
no single linear tangent map that describes its response in every direc-
tion. Relative to a sketch that declares unique first-order factorization,
the kink is a compositional obstruction.

For a proper convex function f : Rn → R∪ {+∞}, convex analysis
does not remove a kink by choosing an arbitrary derivative. It replaces
the missing point-valued derivative at x ∈ dom f by the subdifferential

∂ f (x) = {g ∈ Rn : f (y) ≥ f (x) + ⟨g, y− x⟩ for every y} .

For ReLU,

∂ρ(x) =


{0}, x < 0,

[0, 1], x = 0,

{1}, x > 0.

The response is a singleton on the smooth strata and a convex family
at the kink. Subdifferential calculus studies how such generalized re-
sponses transform under composition and other operations [Rockafellar,
1980].
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Definition 1.4 (Registered generalized tangent response). For an ad-
missible nonsmooth component f at x, a generalized tangent response
is registered data

R f (x)

whose elements are the first-order responses permitted by a named
semantics, such as a convex or Clarke subdifferential or an automatic-
differentiation conservative gradient. A computational selection is
additional data

σf (x) ∈ R f (x).

The named semantics matters. A single convex ReLU has the con-
vex subdifferential above, but the objective computed by an entire
ReLU network is generally nonconvex. Clarke subdifferentials, limiting
constructions, and conservative gradients need not agree, and their
chain rules require different hypotheses. Modern nonsmooth automatic
differentiation shows that backpropagation can efficiently transport
conservative gradients through large classes of ReLU programs; it also
shows that enumerating distinct Clarke subgradients can be computa-
tionally hard [Bolte et al., 2022]. Thus the value returned by a software
derivative convention should not be silently identified with the whole
generalized response object.

Design principle

At a nonsmooth point, distinguish three objects: the obstruction to
a unique linear response, the registered space of admissible gener-
alized responses, and the representative selected for computation.
The second may serve as a repair language for the first; the third
is an admission decision, not a mathematical inevitability.

This refinement provides the bridge to the next foundations. Tangent
learning sketches in Chapter 4 need not assume that every component
already has a unique classical derivative. They may instead declare
which response object is admissible, test whether the selected responses
compose, and retain the resulting failure as typed tangent information.
DLINCS in Chapter 8 then becomes the computational layer that reg-
isters a selection policy, transports its choices through the model, and
tests whether the resulting backward computation satisfies the declared
tangent sketch.

A full categorical treatment would replace some point-valued tangent
arrows by convex-valued correspondences, linear relations, or another
suitable category of generalized responses. The present book does not
assume that extension. It records the interface required of one: response
semantics, selection, transport, and admission must remain explicit.



64 machine learning from enforcing compositionality

1.4 The semantic core

Definition 1.5 (INC category). An INC category is a tangent category
(C, T) equipped with:

1. a class of tangent learning sketches;

2. a class of admissible models D : J → C for each sketch;

3. base factorization problems FactS(D);

4. transported tangent problems FactS(TD); and

5. when declared, an interaction signature ΩD acting on an admissible
tangent distribution AD.

The factorization definition of infinitesimal non-compositionality is

INC(D) = OS(TD).

An interaction signature may additionally contain brackets, connection-
based derivatives, curvature, canonical-flip comparisons, or higher jets.
These refine tangent diagnosis; they do not replace the factorization
problem.

Definition 1.6 (LINCS structure). A LINCS structure on an INC cate-
gory registers (

FactS(D), FactS(TD)
)

is treated as the basic learning datum for every admissible model.
When ΩD is declared, the datum is refined by its associated closure or
profile problems. Observation maps, scalarizations, repair languages,
and admission contracts are additional registered structure.

This is deliberately a definition of structure, not yet of a new category.
A category of LINCS systems additionally requires a specified class
of objects—for example admissible pairs (S, D)—and morphisms that
transport declarations, factorization problems, observers, and repair
authority. Different applications choose different morphisms. The
common structure therefore defines typed learning problems without
pretending that one application-independent category of repairs has
already been fixed.

1.5 Structural laws governing the obstruction

One axiom does not remove the need for hypotheses. Axiom 1.1
supplies the universal carrier of a declared failure and characterizes its
vanishing. Tangent closure, presentation descent, interaction structure,
and repair transport do not follow from representability alone. The
following laws register that additional structure explicitly.



axioms of structural learning 65

Corollary 1.7 (Base compositionality). An admissible model D satisfies
its declared compositional structure exactly when its universal obstruction is
trivial:

D |= S ⇐⇒ FactS(D) ̸= ∅ ⇐⇒ OS(D) ∼= 0S,D.

Proof. The first equivalence is the definition of a model satisfying the
learning sketch. The second is the triviality clause of Axiom 1.1.

Structural law 1.8 (Tangent admissibility). If D is an admissible model
of a tangent learning sketch, then TD is again admissible, and its action
agrees with the tangent structure declared by the sketch.

Structural law 1.9 (Presentation descent). Suppose the implementation
is expressed in a redundant presentation π : P→ M. Let pP : TP→ P
and pM : TM → M be the tangent projections. A proposed vector
field VP : P → TP, satisfying pP ◦ VP = 1P, represents a vector field
on the model object only if it descends to some VM : M → TM, with
pM ◦VM = 1M, such that

Tπ ◦VP = VM ◦ π

or if a registered gauge fixing or equivariant horizontal lift supplies an
equivalent descent certificate.

Corollary 1.10 (Tangent compositionality). Under tangent admissibility,
Axiom 1.1 applies to TD. Define the infinitesimal obstruction by

INC(D) := OS(TD).

Then infinitesimal compositionality is the same declared universal problem
applied after tangent lift:

INC(D) ∼= 0S,TD ⇐⇒ FactS(TD) ̸= ∅.

Proof. Apply the triviality clause of Axiom 1.1 to the admissible real-
ization TD.

Structural law 1.11 (Sketch-specific interaction). Every operation in a
declared interaction signature ΩD determines a typed closure, factor-
ization, or profile problem on AD. Failure of that declared problem
is admissible interaction data. No single operation, including the Lie
bracket, is mandatory for every sketch.

Structural law 1.12 (Conditional obstruction transport). A transport
from base failure to an interaction-level obstruction,

tD,S : OS(D)⇝ OΩ,S(TD),

is additional sketch-relative data. It must be natural under admissible
model transformations, descend through presentations, and preserve
the semantics of the factorization problem. Its existence does not
establish the empirical value of a scalarized tangent signal.
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Structural law 1.13 (Functorial repair). If α : D→ D′ is an admissible
repair, then Tα : TD → TD′ is an admissible tangent repair. A repair
advertised as compositionality-preserving must preserve the relevant
factorization, and a repair advertised as local-to-global must commute
with restriction up to the declared overlap coherence.

Proposition 1.14 (Trivial obstruction forces zero scalarization). Suppose
ES,D has zero morphisms and 0S,D is a zero object. If OS(D) ∼= 0S,D, then
every registered scalar observer

ΦS : OS(D) −→ R≥0

is the zero morphism.

Proof. An object isomorphic to a zero object is initial. Hence there is
exactly one morphism from OS(D) to the scalar codomain. The zero
morphism is one such morphism, so it is equal to ΦS.

The converse—that a zero scalar observer forces the obstruction to
be trivial—requires the observer to reflect triviality and is therefore an
additional identifiability condition.

Condition 1.15 (Observation specificity). For an observation profile
ΨS(D, e), identification of a repair requires

ΨS(D, e) = ΨS(D, e′) =⇒ e ≃ e′.

Without this condition, the observations identify only an equivalence
class or moduli space of repairs.

Admission contract

The registered repair language and structural laws make a repair
judgment well typed. They do not make the repair beneficial.
Admission requires evidence independent of the proposal signal
and may assign zero weight to any base, tangent, or interaction
observer that fails validation.

1.6 From semantic axioms to a repair calculus

Do-calculus transforms interventional distributions. Its rules are li-
censed by separation statements in a manipulated causal graph. A
LINCS calculus has a different target. It transforms judgments about
declared structures and their permitted repairs. A convenient judgment
form is

Γ; S ⊢ e : D⇒ D′ [I | E ],

where:
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• Γ records semantic hypotheses, observers, and cover data;

• e is a registered edit from D to D′;

• I lists the non-target obligations held invariant; and

• E records the evidence still required for admission.

The judgment says that e is a structurally licensed candidate. It does
not yet say that e has been admitted or that it is a causal intervention
on the represented domain.

When the registered edit is a natural transformation e : D⇒ D′, the
graphical language of Figure 0.6 makes an important distinction visible.
The repair is a 2-cell between model functors. Applying an observer
Ω : C → Z does not create a new repair; it whiskers the existing one to
obtain Ωe : ΩD⇒ ΩD′. The observed change is therefore downstream
of the typed model change.

(a) Repair in the model domain

J C

D

e

D′

(b) The same repair after observation

J C Z

D

e

D′

Ω

1Ω

Ω

pasted cell Ωe

Figure 1.1: Horizontal pasting with the
identity 2-cell on Ω transports a coherent
repair to the observer domain. Observa-
tion can reveal or suppress features of a
repair, but it does not change the repair’s
type.

If an edit changes the indexing sketch, its source and target models
are not parallel functors and this picture no longer type-checks. Such
theory-level repairs require a schema functor and a comparison cell,
typically expressed through Kan extension; they are treated separately
in the later chapters.

Comparison Causal do-calculus LINCS repair calculus

Semantic object causal graph or structural causal model learning sketch and its realization
Transformation target observational and interventional distribu-

tions
structural judgments, observers, and re-
pairs

Side condition graphical separation after graph surgery factorization, descent, naturality, invari-
ance, or conservativity

Primary guarantee equality of identified probabilistic expres-
sions

preservation of a declared structural judg-
ment

External requirement causal assumptions and identification
regime

observability, repair authority, and inde-
pendent admission

Table 1.1: The analogy is methodological,
not an identification of the two calculi.
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1.7 Six rule schemas

The following rules form a candidate calculus. Each rule has a se-
mantic side condition. Omitting the side condition turns a licensed
transformation into an unsupported rewrite.

Rule R1: observer substitution. By Axiom 1.1, every observer is a map
out of the same typed obstruction. Suppose ω : OS(D) → Z and
ω′ : OS(D) → Z′, and suppose a registered isomorphism i : Z ∼= Z′

satisfies
ω′ = ihom ◦ω.

Then ω may be replaced by ω′ in a diagnostic judgment, with its value
transported along i. More general lossy observer changes require an
explicit statement of which judgments they preserve. This rule changes
how failure is seen, not what failure means.

Rule R2: presentation elimination. If the observer and proposed repair
descend through π : P→ M, then a judgment on representatives may
be replaced by a judgment on the quotient model:

Tπ ◦VP = VM ◦ π ωP = ωM ◦ π

Γ; S ⊢ eP =⇒ Γ; S ⊢ eM
.

Gauge-dependent variation is thereby deleted from the learning judg-
ment.

Rule R3: localization and gluing. Let {Ui → U} be a declared complete
cover. A global diagnosis may be replaced by local diagnoses when the
cover detects the relevant obstruction. Compatible local repairs may be
replaced by a global repair only when descent is effective:

ei|Uij
∼= ej|Uij with coherent descent data,

the registered descent problem is effective

}
=⇒

∃ eU ,
eU |Ui

∼= ei
.

Compatibility without effectivity licenses local agreement, not a global
solution.

Rule R4: tangent transport. An admissible repair may be transported to
the tangent level:

Γ; S ⊢ α : D⇒ D′

ΓT ; S ⊢ Tα : TD⇒ TD′
.

Here ΓT is Γ transported through the registered tangent interface; its
existence is part of the tangent-admissibility side condition. The reverse
inference is not automatic. A tangent repair need not integrate to a
finite base repair, and an interaction residual need not identify which
base mechanism should change.
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Rule R5: target surgery. Suppose e changes a registered target K and
preserves every obligation in I . Then one may reason in the edited
realization D[e/K] while retaining the non-target judgments:

D |= I and e |= Pres(I) =⇒ D[e/K] |= I .

This is the closest LINCS analogue of graph surgery. It is a structural
intervention rule. It acquires Pearl-style causal semantics only when K
denotes a grounded mechanism and the edit implements a realizable
intervention protocol.

Rule R6: conservative declaration extension. Let i : S ↪→ S+ add objects,
arrows, probes, or axioms. If i is conservative for the old language and
the prior evidence transports along i, judgments expressed entirely in
S remain licensed in S+:

S+ |= i(φ) ⇐⇒ S |= φ (φ in the old language).

This rule formalizes theory augmentation without silently rewriting
earlier successes. It is central to abductive repair.

Appearance, reality, and declaration extension. McCarthy’s distinction be-
tween appearance and reality gives R6 an epistemological interpretation
[McCarthy, 2007]. Let

O : R −→ A

be an observation functor from a category of candidate realities to a
category of appearances. Given appearance data A : E → A, inference
of a reality asks for a lift

R

E A.
O

A

Â

with O ◦ Â = A, or with a specified comparison when strict equality is
not the intended semantics. The lift need not exist or be unique. If O
is not faithful on the relevant structure, distinct realities may generate
indistinguishable appearances. Additional views, actions, and experi-
ments enlarge the probe family but do not guarantee identification.

When no object in the current declaration can support a satisfactory
lift, R6 permits a new latent generator or law to be proposed in S+.
Atomic theory is the canonical example: atoms were introduced as
theoretical objects behind macroscopic appearances rather than read
directly from them. Such an extension is admitted only if it transports
established evidence, preserves successful old judgments, and sup-
ports independent consequences. The new vocabulary is a candidate
explanation, not its own validation.
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Design principle

A repair rule should state four things: what may change, what
must remain invariant, how the change propagates, and which evi-
dence is still required. The rule licenses a candidate transformation;
admission remains a separate decision.

1.8 An admission rule is not an equational rule

The six schemas preserve structural judgments under explicit hypothe-
ses. Admission has a different logical form. Let

Prop(D, e)

denote the evidence used to propose e, and let Val(D, e;V) denote
validation on evidence V excluded from proposal. Write V ⊥ Prop(D, e)
for the registered provenance condition expressing that exclusion. An
admission rule may have the form

Γ; S ⊢ e : D⇒ D′[I | E ] V ⊥ Prop(D, e) Val(D, e;V) |= E
Γ,V ; S ⊢ Admit(D′)

.

This is not an equality transformation. It is a decision rule with prove-
nance, independence, and threshold conditions. Keeping it outside the
equational calculus prevents a system from confusing a well-formed
edit with a successful one.

1.9 A minimal worked example

Suppose a sketch declares two routes

p, q : X⇒ Y, p ∼ q,

and a realization D fails to factor through that equation. A parameter
presentation P→ M contains redundant coordinates, and a cover {Ui}
localizes the discrepancy.

The repair calculus organizes the reasoning:

1. apply R2 to remove parameter motion that does not descend to M;

2. apply R3 to diagnose the failure on the Ui;

3. propose a target edit of p and use R5 to preserve the declared
behavior of every non-target path;

4. use R4 to test whether the repaired path remains coherent under
admissible perturbations;
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5. if the available repair language cannot resolve the obstruction, use
R6 to propose a conservative extension S+; and

6. apply the admission rule on held-out observations before replacing
D by D′.

No scalar loss is required for these transformations. A scalar observer
may rank candidates, but it does not supply the descent, invariance,
conservativity, or admission premises.

1.10 Soundness, completeness, and the research frontier

Proposition 1.16 (Conditional soundness of the rule schemas). Rules
R1–R6 preserve their stated structural judgments in every LINCS realization
satisfying their side conditions.

Proof. R1 follows from Axiom 1.1 and transport along the registered
isomorphism of observer codomains. R2 is presentation descent. R3 is
the detection and effectivity property of the declared cover. R4 is tan-
gent functoriality. R5 is precisely the invariant-preservation obligation
attached to the target edit. R6 is conservativity of the sketch extension.
Each conclusion therefore follows from a named semantic hypothesis
rather than from the rule label alone.

The proposition is intentionally relative. It does not show that
the side conditions are empirically true, that the observer family is
complete, or that every desirable repair can be derived. It is a schema-
level soundness statement, not yet a metatheorem for one fixed formal
syntax and semantics.

A genuine completeness theorem would require fixing:

1. a formal language of sketches, observers, and repairs;

2. a semantic equivalence relation on learning judgments;

3. an allowed class of quotients, covers, tangent transports, and theory
extensions; and

4. a statement that every semantically valid transformation is derivable
from a finite rule set.

That program is plausible for restricted fragments. For example, one
could study finite sketches with effective finite covers, a fixed tangent
signature, and a typed edit language. A universal calculus for arbitrary
learning sketches is a much stronger claim and may require higher-
categorical coherence rather than a small list of first-order rewrite rules.
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Boundary

The proposed repair calculus does not identify causal effects
from observational data. It axiomatizes controlled transforma-
tions of learning models. When a learning sketch contains a
grounded causal model, its structural rules may be combined with
do-calculus; they do not replace it.

1.11 What this adds to the LINCS workflow

The six-stage workflow introduced in the next chapter can be read at
three levels:

1. Axiom 1.1 supplies the universal typed obstruction;

2. the repair calculus transforms licensed structural judgments; and

3. the admission contract decides whether a licensed candidate should
alter maintained state.

This separation answers the question raised by the causal analogy in
the Preface. LINCS inherits the lesson that action requires an explicit
model and rule-governed surgery. Its distinctive contribution is to
apply that lesson to the organization of learning itself: representations,
computational routes, observers, covers, repair languages, architectures,
and declarations become explicit objects of controlled intervention.

Chapter 2 now turns this contract into an operational workflow. The
later foundations then justify its factorization, tangent, localization, and
admission steps in detail.

Further reading

Kock exemplifies the strategy of beginning a differential theory from
one generative axiom; LINCS borrows the organization, not the alge-
braic content [Kock, 2006]. A neighboring program explicitly called
Synthetic Machine Learning develops a synthetic approach through cate-
gorical probability and statistics, Markov categories, information geom-
etry, and noncommutative information geometry [Sepúlveda-Jiménez,
2025]. LINCS shares its synthetic ambition but takes declared com-
positional failure, typed obstruction, and controlled repair as its orga-
nizing primitives. Pearl develops do-calculus and the causal critique
of association-only learning [Pearl, 2009b, 2018]. Sketches as categor-
ical theories originate with Ehresmann [1968]; Barr and Wells [1999]
connects them to categorical logic and model theory. Tangent cate-
gories supply the infinitesimal substrate [Cockett and Cruttwell, 2014b,
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2017], while Riehl [2017] provides background on universal construc-
tions, localization, and descent. Generalized gradients and nonsmooth
backpropagation are treated by Rockafellar [1980], Bolte et al. [2022].





2
Learning by Repair

Machine learning usually begins with a scalar objective. A model
makes a prediction, the objective reports an error, and optimization
changes the parameters. This pattern is powerful, but it suppresses a
prior question: what structural promise did the model fail to keep? The LINCS viewpoint does not discard

task loss. It asks which typed failure
the loss is observing, and whether that
failure licenses the proposed update.

In many systems the important promise is compositional. Two routes
through a model should agree; local sections should glue; an update
should preserve a decision; a preference field should integrate; a skill
should remain executable after composition. A scalar loss may witness
these failures, but it does not by itself preserve their type or location.

LINCS keeps the failed diagram visible. A problem is declared
as a learning sketch. Its candidate model is tested for a factorization,
limit, colimit, descent, closure, or realization property. Failure produces
an obstruction. The obstruction is then differentiated, quotiented by
irrelevant variation, localized over a computational cover, and connected
to a guarded repair.

2.1 From loss minimization to structural diagnosis

Let J = Path(S) be the path category generated by a sketch S, and let
D : J → C be a candidate diagram. Declared path equations induce a
quotient q : J → J/∼. Compositionality is not defined by adding an
arbitrary penalty; it is the existence of a factorization.

Definition 2.1 (Base obstruction). The base obstruction O0(D) records
the failure of D to factor through the declared quotient, or to satisfy
the specified universal property. Under Axiom 1.1, it is trivial precisely
when the declared structural condition holds. A particular observer
may fail to detect a nontrivial obstruction.

This formulation separates the categorical failure from its measure-
ment. One may later observe O0(D) through a norm, likelihood, test
statistic, or decision functional, but those scalarizations are not the
obstruction itself.
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2.2 An actionable model of the learning system

Causal inference made a decisive methodological move: it replaced a
purely associational description with a model whose mechanisms could
be acted upon [Pearl, 2009b, 2018]. LINCS applies that lesson to the
learner. The sketch does not merely describe the external domain; it can
describe the architecture of learning, the transformations it performs,
the obligations those transformations must satisfy, and the observations
by which their failures become visible.

A minimal actionable learning model may be written

L = (S, D, Λ,R,A),

where S is the structural declaration, D is its current realization, Λ is the
observer family, R is the typed language of admissible interventions,
and A is the independent decision rule. An edit e ∈ R(D) then induces

(S, D)
e−→ (Se, De)

ObsΛ−−−→ admission evidence.

For a parameter update, Se = S. For an architectural or theory-level re-
pair, the declaration itself may change and the old model must transport
conservatively into the new one.

This is analogous to causal surgery but intentionally more general.
The edit must name its target and its invariants, yet it is causal only
when the target is a domain mechanism and the edit has intervention
semantics. Adapter replacement, reward-representation repair, cover re-
finement, and warrant revision are structural interventions on learning
systems without thereby becoming causal effects.

Design principle

Optimization chooses among available edits. The actionable model
determines what those edits mean, what they are allowed to
change, and what must remain invariant. Declare the structural
promise before selecting the scalar diagnostic. The same residual
magnitude can represent different failures, and therefore authorize
different repairs.

2.3 The six-stage workflow

declare
a sketch

differentiate
the failure

quotient
null variation

localize
over a cover

repair
in a typed language

admit, reject,
or abstain

Figure 2.1: The recurring LINCS work-
flow. The arrows do not imply that every
failure reaches admission: the process
can stop at unidentifiability, incomplete
localization, unsupported repair, or failed
validation.
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Declare. Specify the objects, arrows, path equations, universal proper-
ties, and observations that define success. This determines the type of
failure the system is permitted to report.

Differentiate. Lift the sketch and its obstruction to a tangent setting.
The infinitesimal obstruction

O1(D) = INC(D)

describes how the structural failure moves under admissible perturba-
tions.

Quotient. Remove variation that is presentationally redundant or null
for the declared decision. A tangent direction that only changes a
paraphrase, gauge, or advantage baseline should not masquerade as
semantic repair.

Localize. Restrict the obstruction to a cover of layers, agents, argument
roles, database faces, population strata, or computational blocks. Local
agreement must still be distinguished from global realization.

Repair. Search only within a typed repair language: low-rank adapter
changes, executable skill sections, policy updates, sparse relational
corrections, or warrant-level argument edits.

Admit. Validate a candidate repair against separate structural, seman-
tic, statistical, and operational blocks. Rejection and abstention are
first-class outcomes.

2.4 A small factorization example

Suppose a system has an input object X, representation object H, deci-
sion object Y, and maps h : X → H and d : H → Y. A declared input
transformation g : X → X is represented by g̃ : H → H and k : Y → Y.
The intended square and decision-level equation are

X H

X H

h

g g̃

h

d ◦ g̃ = k ◦ d.

The two route differences can be observed numerically, but the decla-
ration tells us whether the failure belongs to representation transport,
decision equivariance, or both. Differentiating the square tells us which
local directions change that failure to first order.
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Proposition 2.2 (Infinitesimal candidate signal). If the declared square
commutes at D, its tangent lift commutes along admissible tangent directions.
Conversely, a nonzero tangent route difference identifies a first-order failure of
the lifted declaration, not automatically a parameter update that will repair the
base diagram.

Proof. Functoriality of the tangent construction preserves the equal-
ity of the two composites. The converse claim is deliberately weaker:
applying an observation map to the tangent route difference gives a
diagnostic direction, while a compositional parameter repair addition-
ally requires an identified map from parameter directions to diagram
deformations.

Boundary

A small infinitesimal obstruction does not establish semantic qual-
ity, and a large one does not prove that a supported repair exists.
LINCS distinguishes diagnosis, localization, repair, and admission
precisely to prevent those inferences.

2.5 Repair is a gated transformation

The following abstract procedure makes the separation operational.

LINCS diagnose-repair-admit cycle

Require: Learning sketch S, candidate model D, cover U , decision quotient χ, repair language R
Ensure: Admitted model D′, rejection, or abstention with certificate

1: Construct the typed base obstruction O0(D) = OS(D) through the registered diagnostic interface
2: Lift admissible probes and construct O1(D) = INC(D) = OS(TD)

3: Quotient presentation-null and decision-null variation using χ

4: Restrict the remaining obstruction over U
5: if the cover is incomplete or the repair is unidentifiable then
6: return abstention with missing-support certificate
7: end if
8: Generate candidate repairs r ∈ R from localized obligations
9: for all candidate repairs r do

10: evaluate structural, semantic, statistical, and operational blocks
11: if every required admission block passes then
12: return D′ = r(D) with repair certificate
13: end if
14: end for
15: return rejection with failed-block certificate
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Admission contract

A repair may be admitted only if it improves the registered obstruc-
tion on held-out probes, preserves the declared decision semantics,
stays within the allowed repair language, and passes application-
specific safety or effectivity checks. Joint improvement in a single
norm is not sufficient.

2.6 One pattern, different domains

The common architecture does not make the applications interchange-
able. Each domain chooses a different sketch, obstruction, quotient,
cover, repair language, and admission rule.
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Application Structural
promise

Characteristic
failure

Repair gate

BRIDGE/SKFM Visible
intervention
fields support
causal discovery

Lie-bracket
nonclosure or
unstable
extraction

Falsified screen
followed by an
identified
downstream
learner

LINCS-KET Direct and Kan
routes agree

Base or tangent
route
incompatibility

Held-out,
blockwise
post-training
admission

ALLORA Adapter
composition
respects intended
order

Noncommuting
low-rank
interventions

Capability and
safety
preservation

LASKO Skill sections
remain
executable under
composition

Anchor,
bracket-closure,
or feasibility
failure

Executability and
workflow
validation

GIRL Bellman structure
factors across
computation

Base or tangent
Bellman
obstruction

Layered policy
admission and
recovery

LINCS-RLHF Pairwise
preferences
support the
claimed
representation

Cyclic or
statistically
unsupported
scalar reward

Integrability test
or relational
fallback

RADAR Private relational
charts descend to
a shared
geometry

Incidence,
cocycle, or apex
incompatibility

Sparse, decision-
preserving repair

SID Compatible local
predictive states
realize globally

Compatibility or
effectivity failure

Tangential
preservation and
transverse repair

LINCS-Toulmin Typed argument
roles glue across
sources

Warrant, source,
qualifier, or
rebuttal failure

Typed structural
repair certificate

Table 2.1: Nine application-specific real-
izations of the same LINCS pattern.
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Design principle: What an empirical chapter must retain

An application chapter reports not only the best admitted result,
but also the registered probes, failed repairs, incomplete covers,
and boundary between the measured object and the broader claim.
Negative results are part of the design evidence.

2.7 What changes in the chapters ahead

Part I develops learning sketches, tangent failures, infinitesimal causal-
ity, deep realization, quotienting, localization, repair, and admission.
Application chapters vary the domain while retaining this spine; the
final synthesis separates the reusable LINCS pattern language from
domain-specific elements. In each case the sketch also functions as an
actionable model of the learner: it determines where structural surgery
can occur and which non-target obligations the repair must preserve.

Further reading

The categorical background begins with standard introductions such
as Mac Lane [1998] and Riehl [2017]. For the presentation of mathe-
matical theories by sketches, the classical line runs from Ehresmann’s
original program through categorical model theory and accessible cate-
gories [Ehresmann, 1968, Barr and Wells, 1999, Makkai and Paré, 1989,
Adámek and Rosický, 1994]. These sources explain why a diagram can
specify a theory before any numerical objective is chosen.

For readers interested in compositional learning itself, Fong et al.
[2019] treats backpropagation functorially, while Cruttwell et al. [2022]
develops categorical foundations for gradient-based learning. The more
recent categorical-deep-learning program argues for an algebraic bridge
between architectural constraints and their implementations [Gavra-
nović et al., 2024]. LINCS is closest to this literature in its insistence
on typed composition, but differs by making failed factorization and
guarded repair the central learning event.

The interventionist contrast is developed by Pearl [2009b, 2018].
Those works motivate the need for models that support action rather
than association alone. LINCS adopts that discipline at the level of the
learning system while retaining a strict boundary between a general
structural edit and a causally grounded intervention.





3
Learning Sketches and Factorization Obstructions

A loss tells us that a model is wrong by some amount. A learning
sketch first tells us what kind of agreement the model promised. It records
the objects and operations of the problem, the paths intended to agree,
and any limit or colimit properties the candidate model must realize.
This declaration turns non-compositionality into a typed factorization
failure before a norm, likelihood, or empirical statistic is chosen. Sketches originate in categorical logic

and model theory. Here they serve as
compact, machine-readable declarations
of learning structure [Ehresmann, 1968,
Barr and Wells, 1999].

3.1 From computational graphs to learning sketches

Let S be a directed graph of formal learning operations and let

J = Path(S)

be its free category. Objects of J can denote data, representations,
predictions, policies, local sections, or world-model fragments. Its
arrows are formal composites of encoders, transitions, interventions,
restrictions, updates, and decision maps.

A bare graph says which composites can be formed. It does not
say which composites ought to agree. A learning sketch adds that
declaration.

Definition 3.1 (Learning sketch). A learning sketch is a quadruple

S = (S,D,L,K),

where:

• S is a graph of formal learning operations;

• D is a family of equations between parallel paths;

• L is a family of designated cones; and

• K is a family of designated cocones.

The equations in D generate a congruence ∼D on J = Path(S) and
hence a quotient

qD : J −→ J/∼D .
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The three kinds of declaration play different roles. Path equations
express route agreement. Designated cones express reconstruction, syn-
chronization, or shared-state conditions. Designated cocones express
aggregation, identification, or gluing. Treating all three as a single
scalar penalty would erase this distinction.

Design principle

Declare route equalities and universal properties separately. They
can fail for different reasons, localize to different components, and
require different repair languages.

3.2 Sketches as categorical theories

The sketch is more than a dataflow schema. It is a presentation of a
categorical theory: generators provide the sorts and primitive oper-
ations, while path equations and designated universal constructions
provide its axioms. This viewpoint continues the separation between
syntax and semantics made explicit by Lawvere’s functorial semantics
of algebraic theories [Lawvere, 1963].

A single-sorted finitary Lawvere theory is a small category whose ob-
jects are finite powers of one distinguished object. Its arrows represent
operations, composition represents substitution, and equality of arrows
records equational axioms. A model in Set is a product-preserving
functor. For example, a theory of monoids contains a multiplication
m : X2 → X and a unit e : 1 → X; associativity and the unit laws are
equalities between the corresponding composite arrows. A product-
preserving functor interprets these generators as an actual monoid.

Sketches enlarge this language. They can use many sorts, select
particular cones and cocones, and present structures whose axioms
involve specified limits or colimits. A learning sketch uses the same
division of labor: S is the theory, while a functor D is one attempted
interpretation of it. Learning inside a fixed sketch changes the interpre-
tation without silently changing the theory that the interpretation is
supposed to satisfy. Under standard size and arity hypothe-

ses, categories of models of suitable limit
theories and sketches are accessible or
locally presentable. This makes a theory-
generated model space amenable to con-
struction from small presentable pieces
[Makkai and Paré, 1989, Adámek and
Rosický, 1994].

Definition 3.2 (Sketch augmentation). A sketch augmentation is a
morphism

ι : S −→ S+

that transports the existing generators and declarations while possi-
bly adding new objects, arrows, path equations, designated cones, or
designated cocones. It induces a restriction functor

ι∗ : Mod(S+, C) −→ Mod(S, C)

that forgets the added structure.
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For an old model D, the fiber of ι∗ over D is the space of its expan-
sions to the augmented theory. An empty fiber says that the proposed
theory is incompatible with D. An essentially unique expansion is char-
acteristic of a definitional extension. Multiple inequivalent expansions
expose genuine underdetermination: the new generators or axioms
require evidence not contained in the old model.

Boundary

Repairing a model of S and augmenting S are different learning
problems. The first searches for a better interpretation of a fixed
theory. The second changes the space of admissible interpretations
and therefore requires stronger admission tests.

3.3 Models and the factorization test

Let C be the category in which the learning system is realized. A
candidate system assigns a realized object to every formal object and a
realized computation to every formal path.

Definition 3.3 (Model of a learning sketch). A candidate model of S in
C is a functor

D : J −→ C.

It is a strict model when there is a functor

D : J/∼D −→ C

such that D = DqD , and the images of the designated cones and
cocones realize the universal properties specified by L and K.

The commutativity component is therefore the lifting problem

J C

J/∼D

D

qD
D

rather than an arithmetic expression such as g ◦ f − f ◦ g. The latter
expression becomes available only after choosing additive enrichment
or an observation into a numerical space.

Definition 3.4 (Factorization problem). For a candidate model D, define

FactS(D) =
{

D
∣∣ D = DqD and D realizes L,K

}
.

The model is compositional exactly when FactS(D) is inhabited.
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This set notation is economical, but the factorization problem can
carry more structure: a category or space of fillers, a proof object, a
sheaf of local fillers, or a derived obstruction object. LINCS leaves that
choice to the realization.

Definition 3.5 (Base obstruction). Subject to Axiom 1.1, the base ob-
struction is the representing object

O0(D) = OS(D)

for admissible diagnostics of the factorization problem. Its distin-
guished trivial state corresponds exactly to an inhabited factorization
problem.

Boundary

The obstruction object is not assumed to be a vector. Depending
on the application it may be a family of parallel-path witnesses,
a cohomology class, a failure of effectivity, or a missing filler. A
statistical hypothesis or test result is an observation of such an
obstruction, not the obstruction itself.

3.4 Three declarations, three characteristic failures

Path agreement. For parallel paths p, q : x → y, the declaration p ∼ q
asks whether D(p) = D(q). Equivariance, Bellman consistency, direct-
versus-extended prediction, and argument-role transport all have this
form.

Limit realization. A designated cone can say that a representation
is reconstructible from compatible views, that a shared state is an
equalizer, or that a database apex is a pullback. The characteristic
failure is not merely disagreement of two arrows; it can be failure of
existence or uniqueness of the mediating map.

Colimit realization. A designated cocone can describe empirical aggre-
gation, quotient identification, or gluing of local pieces. Here the failure
may be that local objects cannot be assembled into a global realization
with the declared universal property.

3.5 A running equivariance sketch

Let a group element g act on inputs by ag : X → X and on outputs by
bg : Y → Y. A learned map Fθ : X → Y is declared equivariant by the
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Declaration Question Typical witness Possible repair

Path equation Do two routes
agree?

Parallel-path
incompatibility

Change an arrow,
representation, or
route

Limit cone Is the global
object determined
by its views?

Missing or
nonunique
mediator

Add a view,
constraint, or
shared object

Colimit cocone Do local pieces
glue or
aggregate?

Incompatible
identifications or
failed effectivity

Repair overlaps,
quotient, or
gluing data

Table 3.1: The sketch remembers which
universal promise has failed.

square

X Y

X Y.

Fθ

ag bg

Fθ

The indexing graph contains the two parallel paths

Fθag, bgFθ : X → Y,

and D identifies them. The base obstruction is the failure of the realized
diagram to factor through this quotient.

If X and Y are normed spaces, one possible observation is

Eg,θ(x) = Fθ(agx)− bgFθ(x), ℓg,θ(x) = ∥Eg,θ(x)∥2.

The vector Eg,θ(x) and scalar ℓg,θ(x) are useful measurements, but
neither defines equivariance. The declared square does.

Example 0.17 introduced this square using an image or language en-
coder. In the language setting, ag must preserve or transform explicitly
declared structure: it cannot be an arbitrary token permutation of a
causal LLM. Depending on the task, bg may reindex token-level states
or act as the identity on an invariant decision. This choice belongs to
the sketch and determines what an observed discrepancy means.

Example 3.6 (Bellman consistency). Let V be a value-function space,
Pπ : V → V the Markov expectation operator, and

Bπ(V) = Rπ + γPπV

the Bellman operator. A parameterized value family V̂ : Θ → V
determines the parallel pair

V̂, BπV̂ : Θ⇒ V .

Declaring this pair equal expresses Bellman consistency. Sampled
TD and GTD objectives are scalar observations of its factorization
obstruction; they do not replace the declaration [Sutton, 1988, Sutton
et al., 2008, Sutton and Barto, 2018].
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3.6 Observation and scalarization

A computation eventually needs measurements. LINCS separates their
selection from the structural declaration.

Definition 3.7 (Observation of an obstruction). An observation is a
map

ω : O0(D) −→ Z

into a space Z of inspectable witnesses. A scalarization is a further
map σ : Z→ R, possibly depending on data, probes, uncertainty, or an
experimental design.

Different observations of the same obstruction can answer different
questions. A supremum norm emphasizes worst-case disagreement; an
empirical mean estimates average disagreement under a sampling law;
a hypothesis test asks whether the available evidence distinguishes the
obstruction from a null; a decision functional asks whether the failure
changes an action. Scalarization is not forbidden. It is post-

poned until the type, location, and evi-
dential status of the failure are explicit.Admission contract

A scalar diagnostic may guide repair only relative to its declared
observation map, sampling regime, and support. A low value out-
side that contract does not establish that the categorical obstruction
has vanished.

3.7 Presentation, transport, and sketchability

A sketch is itself a presentation. Two presentations can describe equiv-
alent learning behavior while exposing different paths, auxiliaries, or
parameter symmetries. Later chapters therefore quotient presentation-
null variation before assigning repair effort.

Maps between learning graphs also require care. For unconstrained
categorical schemas, functorial data migration is automatic. Once des-
ignated cones and cocones are added, a graph map need not preserve
them [Spivak, 2014]. A change of learning sketch must state which
equations, universal properties, admissible models, and repair spaces it
transports.

Ordinary sketches have a further expressivity boundary: not ev-
ery natural category of structured objects and structure-preserving
morphisms is the category of set-valued models of a sketch [Barr and
Wells, 1992]. Higher, enriched, fibrational, or homotopical presenta-
tions may be needed when admissibility itself quantifies over structure
outside ordinary sketch logic. Section 0.2 fixes the book’s convention:
the ordinary sketch records the shared compositional skeleton, while
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any hom-object enrichment or other semantic structure required by an
application must be declared separately.

Boundary

LINCS is relative to a declared class of models and morphisms.
It does not claim that every learning system has one canonical
ordinary-sketch presentation.

3.8 A sketch as a model of learning

The declaration is not merely a convenient notation for a loss. It is
the model that makes the learning process actionable. Its objects can
represent data, representations, policies, modules, agents, arguments,
or evidence states; its arrows represent the transformations through
which learning is organized; and its equations and universal properties
state which parts of that organization must remain coherent.

This shifts the role of modeling. In conventional causal inference, an
SCM or SEM models mechanisms in an external domain and supports
surgery on a designated mechanism. A learning sketch can include
such a domain model, but it can also model the learner that constructs,
compares, and repairs domain models. The resulting intervention target
may be a parameter, a component morphism, an architectural route, an
observation map, or the declaration itself.

The distinction matters because a repair cannot be licensed by lo-
cation alone. A failed path identifies where the current declaration
is not realized; it does not determine whether one should change a
parameter, replace a mechanism, redraw the architecture, or revise the
theory. Those choices belong to the repair language and admission
contract attached to the sketch.

3.9 The declaration card

Before differentiation or optimization, a learning-sketch declaration
should answer:

1. What are the formal objects and generating arrows?

2. Which parallel paths are required to agree?

3. Which cones and cocones are designated?

4. What counts as an admissible realized model?

5. What object records failure of the factorization problem?

6. Which observation maps make that failure measurable?
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7. Which variations are merely presentational?

8. What evidence would justify a repair rather than abstention?

9. Which parts of the sketch may be augmented, and what would make
such an extension conservative?

10. Which edits count as structural interventions, what do they target,
and which non-target obligations must they preserve?

A failed factorization can reveal either of two gaps. The declared
theory may be adequate while the candidate model realizes it poorly, or
the persistent failure may indicate that the sketch itself lacks a generator,
relation, or universal construction needed to express the phenomenon.
The obstruction alone does not decide between these explanations. We
must ask how it changes under admissible variations and where those
changes are supported.

The next chapter supplies this sensitivity analysis by applying tan-
gent structure to the declaration. The result is not simply a derivative
of the final scalar loss: it is a lifted factorization problem whose obstruc-
tion records how compositional failure moves. At first this diagnoses
gaps in a model of a fixed sketch. Later, the same localization logic
will help identify explanatory pressure on the sketch and motivate a
carefully admitted theory augmentation.

Further reading

Lawvere’s functorial semantics makes models into structure-preserving
functors from an algebraic theory [Lawvere, 1963]. For sketches as more
general presentations of structured models, useful entry points are Barr
and Wells [1999], Makkai and Paré [1989], and Adámek and Rosický
[1994]. Barr and Wells [1992] is especially valuable because it identifies
what ordinary sketches cannot present; it motivates the book’s repeated
care about enriched, higher, fibrational, and homotopical extensions.

Categorical database theory supplies concrete examples of the same
declarative stance. Functorial data migration makes schemas and in-
stances compositional [Spivak, 2012], while lifting problems express
queries and constraints [Spivak, 2014]. Readers coming from logic may
also consult Mac Lane and Moerdijk [1992] for the relation among
sites, local models, and global semantics. LINCS reuses these presenta-
tional ideas but adds an obstruction object, tangent transport, a repair
language, and an empirical admission decision.
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Tangent Learning Sketches

The base obstruction says which structural promise has failed, but
not whether the gap lies in a particular model or in the theory used to
describe it. Its tangent lift asks how that failure changes under admissi-
ble infinitesimal perturbations. LINCS calls the resulting obstruction
infinitesimal non-compositionality, or INC.

This chapter develops the model-level construction: the sketch is
fixed while its realization varies. That restriction is methodologically
important. Sensitivity within Mod(S, C) can localize a defective map,
representation, or interaction. A failure that persists across all registered
model directions instead creates evidence that the available model class
or sketch may be incomplete. It does not by itself license a new axiom.
Theory augmentation is the higher-level repair problem developed in
Chapter 22. A tangent lift preserves the type of the

declaration. It does not turn every avail-
able derivative into a legitimate learning
signal.

4.1 Tangent structure

A tangent category, formally defined in Section 0.11, abstracts the
behavior of tangent bundles without requiring every object to be a
smooth manifold [Cockett and Cruttwell, 2014b, Rosický, 1984]. Its
tangent endofunctor is

T : C −→ C,

with structure maps p, 0,+, ℓ, c satisfying the fiber-power, additive,
coherence, and vertical-universality axioms reviewed there.

For a smooth manifold M, TM contains pairs (x, v) of a point and a
tangent direction. For a smooth map f : M→ N,

T f (x, v) = ( f (x), D f (x)[v]).

The categorical axioms preserve the compositional fact

T(g ◦ f ) = Tg ◦ T f .

This is the elementary mechanism behind tangent factorization.
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Definition 4.1 (Tangent model). For a learning-sketch model D : J → C,
its tangent model is

TD : J −→ C, (TD)(j) = T(Dj), (TD)(u) = T(Du).

The graphical calculus makes the formula TD = T ◦ D literal: the
D-wire is pasted to the T-wire. If e : D⇒ D′ is a coherent model repair,
horizontal composition with the identity on T yields the tangent repair
Te : TD⇒ TD′. Thus differentiation transports a typed repair; it does
not erase the naturality obligations that made the repair coherent.

(a) Tangent transport by horizontal pasting

J C C

D

e

D′

T

1T

T

pasted cell Te : TD⇒ TD′

(b) Tangent-structure glyphs

vertical lift
ℓ : T ⇒ T2

canonical flip
c : T2 ⇒ T2

Figure 4.1: Tangent structure in the 2-
categorical graphical language. The lift
introduces another tangent level; the flip
exchanges two tangent directions. The
glyphs follow the calculus of Cockett and
Cruttwell [2015].

4.2 Tangent learning sketches

Interpreting a graph in a tangent category is not yet enough. The
declared learning constraints must remain meaningful after tangent lift.

Definition 4.2 (Tangent learning sketch). A tangent learning sketch
is a learning sketch S = (S,D,L,K) equipped with an action of tan-
gent structure on its factorization problems. Whenever D : J → C is
admissible, TD is admissible and

FactS(D) 7−→ FactS(TD)

is the declared tangent factorization problem.

This definition avoids an overly strong claim. The tangent functor
need not preserve the quotient J/∼D as a colimit in a category of
indexing shapes, nor every cone and cocone appearing in an arbitrary
sketch. What is required is a lift on the particular class of factorization
problems that the learning system declares.

Design principle

State tangent admissibility at the level of factorization problems.
Do not infer it from the presence of automatic differentiation or
from a blanket claim that tangent functors preserve every sketch
construction.
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One can package this requirement fibrationally. Let

p : Fact(C) −→ Learn(C)

send a factorization witness to its underlying candidate model. Tangent
stability asks for a lift TFact making

Fact(C) Fact(C)

Learn(C) Learn(C)

TFact

p p

T

commute, so the fiber over D is transported to the fiber over TD.

4.3 Infinitesimal non-compositionality

Definition 4.3 (Infinitesimal non-compositionality). The first-order in-
finitesimal non-compositionality of D is

INC(D) := OS(TD).

When iterated tangent structure is available,

INC(n)(D) := OS(TnD).

The base and tangent obstructions answer related but distinct ques-
tions. The object O0(D) asks whether the realized diagram satisfies
the declaration. The object O1(D) = INC(D) asks whether admissible
infinitesimal perturbations satisfy its tangent lift.

Proposition 4.4 (Exact identities differentiate). Suppose two smooth com-
posites p, q : X → Y agree after restriction to an open subset U ⊆ X. Then
T(p|U) = T(q|U) on TU. Consequently, an exactly commuting smooth learn-
ing diagram has trivial first-order route incompatibility along every admissible
tangent direction based in that domain.

Proof. Functoriality gives the tangent maps Tp and Tq. Since the base
maps agree on an open domain, their derivatives agree there, hence
Tp = Tq.

The converse does not say that a small sampled tangent residual
proves an exact base identity. It may reflect limited probes, low support,
a null direction, or an insensitive observation.

4.4 Why infinitesimal?

The word infinitesimal describes the resolution of the diagnosis, not
the permitted magnitude of the eventual repair. Tangent structure is
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important to LINCS because it turns an undifferentiated failure into
a family of typed directional questions. Given an admissible path of
models Dt with initial direction v = Ḋ0, the tangent lift asks how
each declared composition responds along v. Different directions can
expose different arrows, interactions, or contexts even when a scalar
loss assigns them the same value.

The construction has three further advantages. It is compositional
because tangent transport respects composition. It is localizable because
a direction can be supported on a declared component or overlap.
And it makes null variation explicit: symmetry, reparameterization, or
decision-irrelevant directions can be quotiented before repair effort is
assigned. These properties make infinitesimal analysis a diagnostic
microscope for structural failure.

When the relevant directions integrate, local repairs can assemble
into a finite trajectory:

Ḋt = vt, D0 = D, D1 = D+.

In such cases an apparently abrupt macroscopic change may be the
accumulated effect of many locally intelligible changes. But tangent
data alone neither guarantees that vt integrates nor that D+ lies in the
same connected repair regime.

First-order analysis also has familiar blind spots. An obstruction
varying as t2 has zero first derivative at t = 0 without being locally
constant. Higher Weil probes, jets, brackets, and curvature can expose
some such effects. They still cannot manufacture a path to a discon-
nected model, a new primitive, or a new theory whose vocabulary is
absent from S.

Boundary

LINCS does not assume that every scientific or conceptual change
is infinitesimal. Infinitesimal structure diagnoses the neighborhood
of the current declaration. Finite integration, critical transitions,
and discrete declaration changes require additional repair and
admission mechanisms.

4.5 The running equivariance example

Return to the equivariance declaration from Chapter 3. Let X and Y be
finite-dimensional normed vector spaces, and let the model Fθ : X → Y,
input action ag : X → X, and output action bg : Y → Y be smooth. The
base representative is

Eg,θ(x) = Fθ(agx)− bgFθ(x).
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For an input perturbation v, the first tangent representative is

DEg,θ(x)[v] = DFθ(agx)[Dag(x)v]− Dbg(Fθ(x)) DFθ(x)[v].

If ag and bg are linear, this reduces to

DFθ(agx)[agv]− bgDFθ(x)[v].

The base audit asks whether the two finite routes agree. The tangent
audit asks whether their local sensitivities intertwine the declared
actions. A model can have a small base error at sampled points while
its tangent error exposes a rapid departure nearby.

Example 4.5 (Parameter and input probes). If parameters also move by
θ̇, the full differential contains

∂θ Fθ(agx)[θ̇]− bg∂θ Fθ(x)[θ̇].

Input probes v and parameter probes θ̇ answer different questions and
should occupy different admission blocks.

4.6 Probe semantics

An automatic-differentiation system can produce many directional
derivatives. LINCS requires the tangent site to say what those directions
mean.

Definition 4.6 (Tangent site). A tangent site for a realized learning
sketch specifies:

1. the admissible base points or regimes;

2. the admissible tangent directions at each object;

3. how directions are transported along sketch arrows;

4. the cover over which tangent obstructions are observed; and

5. the null, gauge, or decision-invariant directions to be quotiented.

Examples include perturbations of tokens versus parameters, in-
terventions versus domain shifts, policy directions versus advantage
baselines, and semantic paraphrases versus warrant-changing argument
edits. The derivative operator alone does not distinguish them.

Boundary

A parameter gradient is not automatically a semantic tangent
direction. A map from parameter perturbations to deformations
of the declared diagram must be specified and, when repair is
claimed, shown to be sufficiently identified.
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4.7 Weil probes and higher order

Tangent structure admits a useful algebraic classifier. In representable
settings, an infinitesimal object supplies the dual-number probe; more
generally, Weil algebras index tangent and higher-order prolongations
[Leung, 2017a, MacAdam, 2022].

If W denotes the first-order dual-number object and

F : Weil1 −→ End(C)

is the classifying functor, then T = F(W). Iterated tangent structure
probes mixed and higher infinitesimal behavior. This allows LINCS to
distinguish:

• first-order route sensitivity;

• symmetric acceleration under a declared connection;

• antisymmetric order effects;

• curvature or holonomy; and

• higher jets of a factorization obstruction.

These refinements are optional structure, not part of every first-order
INC object.

4.8 Interactions and brackets

Suppose a realized model generates admissible vector fields X and
Y. Their Lie bracket [X, Y] measures the antisymmetric discrepancy
between the two local orders of flow. For a declared distribution
A ⊆ TM, a nonzero class of [X, Y] in TM/A can indicate failure of
that distribution to close. This is central to infinitesimal causality,
BRIDGE/SKFM, ALLORA, and LASKO.

Yet a tangent category does not choose one universal interaction
statistic. A connection ∇, when declared, also produces

A∇(X, Y) =
1
2
(∇XY−∇YX), S∇(X, Y) =

1
2
(∇XY +∇YX).

For a torsion-free connection, 2A∇(X, Y) = [X, Y]; the symmetric term
depends on the connection and can carry different information.

Definition 4.7 (Interaction signature). An interaction signature ΩD is
a declared family of operations on the admissible tangent distribu-
tion of D. It may include brackets, connection-dependent derivatives,
curvature, canonical-flip comparisons, or higher jets.
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Design principle

Choose an interaction signature because the application gives it
meaning. Antisymmetry, curvature, and symmetric acceleration
are different probes; none is a universal replacement for the tangent
factorization obstruction.

4.9 Natural LINCS: intrinsic tangent repair

A tangent diagnosis identifies admissible directions in which an ob-
struction changes, but it does not yet say which corrective direction
is smallest. A coordinate-dependent Euclidean norm on parameters
answers that question only after choosing a presentation. Natural LINCS
instead equips the model space with an intrinsic geometry and uses
that geometry to select among typed repairs.

Let (M) be a smooth model object and let a typed obstruction be
represented locally by

O : M −→ E,

where E → M is an obstruction bundle. At θ ∈ M, its linearized
response is

DOθ : Tθ M −→ Eθ .

Suppose that g is a declared Riemannian metric on model directions. A
first-order natural repair is a solution of

ξ⋆θ ∈ arg min
ξ∈Tθ M

1
2

gθ(ξ, ξ) subject to DOθ [ξ] = −O(θ). (4.1)

Thus the obstruction remains typed and potentially vector- or bundle-
valued; the metric merely chooses the least intrinsic change that cancels
it to first order. When exact cancellation is unavailable, a metric h on
the obstruction fibers gives the regularized problem

arg min
ξ∈Tθ M

1
2
∥DOθ [ξ] +O(θ)∥2

hθ
+

λ

2
∥ξ∥2

gθ
. (4.2)

Definition 4.8 (Natural LINCS structure). A Natural LINCS realization
consists of a model object M, a typed obstruction object or bundle
E, declared tangent and obstruction metrics g and h, a policy for
quotienting null directions, and a retraction or integration map that
returns an admitted tangent proposal to the model space. Its local
repair rule is Equation (4.1), or an explicitly declared relaxation such as
Equation (4.2).

For a scalar observation L : M→ R, the metric induces the musical
maps

g♭θ : Tθ M→ T∗θ M, g♯θ = (g♭θ)
−1,
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and the familiar natural-gradient vector is

gradg L(θ) = g♯θ(dLθ).

Natural gradient is therefore a scalar special case of the more general
typed repair problem; it is not the definition of non-compositionality.

Design principle

The sketch declares what is broken; tangent diagnosis says how it
changes; geometry chooses a presentation-invariant repair direc-
tion; admission decides whether to accept the resulting proposal.

Neither tangent-category axioms nor Cartesian closedness automati-
cally supply a metric, a cotangent dual, an expectation operator, or an
invertible Fisher matrix. These are additional semantic declarations. In
an internal smooth setting, a metric may be represented by a bundle
morphism g♭ : TM→ T∗M, but its inverse may exist only after localiza-
tion or quotienting. Singular directions are especially informative: they
often mark parameter symmetries or observationally indistinguishable
models. Natural LINCS therefore quotients such null directions before
inversion, in the sense developed in Chapter 9, or uses an explicitly
audited pseudoinverse or damping rule.

4.10 From tangent diagnosis to learning

When numerical observations are available, a computational realization
may use

Lbase
(
O0(Dθ)

)
+ λLtan

(
INC(Dθ)

)
.

The categorical framework permits λ = 0. A nonzero tangent term is
an empirical and semantic admission decision, not an axiom.

Admission contract

Before a tangent signal influences repair, the experiment must
establish the semantics of its probes, quotient null directions, eval-
uate it on held-out support, and keep base, tangent, task, and
safety outcomes separately visible.

The next chapter specializes tangent directions to smooth inter-
vention protocols. This turns the abstract question “where does the
factorization fail under variation?” into a causal one: do the declared
intervention directions close under sequential local perturbation? A
normal bracket component then marks a specific explanatory gap—a
behavior generated by visible interventions but not expressible in their
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declared span. Lie-bracket closure receives this causal interpretation
only under additional statistical and structural assumptions.

Further reading

The axiomatic starting point is the theory of tangent categories de-
veloped by Cockett and Cruttwell [2014b]. Differential bundles and
fibrations [Cockett and Cruttwell, 2018], and categorical connections
[Cockett and Cruttwell, 2017], show how much differential geometry
can be expressed without choosing coordinates. The graphical proof
of the Jacobi identity by Cockett and Cruttwell [2015] shows how 2-
categorical diagrams can turn long composites of tangent structure
maps into local coherence rewrites. Leung [2017c] relates tangent struc-
tures to graph-presented Weil algebras and is the natural next source
for the multi-infinitesimal constructions used later in the book.

For the geometry used to select intrinsic repair directions, see the
original natural-gradient construction of Amari [1998] and the broader
information-geometric treatment in Amari [2016]. These sources also
clarify why a metric is additional statistical structure on a tangent
model rather than a consequence of tangent structure alone.

For reverse transport, compare reverse derivative categories [Cockett
et al., 2020] with reverse tangent categories [Cruttwell and Lemay,
2024]. The former abstracts reverse differentiation; the latter is closer
to transporting cotangent information through an existing tangent
structure. Standard differential geometry, including flows, brackets,
distributions, and Frobenius integrability, can be reviewed in Lee [2012].
These sources help separate the generic tangent lift from the application-
specific interaction signatures that LINCS calls INC.





5
Infinitesimal Causality

Chapter 3 supplied the categorical theory, and Chapter 4 supplied a
way to discover where one of its models fails under variation. Infinites-
imal causality now gives that transition a concrete scientific meaning.
The tangent directions become causal only after we say how they are
generated by a smooth intervention protocol on a statistical model.
The protocol produces vector fields; their Lie brackets test whether the
visible intervention directions close under sequential local perturbation.

In LINCS language, the protocol declares the tangent site, the visi-
ble span declares what the current model and causal vocabulary can
express, and the normal bracket component is a typed obstruction to
closure. It may diagnose a gap in the realized causal model, such as a
missing visible direction. If the failure survives admissible model repair,
it can instead motivate a theory-level proposal, such as adding a latent
generator or enlarging the intervention language. The geometry locates
the gap; independent evidence must still determine which explanation
is admitted.

This chapter also separates two levels of intervention.
Infinitesimal causality studies interventions on a modeled domain:
a protocol changes a mechanism or regime and induces a tangent
response. LINCS also permits interventions on the learning system
that represents that domain: changing its visible span, estimator, causal
vocabulary, cover, or model class. The first requires causal grounding.
The second is a structural repair of the learner. A bracket residual can
motivate either level, but cannot by itself decide between them. The “Frobenius” in this chapter is the

classical theorem on involutive distribu-
tions. It is distinct from the Frobenius
algebras sometimes added to categorical
models of classical data.

5.1 A Three-Level Hierarchy

The construction relates three mathematical levels.

1. A Markov level contains stochastic kernels together with the copy
and discard operations of classical information [Fritz, 2020].
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2. A statistical level contains a smooth family θ 7→ Pθ , its scores, and the
Fisher metric [Amari, 2016].

3. An intervention level contains specified local protocols and the vector
fields they induce on the statistical manifold.

This hierarchy is distinct from Pearl’s ladder of association, inter-
vention, and counterfactual reasoning [Pearl and Mackenzie, 2018].
Pearl’s hierarchy classifies the kinds of causal questions a model can
answer. The hierarchy above instead separates the mathematical struc-
tures needed to give a local causal perturbation its semantics. The two
classifications therefore cross-cut one another. A grounded intervention
protocol can support Pearl’s interventional level, but counterfactual
claims require additional structure that relates outcomes across incom-
patible interventions; the three levels listed here do not supply that
structure by themselves.

These levels communicate through an explicit realization. A tan-
gent vector to a parameter manifold is not itself a stochastic kernel,
and a derivative of a kernel is generally a signed map rather than a
Markov kernel. Likewise, an arbitrary statistical perturbation is not
automatically an intervention.

Design principle

The bridge from tangent geometry to causality requires a statistical
model, a specified intervention protocol, and assumptions con-
necting that protocol to causal rather than merely distributional
change.

This hierarchy also instantiates the declaration–realization distinction
of Section 0.13. A causal vocabulary and its intervention protocols
provide explicit structural commitments; learned statistical models and
estimated vector fields realize them. Internal intuitionistic reasoning
preserves unresolved or context-dependent causal claims, while bracket
and integrability obstructions expose where the realization outruns the
declared causal language. Neither the neural estimate nor the symbolic
declaration is sufficient by itself.

5.2 Statistical tangent semantics

LetM = {Pθ : θ ∈ Θ} be a regular q-dimensional statistical model. For

a =
q

∑
k=1

ak∂k ∈ TθM,
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the score representation is

sa(x) =
q

∑
k=1

ak∂k log pθ(x).

When the Fisher information is positive definite, the score map identifies
TθM with the finite-dimensional score span

Tθ = span{∂1 log pθ , . . . , ∂q log pθ} ⊂ L2
0(Pθ).

It does not identify the tangent space with all of L2
0(Pθ).

A deterministic sufficient statistic t : X → S provides a useful link to
the Markov description. Because t is deterministic, it respects copying:

∆St = (t⊗ t)∆X .

For an exponential family,

pθ(x) = h(x) exp{⟨θ, T(x)⟩ − A(θ)},

the sufficient statistic also generates the score directions,

∂i log pθ(x) = Ti(x)−Eθ [Ti(X)].

Thus copyable summaries and statistical tangent directions are related,
but they remain differently typed objects.

Example 5.1 (Gaussian location). For Pµ = N (µ, Σ) with fixed positive-
definite Σ, the score of a ∈ TµRd is

sa(x) = a⊤Σ−1(x− µ),

and the Fisher metric is gF(a, b) = a⊤Σ−1b. Translation protocols
generate constant coordinate fields, so all their brackets vanish.

Example 5.2 (Binomial family). For X ∼ Binomial(n, p), the statistic X
is sufficient and

∂p log Pp(X) =
X− np
p(1− p)

.

This one-dimensional example has no nontrivial pairwise bracket test.
It is a reminder that regular statistical tangent structure alone does not
manufacture causal interactions.

5.3 Smooth intervention protocols

Pearl’s interventions and potential-outcome estimands are usually for-
mulated at finite scale [Pearl, 2009b, Rubin, 2005]. To differentiate an
intervention, we need a smooth path that connects it to the observa-
tional model.
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Definition 5.3 (Smooth intervention protocol). A smooth local interven-
tion protocol for mechanism i is a map

Φi : (−ε, ε)×U −→M, Φi(0, p) = p,

on an open set U ⊆M. Its infinitesimal intervention field is

vi(p) =
∂

∂α

∣∣∣∣
α=0

Φi(α, p).

The strength α is not the assigned value in a hard intervention
do(Xi = x). A hard-intervention family gives a smooth protocol only
after we specify how it approaches the observational model. Different
implementations aimed at the same substantive variable can therefore
generate different fields.

Definition 5.4 (Visible intervention distribution). For fields v1, . . . , vm,
define

Dvis(p) = span{v1(p), . . . , vm(p)} ⊆ TpM.

We work on a stratum where this distribution has constant rank r, with
a local frame w1, . . . , wr.

u
v

[u, v]⊥

visible intervention leaves

Figure 5.1: The normal bracket compo-
nent records failure of the visible distri-
bution to close.

When intervention protocols lift to coherent endotransformations of
a realized model, the 2-categorical picture gives a useful local test. The
two orders of intervention are vertical composites of the same two cells.
Their first non-vanishing discrepancy is represented infinitesimally by
the Lie bracket. The normal component is the part for which the current
visible intervention language has no wire.

order i then j order j then i

αi

αj

J C

αj

αi

J C

̸=

[vi , vj ]⊥

visible closure defect

Figure 5.2: Sequential interventions as
vertical composition. The picture is li-
censed only when the finite protocols
have been typed as coherent model trans-
formations. The bracket is the infinitesi-
mal commutator of their generated fields,
not a declaration that every intervention
is a natural transformation.

5.4 Bracket residuals and integrability

Let g be a Riemannian metric onM, and let Pvis : TM→ Dvis be the
orthogonal projection on the constant-rank stratum.

Definition 5.5 (Visible bracket residual). For u, v ∈ Γ(Dvis), define

r(u, v) = (I − Pvis)[u, v] ∈ Γ(D⊥vis).
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The projection makes the obstruction measurable. Its magnitude
depends on the metric, but its vanishing does not.

Proposition 5.6 (Residual criterion). For a local frame w1, . . . , wr of a
constant-rank distribution, the following are equivalent:

1. r(wa, wb) = 0 for every a, b;

2. [wa, wb] ∈ Γ(Dvis) for every a, b;

3. Dvis is involutive.

Proof. The first two statements are equivalent by projection. If the
frame brackets lie in the distribution, the Leibniz rule shows that the
bracket of any two smooth linear combinations of the frame does also.
The converse follows by applying involutivity to the frame sections.

Corollary 5.7 (Frobenius integrability). On a constant-rank stratum, every
visible bracket residual vanishes if and only if Dvis is locally tangent to a
foliation.

Proof. Apply the classical Frobenius theorem [Lee, 2012] to the residual
criterion.

This is a closure theorem. It is not an acyclicity test, a causal-
sufficiency criterion, or an identification theorem.

5.5 Invariance and dependence

If F :M→ N is a diffeomorphism, naturality of the Lie bracket gives

[F∗u, F∗v] = F∗[u, v].

Consequently, involutivity and the zero-residual property are invariant
when the fields, span, and metric are transported together. Replacing
one smooth frame by another frame of the same distribution also
preserves vanishing.

By contrast, the numerical residual norm, its tangential coefficients,
and finite-sample thresholds depend on choices:

• the intervention protocols and their scaling;

• the visible span and the stratum on which its rank is constant;

• the metric used to define normal projection; and

• the estimation and separation assumptions.

Definition 5.8 (Separated stratum). A constant-rank stratum is γ-
separated for a chosen metric, frame, and protocol normalization when
the frame Gram matrix has smallest eigenvalue at least γ > 0, and each
tested residual has norm either zero or at least γ.
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Separation is an estimation margin, not a consequence of statistical
regularity.

5.6 Two counterexamples that fix the interpretation

Example 5.9 (Residual without a latent variable). On R3, let

u = ∂x, v = ∂y + x∂z.

Then [u, v] = ∂z, which is not in span{u, v} near the origin. The visible
distribution is not involutive, yet the example contains no hidden
random variable. A nonzero residual can arise because the declared
visible controls are not closed under order-sensitive composition.

Example 5.10 (Latent structure with commuting visible fields). Suppose
latent variation changes a distributional family, while the two available
visible interventions act as independent translations u = ∂x and v = ∂y.
Then [u, v] = 0 despite the latent structure. A zero residual shows
closure of the tested visible span; it does not show absence of hidden
causes.

Boundary

A nonzero bracket residual is a typed failure of visible closure,
not by itself a certificate of latent confounding. A zero residual
certifies involutivity only for the declared protocol and stratum; it
does not certify causal completeness.

5.7 Linearized copy and discard

The intervention fields above live on a parameter manifold. Copy and
discard live on sample objects. To compare them, take a differentiable
path of finite-state stochastic kernels

Kα : RX −→ RY, K0 = K,

and define its signed derivative

D =
d

dα

∣∣∣∣
α=0

Kα.

Proposition 5.11 (Infinitesimal normalization). Every differentiable path
of stochastic kernels satisfies

!Y ◦ D = 0.

Proof. Differentiate the stochasticity identity !Y ◦ Kα =!X .
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If X = Y, K0 = id, and the path preserves copying to first order,
differentiation of

∆XKα = (Kα ⊗ Kα)∆X

gives the coderivation identity

∆XD = (D⊗ id+ id⊗D)∆X .

Definition 5.12 (Copy defect). The first-order copy defect is

BD = ∆XD− (D⊗ id+ id⊗D)∆X .

Discard compatibility is automatic for a valid stochastic path. Copy
compatibility is much stronger: in a Markov category, generic stochastic
maps do not preserve copying. It should therefore be tested only where
the application declares deterministic, copyable information.

5.8 The three IC compatibility tests

The infinitesimal-causality calculus contains three differently typed
tests.

Test Object
tested

Vanishing
means

Does not
imply

Normalization or marginal test signed
kernel
derivative

mass conser-
vation or
declared
first-order
marginal
invariance

finite-scale
causal
irrelevance

Copy test kernel
coderivation
defect BD

first-order
preservation
of declared
copyable
information

generic
stochastic
compatibil-
ity

Bracket test normal
component
of [u, v]

visible
intervention
distribution
is involutive

absence or
identifica-
tion of latent
causes

Table 5.1: The three tests share a com-
positional grammar but not a common
type.

These tests resemble infinitesimal analogues of deletion, duplication,
and reordering rules, but they are not a derivation of Pearl’s do-calculus
[Pearl, 2009b]. That stronger comparison would require a category of
causal models carrying the relevant graph surgery, stochastic semantics,
and a tangent construction compatible with both.
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5.9 From IC to discovery

Infinitesimal causality supplies a population-level geometric diagnostic.
BRIDGE and SKFM, developed in Chapter 11, turn that diagnostic
into an estimation and model-selection pipeline. The distinction is
important:

intervention protocol estimated fields bracket residuals

candidate structureadmission audit

Each arrow requires assumptions. Field estimation needs support
and regularity. Projection needs stable rank. Interpreting a residual
as evidence about latent structure needs a causal model class and an
identifiability argument. Selecting a repair needs held-out improvement
and uncertainty control.

Admission contract

An IC signal may influence causal structure only when the protocol
semantics, visible span, rank and separation conditions, estima-
tion error, and competing non-latent explanations are explicit.
Otherwise the correct output is the geometric obstruction itself,
accompanied by abstention from a stronger causal claim.

This disciplined boundary is what makes infinitesimal causality
useful to LINCS. It gives a precise interaction obstruction while keep-
ing diagnosis, causal interpretation, and repair admission as separate
stages.

It also illustrates how the causal lesson enters mainstream learning.
The intervention protocol makes the external domain actionable; the
LINCS sketch makes the model, estimator, and discovery pipeline ac-
tionable. A trustworthy system must record which level was changed.
Improving the learner’s structural model is not evidence that the corre-
sponding domain intervention has been identified.

Further reading

The graphical and interventionist foundations are developed in Pearl
[2009b] and Spirtes et al. [2000]; the potential-outcome perspective
is represented by Rubin [2005] and Imbens and Rubin [2015]. These
traditions clarify why an intervention protocol must be distinguished
from an arbitrary distribution shift.

For categorical probability, Fritz [2020] develops Markov categories,
Cho and Jacobs [2017] treats Bayesian inversion diagrammatically, and
Fritz and Klingler [2023] gives a categorical account of d-separation.
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String-diagram surgery [Jacobs et al., 2018], Universal Causality [Ma-
hadevan, 2023], and intuitionistic j-do-calculus [Mahadevan, 2025c]
explore alternative categorical semantics for causal reasoning. Infinites-
imal Causality is complementary: it studies first-order response fields
and their closure, and therefore requires additional identification as-
sumptions before a geometric obstruction becomes a causal claim.





6
Infinitesimal Categorical Databases
TA N G E N T A N D B R A C K E T- E N R I C H E D C S Q L

Categorical databases turn a schema into a category and a database
instance into a functor. This makes tables, foreign keys, path equations,
queries, and data migration part of one compositional language [Spivak,
2012, 2014]. The original Democritus construction used this language
to turn local causal graphs extracted from discourse into a queryable
CSQL atlas [Mahadevan, 2025d]. Chapter 5 changes the local causal
object. A smooth intervention protocol now produces vector fields, and
Lie brackets test whether the visible intervention directions close.

This chapter asks what database object should retain that infinitesi-
mal information. The answer has three layers. First, a database instance
valued in a tangent category has a pointwise tangent lift. Second, a
constrained database sketch admits that lift only when its declared
constraints are tangent-stable. Third, Lie brackets require vector fields
and a bracket operation in addition to the tangent functor. The resulting
object is a bracket-enriched infinitesimal database: a queryable instance
that stores generators, brackets, closure witnesses, quotient classes, and
provenance without collapsing them into an ordinary graph. The construction is not obtained by at-

taching derivatives to columns after the
fact. The schema must declare which
infinitesimal objects exist, how they mi-
grate, and which bracket or closure rela-
tions are intended.

6.1 From functorial databases to tangent instances

Let S be a small category presenting a database schema and let C be a
semantic category. The category of C-valued instances is

DbC(S) = [S , C].

An object is a functor I : S → C; a morphism is a natural transformation
between instances. The familiar functorial database model takes C =

Set. For infinitesimal data, however, the semantic category must carry
nontrivial tangent structure.

Assume that
(C, T, p, 0,+, ℓ, c)
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is a tangent category in the sense of Cockett and Cruttwell [Cockett and
Cruttwell, 2014b]. Define an endofunctor on instances by first taking
an instance morphism

α : I ⇒ J

to be a natural transformation between two instance functors I, J : S →
C, and then setting

TS I = T ◦ I, TSα = Tα.

Here Tα : T ◦ I ⇒ T ◦ J denotes postcomposition of the natural trans-
formation by T; componentwise,

(TSα)s = T(αs) : T(I(s)) −→ T(J(s)).

Thus
(TS I)(s) = T(I(s)), (TS I)( f ) = T(I( f )).

Proposition 6.1 (Pointwise tangent database). If C is a tangent category
and S is small, the functor category [S , C] inherits tangent structure pointwise.
Its tangent functor is TS , and the structure maps p, 0,+, ℓ, c are defined
componentwise.

Proof. Limits in a functor category are computed pointwise whenever
the corresponding limits exist in C. For every object s of the schema, use
the tangent structure map at I(s). Naturality in s follows from naturality
of the structure maps in C. Every tangent category axiom then holds at
each component because it holds in C. The pullbacks selected by the
tangent axioms are likewise computed componentwise.

This proposition gives a precise version of the statement that a
database category has a tangent functor. The tangent structure is
inherited from the semantic codomain; it is not generated by a bare
schema category.

Boundary

For Set-valued instances, the pointwise construction supplies no
useful differential geometry unless Set is equipped with some
additional nontrivial semantics. One must instead use smooth,
synthetic, differential, or smoothly parameterized instance values.
A finite table can remain as a discrete provenance layer while its
numerical attributes live in a tangent category.

A useful hybrid semantics is a product category such as

Setdisc × Smooth, T(A, M) = (A, TM).

Keys, source identifiers, and provenance remain discrete; state spaces,
parameters, fields, and residuals carry the nontrivial tangent structure.
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More generally, one may work with bundles or smooth families of
instances over a parameter object Θ.

6.2 Instance lift, schema expansion, and constraint stability

Three operations that sound similar must not be identified.

Pointwise instance lift. The schema S stays fixed and I is replaced by
TS I. This is the construction proved above.

Syntactic tangent expansion. A new sketch τS is presented with tangent
objects, projections, zero sections, lifts, or vector field symbols. This
changes the database schema.

Internal tangent schema. If S itself has tangent structure, one may apply
its tangent functor internally. A general database schema does not
have such structure automatically.

The second construction is the one most useful for a persistent
infinitesimal CSQL atlas. It makes the added infinitesimal columns and
foreign keys explicit. It should be called a tangent expansion, rather than
written TS , unless a tangent structure on S has actually been supplied.

Database schemas often present more than paths. They may de-
clare products, pullbacks, limits, equations, or lifting constraints. Let
Mod(S, C) denote the full subcategory of [S , C] satisfying a database
sketch S.

Definition 6.2 (Tangent-stable database sketch). A database sketch S

is tangent-stable in C when I |= S implies TS I |= S, with the declared
comparison data preserved.

Path equations are preserved because T is a functor. A declared
limit or pullback is preserved only when T preserves the relevant cone.
The tangent category axioms guarantee selected pullbacks needed by
tangent structure; they do not say that T preserves every database
constraint.

Proposition 6.3 (Restriction to constrained instances). If S is tangent-
stable, the pointwise tangent functor restricts to an endofunctor

TS : Mod(S, C) −→ Mod(S, C).

If tangent stability fails, its missing comparison or failed cone is a typed
obstruction rather than an infinitesimal database instance of the same declared
type.

Proof. The first claim is the definition of tangent stability applied on
objects; naturality of Tα supplies its action on instance morphisms. For
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the second, a lifted instance that violates a declared cone does not lie
in the model subcategory. The failure is therefore a factorization or
universal property obstruction of the kind introduced in Chapter 3.

Design principle

Do not silently coerce TS I back into the constrained database
category. Either prove tangent stability, record the necessary com-
parison maps, or retain their failure as database-level obstruction
data.

6.3 Vector fields as natural database sections

A tangent instance contains infinitesimal values but does not yet contain
an infinitesimal intervention. A vector field on an instance I is a natural
transformation

V : I =⇒ TS I

satisfying
pI ◦V = 1I .

For every schema arrow f : s→ t, naturality requires

T(I( f )) ◦Vs = Vt ◦ I( f ).

Consequently, a database vector field is not an unrelated collection of
per-table derivatives. Its components must respect the foreign keys and
transformations declared by the schema.

Definition 6.4 (Infinitesimal database). An infinitesimal database over
S is a tuple

D∂ = (S, I, TS I,V , Λ),

where I is an admissible instance, TS I is its admitted tangent lift, V is a
registered family of natural vector fields, and Λ records the observers
and provenance by which their values are estimated.

If tangent fibers have negatives and an estimated field fails naturality,
the route difference

ν f (V) = T(I( f ))Vs −Vt I( f )

is a typed obstruction localized to the schema arrow f . Without nega-
tives, the ordered pair of routes and its failed equality play the same
role; no subtraction is implied. This distinguishes two failures that an
ordinary edge table would conflate: incompatibility of a field with data
migration, and non-closure among fields that are already compatible.
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6.4 Why the tangent functor does not supply a Lie bracket

The tangent functor provides tangent objects and their structural maps.
It does not, in every tangent category, choose a Lie bracket for arbitrary
families of fields. We therefore make the needed enrichment explicit.

Definition 6.5 (Bracket-admissible semantics). A tangent semantic cate-
gory is bracket-admissible for a class of instances when it carries a bracket
operation on the registered vector fields, and when related fields have
related brackets. Concretely, if Vs, Vt and Ws, Wt are related by I( f ),
then [Vs, Ws] and [Vt, Wt] are also related by I( f ).

Smooth manifolds satisfy this familiar related-fields property. Ab-
stract tangent categories require appropriate additional hypotheses or
an involution/Lie-algebroid enrichment [Burke and MacAdam, 2019].
The qualification matters: the bracket is an extra operation with laws,
not an automatic synonym for tangency.

Proposition 6.6 (Pointwise bracket on database fields). In bracket-
admissible semantics, the componentwise family

[V, W]s = [Vs, Ws]

is a natural vector field on I.

Proof. The registered fields V and W are natural, so their components
are I( f )-related for every schema arrow. Bracket admissibility makes
their componentwise brackets I( f )-related. This is exactly the natu-
rality square for [V, W]; the section equation follows from the bracket
construction on vector fields.

Now choose a visible differential subbundle or distribution

j : Dvis ↪→ TS I

generated by the registered intervention fields. A Lie bracket is an
operation on sections, not a fiberwise bilinear map on tangent vectors.
Assume therefore that the semantics supplies an object or sheaf of
sections Γ(Dvis) and an object of database vector fields X(I). The
inclusion induces Γ(j) : Γ(Dvis) → X(I), and the bracket of included
sections defines

β : Γ(Dvis)× Γ(Dvis) −→ X(I).

Closure asks whether this operation factors through the visible section
object:

Γ(Dvis)× Γ(Dvis) X(I)

Γ(Dvis).

β

β̃
Γ(j)
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Definition 6.7 (Bracket database obstruction). The bracket obstruction
Obr(I,Dvis) is the failure of β to factor through Γ(j). If a normal
quotient q : X(I)→ N of section objects is declared, it is observed by

Obr = q ◦ β.

In Riemannian semantics this specializes to the projected normal bracket
residual of Chapter 5.

This definition retains the non-scalar character of non-closure. A
norm of qβ is one observer. The obstruction itself still records the
context, field pair, normal type, and route by which closure failed.

6.5 A bracket-enriched CSQL schema

The construction can be presented through a tangent expansion τS. The
exact physical tables are application dependent, but the logical roles
are stable.

Logical relation Representative fields Mathematical role Typical query

Context regime, source, population, chart,
version

site over which an instance is
interpreted

where was the field esti-
mated?

Generator field id, target, protocol, anchor, es-
timator

registered natural vector field which intervention direc-
tions are visible?

Transport witness schema arrow, source field, target
field, residual

naturality of a database sec-
tion

which fields fail under mi-
gration?

Bracket witness ordered pair, context, coefficients,
bracket value

antisymmetric interaction which pairs interact by or-
der?

Closure witness visible span, quotient class, resid-
ual, uncertainty

factorization through Dvis where does the span fail to
close?

Evidence data slice, probe, seed, estimator,
confidence, provenance

observer and admission record can the witness be repro-
duced?

Repair ticket proposed generator, latent augmen-
tation, invariant, status

typed change awaiting admis-
sion

which repair explains the
obstruction?

Table 6.1: A logical schema for a bracket-
enriched infinitesimal database. The rela-
tions store typed witnesses and prove-
nance rather than only scalar bracket
scores.

For a local frame V1, . . . , Vr, a bracket row may retain

[Vi, Vj] =
r

∑
k=1

ck
ijVk + Rij,

together with the coefficient chart, quotient convention, uncertainty,
and provenance of Rij. The database should not treat the coefficients
as globally comparable unless their frame-transport maps have been
declared. The same geometric bracket can have different coordinates in
different charts.

This yields CSQL-like questions that an ordinary causal graph cannot
answer:
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• Which intervention-field pairs fail closure in more than one regime?

• Does a closure witness survive quotienting of nuisance or gauge
directions?

• Which schema migrations preserve a field but not its estimated
bracket?

• Can one proposed latent generator repair several localized residuals?

• Does the repaired span close on held-out contexts without changing
admitted causal effects?

6.6 Queries and data migration at tangent level

A schema functor F : S → S ′ induces the familiar restriction functor ∆F

by precomposition and, when they exist, left and right data migrations
ΣF ⊣ ∆F ⊣ ΠF [Spivak, 2012]. Tangent lifting interacts differently with
the three operations.

Restriction commutes strictly with the pointwise tangent lift:

TS∆F = ∆FTS ′ .

For left and right migration, the canonical comparison maps have
directions

ΣFTS I −→ TS ′ΣF I, TS ′ΠF I −→ ΠFTS I.

They are isomorphisms only when the tangent functor preserves the
colimits or limits used to compute the corresponding Kan extensions.

Definition 6.8 (Query–tangent compatibility). A data migration is
query–tangent compatible on an instance when its canonical compar-
ison map is an isomorphism, or when the declaration supplies an
admitted weaker comparison sufficient for the intended query.

The failure of compatibility is another useful LINCS obstruction. It
asks whether “query, then differentiate” agrees with “differentiate, then
query.” Unlike an ordinary numeric discrepancy, the failure identifies
the schema migration and the universal construction responsible for
the mismatch.

Design principle

Infinitesimal CSQL should expose whether a query commutes
with tangent lifting. Foreign-key restriction does so pointwise;
aggregation and constraint queries require explicit preservation
hypotheses.
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6.7 From Democritus to BRIDGE and SKFM

Democritus constructs local causal models from discourse and records
their variables, claims, contexts, and provenance in a categorical atlas.
Its local causal object is graph-like. Infinitesimal causality replaces
a finite edge claim by a smooth response direction generated by a
declared protocol. The infinitesimal database does not discard the
earlier atlas; it expands it:

source and context local causal model

brackets and closure witnesses intervention fields

BRIDGE and SKFM, developed in Chapter 11, currently use bracket
non-closure to prioritize latent-confounded causal discovery [Mahade-
van, 2026b]. The database layer adds persistence and compositional
memory. It can retain bracket witnesses across sources and regimes,
compare alternative visible spans, record which extraction or estima-
tion pipeline produced each field, and determine whether one repair
explains several local failures.

The division of labor is therefore:

Infinitesimal causality supplies the intervention semantics and closure
criterion.

BRIDGE/SKFM estimates fields and uses bracket geometry for causal
search.

Database layer organizes the resulting objects, comparisons, queries,
provenance, and repair history.

None of the three layers certifies causal identification by itself. A
bracket row says how registered fields interact under a declared model
and protocol; its causal interpretation still depends on the grounding
and identification assumptions of Chapter 5.
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6.8 The six-stage database workflow

Stage Infinitesimal database action Failure retained

Declare choose schema, semantic tangent category,
constraints, registered fields, quotient, and query
language

underspecified tangent or causal type

Differentiate construct TS I, fields, transport witnesses, and
brackets

tangent, naturality, or bracket residual

Quotient remove gauge, frame, nuisance, and decision-null
directions

normal obstruction class with quotient
provenance

Localize index the witness by context, source, table,
migration, field pair, and chart

cover on which the failure persists

Repair add a generator, revise a protocol, refine a
schema, transport a frame, or change an estimator

typed repair ticket and invariants

Admit test held-out regimes, intervention semantics,
migration stability, and finite effects

acceptance, rejection, quarantine, or abstention

6.9 Appearances, variations, and abductive repair

McCarthy’s distinction between appearance and reality asks how an in-
telligent system can move from partial observations to stable objects and
mechanisms that need not be present in the observational vocabulary
[McCarthy, 2007]. A base database instance I records one organized
appearance: observations, extracted claims, an admitted model, and
their provenance. Its tangent lift TS I enlarges that record with possible
first-order variations. Registered vector fields make selected variations
persistent and queryable; brackets record how pairs of such variations
interact.

This enlargement is important, but it is not yet a database of coun-
terfactuals. A tangent vector is a possible local variation in the chosen
semantics. It acquires an interventional or counterfactual reading only
when it is tied to a protocol, a mechanism replacement, and an identifi-
cation contract. Under those conditions, an infinitesimal database can
retain both what was observed and how a declared family of nearby
interventions would change it. In that qualified sense it supplies part
of the data infrastructure for a synthetic laboratory.

The distinction also sharpens the experience–jump–axiom cycle pro-
posed by Zahavy [2026]. The jump should not be identified with the
tangent lift itself. Tangent and bracket data diagnose the limits of the
current declaration; the abductive step changes that declaration. A
database-level reading is:

Experience. An admitted instance I : S → C organizes observations,
contexts, and provenance under the current schema.

Diagnosis. Tangent instances, registered fields, and bracket residuals
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locate variations that fail to satisfy an equation, close in a visible
span, or commute with a query.

Jump. A typed repair j : S → S+ adds or revises an object, generator,
path, constraint, protocol, or latent mechanism.

Axiomatization and admission. Constraints on S+ state the enlarged the-
ory. Old evidence is transported, new consequences are computed,
and the repair is admitted only after its finite and held-out implica-
tions survive the declared tests.

Thus the database does more than store a succession of models. It
retains the typed obstruction that motivated a revision, the map from
the old schema to the new one, and the evidence transported across
that map. The “jump” is a schema migration supported by infinitesimal
evidence, not an untyped leap outside the representational language.

Kan extension gives a precise account of one part of this migration.
Suppose an intervened sub-schema A is included by k : A ↪→ S+, and
a locally specified replacement is represented by Q : A → C. When it
exists,

Lank Q

is the universal colimit-based propagation of that local datum to the
expanded schema. This construction does not manufacture the interven-
tion or certify its causal meaning. It propagates a replacement already
supplied with an admissible intervention semantics. Causal validity
still depends on the protocol, consistency conditions, identification
assumptions, and admission tests.

Finally, the need for bracket enrichment marks the difference between
individual and interacting variations. The tangent functor supplies first-
order directions; it does not by itself supply the Lie bracket needed
to compare their order of action. Once bracket-admissible fields have
been declared, non-closure can reveal that the current visible span
is insufficient. Such a residual can motivate an abductive schema
expansion, but it does not force one: misspecification, estimation error,
rank change, and an incomplete protocol remain competing diagnoses.

6.10 Scope and mathematical boundaries

The claims of the construction are modular and observe the following
boundaries.

1. A pointwise tangent lift is a theorem about the instance category; it
is not a theorem that an arbitrary physical database is differentiable.

2. Tangent-stable path equations do not imply preservation of every
limit, join, aggregation, or query.



infinitesimal categorical databases 121

3. A vector field becomes causal only through a grounded intervention
protocol.

4. A Lie bracket requires additional bracket-admissible structure and
is not produced by the tangent functor alone.

5. Bracket non-closure detects a gap relative to a visible span. It does
not distinguish latent confounding from misspecification, estimation
error, rank change, or an incomplete protocol.

6. Storing a residual does not make two charts comparable. Frame
transport, quotients, uncertainty, and provenance belong in the data
model.

These boundaries are productive rather than merely cautionary.
Each becomes a declared database constraint and therefore a possible
obstruction. The database does not just hold the output of infinitesimal
learning; it becomes an actionable model of how that output was
constructed, compared, repaired, and admitted.

Further reading

Functorial databases and the adjoint data-migration pattern begin with
Spivak [2012]; query and constraint semantics via lifting problems
are developed by Spivak [2014]. Tangent categories and their abstract
tangent-bundle structure are introduced by Cockett and Cruttwell
[2014b]. Involution algebroids provide one route toward Lie-algebroid
structure in tangent categories [Burke and MacAdam, 2019]. For the
causal semantics of intervention fields and bracket closure, see Ma-
hadevan [2026f]; for the associated latent-confounded causal-discovery
application, see Mahadevan [2026b]. The present chapter combines
these lines to define the mathematical interface among tangent instances,
bracket enrichment, and categorical queries.





7
Infinitesimal Decisions
T H E TA N G E N T L AY E R O F U N I V E R S A L D E C I S I O N L E A R N I N G

Infinitesimal causality begins with a grounded intervention protocol
and asks how its local effects compose. Decision making begins with a
different problem: partial information is available in some contexts, yet
an agent must act coherently in contexts it has not directly encountered.
Universal Decision Learning (UDL) formulates this passage from local
information to global behavior through left and right Kan extensions
[Mahadevan, 2026l].

This chapter develops the tangent abstraction of that construction.
An infinitesimal decision is not a small action. It is the first-order
change in a universally extended decision semantics under an admitted
perturbation of its data, context, constraints, or model. The resulting
calculus applies to planning, constrained optimization, games, causal
decisions, and online learning as well as reinforcement learning. GIRL,
developed later in Chapter 15, is the Bellman and policy specialization
of this more general layer. The word decision refers to the entire se-

mantics that generates and tests admis-
sible behavior, not merely to a terminal
discrete action. Its tangent may expose
changes in candidates, constraints, val-
ues, equilibria, or policies.

7.1 Decision making as universal extension

Let O be a category of observed or locally accessible contexts, C a larger
category of contexts in which decisions must be made, and

J : O −→ C

the functor that relates the two. A local decision model is a functor

F : O −→ E ,

where E contains the relevant decision objects: values, distributions,
feasible sets, policies, strategies, or enriched utilities.

The pointwise left Kan extension

LF = LanJ F
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aggregates the locally available ways of reaching, explaining, or gener-
ating a context:

LF(c) ∼= colim
(Jo→c)∈(J↓c)

F(o).

It is the candidate-generating side of decision making: rollout, interpo-
lation, search, accumulation, or forward propagation.

The right Kan extension

RF = RanJ(J∗LF), J∗LF = LF ◦ J,

assembles what remains compatible with the restrictions, continuations,
or tests visible from a context:

RF(c) ∼= lim
(c→Jo)∈(c↓J)

LF(Jo).

It is the coherence side: feasibility, backward consistency, equilibrium,
or fixed-point semantics. In the simplest UDL presentation,

UDLJ(F) = RanJ
(

J∗ LanJ F
)
.

The universal comparisons are especially transparent in the graphical
language for 2-categories introduced in Chapter 0. For the right-hand
panel below, write G = J∗LF. The left Kan unit changes the direct local
wire F into the composite (LanJ F)J; the right Kan counit changes the
composite (RanJ G)J back into G. The two cells face opposite directions,
which is the precise graphical content of their left–right duality.

(a) Left Kan comparison

η

O E

C

F

J LanJ F

F⇒ (LanJ F)J

(b) Right Kan comparison

ε

O E

C
J RanJ G

G

(RanJ G)J ⇒ G

Figure 7.1: The unit and counit compar-
ison cells for left and right Kan exten-
sion. The intermediate context category
appears as a region created or removed
at the comparison cell.

local decision
data F

candidate semantics
LanJ F

coherent decision
RanJ(J∗ LanJ F)

generate constrain

This formula is a semantic pattern, not a claim that every decision
algorithm uses the same numerical implementation. The indexing
functors, enrichment, order of operations, and approximation scheme
are part of the declaration. The universal properties specify what a
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correct extension must mediate; they do not select data, establish causal
meaning, or guarantee that the required limits and colimits exist.

Design principle

A decision learner must expose both halves of its semantics: how
candidates are generated and how global coherence is imposed. A
final action can conceal failure in either half.

7.2 A tangent site for decisions

Let Θ be a space of admissible decision models and suppose the local
data vary smoothly:

F : Θ×O −→ E , Fθ = F(θ,−).

The parameter θ may encode transition laws, preferences, payoff tables,
constraints, forecasts, model parameters, or a mixture of these. For an
admitted probe v ∈ TθΘ, write

Ḟv = Dθ F(θ,−)[v].

The induced global decision semantics is

U(θ) = RanJ
(

J∗ LanJ Fθ

)
.

Definition 7.1 (Infinitesimal decision). When the displayed derivative
exists, the infinitesimal decision in direction v is the typed pair(

U(θ), U̇v
)
, U̇v = DθU(θ)[v].

It records the base decision semantics together with its first-order
response to the declared perturbation.

The definition does not identify v with an action. A direction can
change the evidence used by the learner, its local model, a constraint,
or the decision context itself. Calling the response a decision derivative
is justified only after the probe language says which of these meanings
is intended.

7.3 Differentiating universal extension

There are two conceivable routes from a local variation to a global one.
One may first construct the global decision and differentiate it,

Fθ 7−→ U(θ) 7−→ U̇v,

or first differentiate the local data and then transport that variation
through a registered tangent lift of the declared Kan construction,

Fθ 7−→ Ḟv 7−→ RanT
J
(

J∗ LanT
J Ḟv

)
.
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Probe What varies Tangent question Additional
semantics
needed

Evidence probe local
observations or
forecasts

how the decision
changes with
available
evidence

sampling and
observation
model

Preference probe reward, utility,
or ordering

how tradeoffs
change the
selected behavior

elicitation and
scale
conventions

Constraint probe feasible set or
continuation test

which
constraints
become active

constraint
qualification

Mechanism probe transition or
structural law

how behavior
responds to a
changed
mechanism

causal or
dynamical
grounding

Context probe state, history,
information field,
or game position

how nearby
contexts alter the
decision

geometry of the
context space

Table 7.1: Infinitesimal decisions are
typed by the probes that generate them.

These routes need not agree. Indeed, the second expression is mean-
ingful only when the tangent objects and their base points inhabit a
category in which the indicated lifted extensions exist. The superscript
T records this extra structure; it is not obtained by applying an ordinary
Kan extension to an untyped vector.

Write
L̇dir

v = Dθ(LanJ Fθ)[v], L̇ext
v = LanT

J Ḟv,

and define U̇dir
v and U̇ext

v analogously at the right Kan stage. Canonical
comparison morphisms between the “extended” and “direct” tangent
objects declare the desired compatibility; their existence and invertibility
are not automatic.

Proposition 7.2 (Exact tangent transport). Suppose the comma-category
shapes are fixed near θ, the relevant pointwise limits and colimits exist, and
the chosen tangent construction preserves them. Then the canonical tangent
comparison maps for the left and right Kan stages are isomorphisms. Con-
sequently, tangent transport through the UDL composite is independent of
whether differentiation is performed before or after universal extension.

Proof. Pointwise Kan extensions are computed by the stated limits and
colimits. Under the preservation hypotheses, applying the tangent
construction to either pointwise universal object yields the universal
object of the tangent-lifted diagram. The universal comparison maps
are therefore isomorphisms at every context, and hence natural isomor-
phisms.
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The hypotheses matter. A maximum may change its active branch, a
feasible set may change dimension, an equilibrium may bifurcate, or a
comma category may change when the available information changes.
At such points, ordinary derivatives can fail to exist even though a
meaningful directional or set-valued response remains.

Boundary

Kan extension and differentiation do not commute by notation
alone. Exact commutation is a theorem under preservation and
regularity assumptions; its failure is itself a structural diagnostic.

7.4 The infinitesimal decision obstruction

Assume a computational realization supplies comparison morphisms

χL
v : L̇ext

v −→ L̇dir
v ,

and
χR

v : U̇ext
v −→ U̇dir

v ,

with directions adapted as necessary to the variance of the realization.
LINCS retains their failures rather than immediately reducing them to
a single loss.

Definition 7.3 (Infinitesimal decision obstruction). Let Oiso(χ) denote
the universal obstruction object for a sketch declaration that the com-
parison χ is invertible. The infinitesimal decision obstruction is the typed
family

OID(θ, v) =
(
Oiso(χ

L
v ),Oiso(χ

R
v )

)
.

Its first component localizes failure in candidate generation; its second
localizes failure in consistency or selection.

In an additive numerical realization, observations of these compo-
nents may be residuals

ΩL
v = L̇dir

v − L̇ext
v ,

ΩR
v = U̇dir

v − U̇ext
v .

The types of the two terms must first be aligned by the declared com-
parison. These residuals are computational witnesses, not the definition
of the obstruction.

The separation matters. A rollout can vary smoothly while the final
decision jumps because an active constraint changes. Conversely, the
final action can remain fixed while the candidate landscape becomes
unstable. The latter is invisible if one differentiates only the selected
action.
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7.5 Decision-relevant quotients

Many tangent changes do not affect the decision. Adding a common
baseline to all action values, translating every feasible cost by the
same constant, or reparameterizing an internal strategy may change
coordinates while preserving behavior.

Let
ρθ : U(θ) −→ Aθ

be the declared decision readout into an action, policy, ordering, feasible
choice, or behavioral equivalence class. The decision-null directions are

Nθ = ker
(
Tρθ : TU(θ)→ TAθ

)
,

whenever this kernel is defined. The decision tangent object is then
modeled by the quotient

TdecU(θ) = TU(θ)/Nθ .

Design principle

Differentiate the universal decision semantics, then quotient by
variations that the declared decision rule cannot observe. Coordi-
nate sensitivity is not yet decision sensitivity.

The quotient is application-dependent. In reinforcement learning
it may remove action-common value shifts. In a game it may remove
strategically equivalent mixed-strategy representations. In constrained
optimization it may identify parameter changes that leave the active
solution set invariant. No universal quotient can be chosen before the
behavioral readout is stated.

7.6 Nonsmooth and set-valued decisions

Decision systems are often nonsmooth precisely where the interesting
decision changes. An arg max can switch branches, a ReLU policy can
cross an activation boundary, and a constrained optimum can acquire a
new active constraint. Requiring a unique classical derivative at every
such point would discard rather than analyze the event.

For a locally Lipschitz numerical realization, one may replace a
derivative by a directional derivative, Clarke generalized Jacobian, or
subdifferential. For a feasible-set valued decision, one may use tangent
and normal cones. The infinitesimal decision then becomes set-valued:

∂U(θ)[v] ⊆ TU(θ).

Nonuniqueness records competing local continuations of the decision.
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Example 7.4 (A switching optimum). Let

Vθ = max{ f1(θ), f2(θ)}.

Away from a tie, the tangent follows the active branch. At f1(θ) = f2(θ),
the generalized derivative retains both branch gradients and their
convex combinations. The tie is not numerical noise to be smoothed
away automatically: it is a localized change in the candidate cocone
and may alter the chosen behavior.

This is the decision-theoretic counterpart of the nonsmooth tangent
language introduced in Chapter 1. Smooth infinitesimals and general-
ized derivatives serve the same structural purpose: they reveal how a
declared composite can change locally without pretending that every
local response is a single vector.

7.7 The six-stage decision workflow

Infinitesimal decisions instantiate the common LINCS workflow as
follows.

Stage Decision-level operation Required record

Declare specify J, F, the decision
codomain, enrichment, Kan
order, and behavioral readout

which contexts, candidates,
constraints, and comparisons
define success

Differentiate probe evidence, preferences,
constraints, mechanisms, or
contexts

probe type, scale, support,
and tangent semantics

Quotient remove decision-null and
representation-null variation

behavioral equivalence
preserved by the quotient

Localize separate rollout failure from
consistency failure and assign
it to a cover

candidate, constraint,
continuation, or readout
component implicated

Repair change local data, context
maps, enrichment, model,
solver, or declaration

registered edit and invariants
it must preserve

Admit test finite decision quality and
structural stability on
independent contexts

utility, feasibility, safety,
uncertainty, and transfer
evidence

Table 7.2: The LINCS workflow special-
ized to universal decision semantics.

The repair may act at several levels. A parameter update changes
Fθ inside a fixed declaration. A representation repair changes how
contexts or decision objects are realized. A theory-level repair changes
J, the enrichment of E , or the family of admissible constraints. The
obstruction can motivate any of these, but it does not choose among
them without independent evidence.
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Admission contract

An infinitesimal decision signal may guide repair only after its
probe semantics, Kan comparison, decision quotient, nonsmooth
regime, and localization are registered. Admission must then eval-
uate finite behavior: first-order coherence alone does not establish
utility, feasibility, safety, equilibrium, or causal validity.

7.8 Decision modalities

The abstraction is useful because the same typed questions recur in
decision problems that otherwise use different algorithms.

Planning. The left Kan stage aggregates partial paths, costs, or reach-
able outcomes. The right stage enforces compatibility with goals and
continuation values. An infinitesimal decision records how changes in
costs, dynamics, or a start context alter both the candidate path family
and the globally coherent plan. A shortest-path switch is a nonsmooth
change of active cocone.

Constrained optimization. Candidate generation supplies feasible pro-
posals; consistency enforces constraints and optimality conditions. Tan-
gent and normal cones distinguish directions along the feasible set from
directions that violate it. Failure of regularity at an active-set change
appears as a typed obstruction rather than an unexplained optimizer
instability.

Games. Local strategies and payoff responses generate candidate pro-
files, while best-response compatibility selects equilibria. An equi-
librium derivative describes the response to a payoff or information
perturbation only while the equilibrium branch remains regular. Bifur-
cation or multiplicity requires a set-valued tangent semantics and an
admission rule that states how a branch is selected.

Online decisions. History-indexed local losses are accumulated forward,
while regret or feasibility comparators impose global tests. The tangent
layer distinguishes sensitivity to the latest evidence from sensitivity to
the comparator class itself. Drift can therefore be localized to the data
stream, decision model, or admission contract.

Causal decisions. A mechanism-changing probe can transport a deci-
sion across an interventional context only when an intervention se-
mantics has been supplied. The Kan construction organizes extension;
it does not certify identification. Infinitesimal causality can provide
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grounded local mechanism directions, while infinitesimal decisions
studies how those directions change a downstream choice.

7.9 Relation to GIRL

GIRL is not a synonym for infinitesimal decision making. It chooses a
particular decision modality and makes its structures concrete.

Dimension Infinitesimal Decisions GIRL

Scope planning, optimization,
games, causal and online
decisions, and RL

reinforcement learning

Base declaration left/right Kan decision
semantics

Bellman factorization for
values and policies

Typical probe evidence, preference,
constraint, mechanism, or
context direction

state, transition, reward,
replay, or policy direction

Decision quotient declared behavioral
equivalence of the
modality

action-common value
variation and advantage
contrasts

Consistency test right Kan compatibility,
feasibility, equilibrium, or
fixed point

Bellman and policy
consistency

Empirical realization problem-specific and not
fixed by the abstraction

GTD, Mirror–Prox,
sampled transport, ESS
and recovery gates

Table 7.3: GIRL is the reinforcement-
learning realization of a broader infinites-
imal decision layer.

The distinction also clarifies the architecture of the book. UDL
supplies the general base semantics; this chapter tangent-lifts that
semantics; Deep LINCS compiles such typed diagrams into differen-
tiable systems; and GIRL instantiates the resulting pattern for Bellman
decision making.

Design lesson

Universal Decision Learning says that decision making extends partial
behavior into new contexts by candidate generation and global con-
sistency. Infinitesimal Decisions asks whether that extension remains
coherent under typed local change. The answer is richer than a gradient
of expected utility. It retains which half of the universal construction
changed, which variations are behaviorally null, where nonsmooth
switching occurred, and which finite decision tests must still be passed.

This is the general decision-theoretic role of tangent LINCS. It turns
the local sensitivity of a decision system into an inspectable structural
object without reducing all decisions to reinforcement learning or all
failures to a scalar loss.
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Further reading

Universal Decision Learning and its left/right Kan formulation are
developed in Mahadevan [2026l]. Standard accounts of Kan extensions
and their pointwise formulas are given by Mac Lane [1971] and Riehl
[2017]. The categorical background in Chapter 0 explains the universal
properties used here, while Chapters 4 and 5 supply the tangent and
intervention semantics.

For the reinforcement-learning specialization, see Sutton and Barto
[2018] and the GIRL development in Chapter 15. Pearl’s intervention
hierarchy [Pearl, 2009b] is essential for separating an ordinary param-
eter perturbation from a causally grounded mechanism change. The
nonsmooth boundary connects to the generalized derivative and subd-
ifferential discussion in Chapter 1; its central lesson is that a switching
or set-valued decision requires a richer tangent object, not an arbitrary
choice of one gradient.



8
Deep Learning in Non-Compositional Sketches

Deep Learning in Non-Compositional Sketches, or DLINCS, turns
the structural language of the preceding chapters into a computational
discipline for layered models. A deep model is not treated as one
opaque parametrized function. It is presented as a typed learning
sketch whose serial and parallel compositions are explicit, whose equa-
tions state the intended architecture, and whose tangent and reverse
computations retain that structure. We use Deep LINCS for the computational

realization and dlincs in formulas. Its
role is to compile declared obstructions
into trainable, auditable modules.

8.1 Why a deep specialization is needed

Chapter 3 described candidate models D : J → C. Chapter 4 lifted their
factorization problems through T. A practical neural system adds three
pieces of structure:

1. arrows carry parameters, often with sharing and gauge symmetries;

2. diagrams contain serial and parallel wiring at large scale; and

3. repair is computed through reverse information flow.

Ordinary backpropagation handles the third item brilliantly, but by
itself it does not declare which paths, cones, or cocones should agree.
Deep LINCS adds the sketch and then asks automatic differentiation to
respect it.

Design principle

Architecture specifies the factorization problem; differentiation
transports it; optimization proposes a repair. None of these three
operations should silently redefine the other two.

This gives Deep LINCS a precise place in the symbolic–neural debate
developed in Section 0.13. The sketch is not a symbolic reasoner
attached to a network. It declares the typed compositional promises
that the network realizes. The resulting obstruction is the semantic
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interface between the declaration and the learned computation; reverse-
mode differentiation then transports repair information through that
same neural realization.

8.2 Internal model spaces and parametrized maps

The finite-product formalism of functorial backpropagation begins with
a parametrized smooth map

f : P× X −→ Y.

This is enough to compose parameterized modules: serial composi-
tion combines parameter spaces, and the monoidal product places
modules in parallel [Fong et al., 2019]. It is not, however, enough for
the semantics intended here. In the category of finite-dimensional
smooth manifolds, the exponential object YX generally does not exist.
Consequently, one cannot in general internalize the same family as a
morphism

f̂ : P −→ YX .

Deep LINCS therefore takes its primary ambient semantics to be
a suitable smooth topos E , following the Kock–Lawvere approach to
synthetic differential geometry [Kock, 2006, Lawvere, 1980, Moerdijk
and Reyes, 1991]. Cartesian closedness supplies the natural bijection

E(P× X, Y) ∼= E(P, YX),

so a parameterized implementation is equivalently an internal map into
the space of models. The parameter object P need not equal all of YX ;
the transpose f̂ records which internal family of models is available.
This is the same structural role played by internal function spaces in
topos causal models.

The smooth topos and the tangent structure do different jobs. Carte-
sian closure supplies internal function spaces and currying. Infinitesi-
mal structure supplies an object D and, on the appropriate infinitesi-
mally linear or microlinear objects, a tangent construction represented
by TX = XD. A general tangent category need not be Cartesian closed;
DLINCS requires these structures to coexist compatibly rather than
deriving either one from the other.

Write ParaE for the category whose parametrized arrows are pairs
(P, f ) internal to E , modulo the chosen isomorphisms of parameter
objects, and abbreviate it to Para below. The finite-dimensional Eu-
clidean category of parametrized maps is a computational realization of
this semantics, not its categorical foundation. A feed-forward network
becomes a composite

X
fθ1−→ H1

fθ2−→ · · ·
fθL−→ Y,
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while branches, skip connections, adapters, critics, and local predictors
are represented by a richer symmetric monoidal graph.

Definition 8.1 (Smooth learner). A smooth learner from X to Y is a
tuple

(P, I, U, r),

consisting of an implementation I : P× X → Y, an update

U : P× X×Y −→ P,

and a request map
r : P× X×Y −→ X.

The update changes local parameters; the request communicates desired
change to the preceding interface.

Internally, the three displayed arrows are morphisms of E . Cartesian
closedness makes the implementation a map P→ YX , while a compati-
ble reverse differential or reverse tangent structure supports the update
and request operations. In the finite-dimensional Euclidean realization,
a chosen loss and step size recover the functorial backpropagation
construction of Fong et al. [2019]. That construction is an important
operational model of DLINCS, but the internal smooth-topos semantics
is strictly stronger than its finite-product baseline.

8.3 Deep learning sketches

Definition 8.2 (Deep learning sketch). A deep learning sketch is a sym-
metric monoidal learning sketch S⊗ together with a strong symmetric
monoidal candidate model

D : FMon(Σ) −→ Para,

where Σ is the typed generating signature and the assigned arrows are
parametrized smooth modules.

The free symmetric monoidal category FMon(Σ) records both serial
composition and parallel placement. Declared equations generate a
quotient

q : FMon(Σ) −→ FMon(Σ)/∼.

The candidate is compositional when it descends through this quotient
and realizes any designated cones or cocones.

Definition 8.3 (Base DLINCS obstruction). For parallel paths p, q : x→
y, let Oeq(D(p), D(q)) be the universal obstruction for the registered
declaration that their images agree. Define

O0(D; p, q) = Oeq(D(p), D(q)).
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For the whole sketch,

O0(D) = OS⊗(D).

The symbol ≃ is interpreted by the realization: equality of maps, an
isomorphism, or an equivalence after quotienting a registered gauge.
A supported statistical test may observe one of these declarations,
but does not define the relation. A coordinate residual is likewise an
observation of the obstruction, not its definition.

fθ1 fθ2 fθ3

declared route

reverse request

Figure 8.1: A deep sketch retains forward
route obligations and reverse learner se-
mantics.

8.4 Transport through backpropagation

Let Lε,e denote the learner construction determined by a loss e and
step size ε. If it is functorial and strong monoidal, then a satisfied
architectural equation is transported:

D(p) = D(q) =⇒ Lε,eD(p) = Lε,eD(q).

Proposition 8.4 (Backpropagation transports declared equations). Sup-
pose D is a strong symmetric monoidal candidate and Lε,e : Para→ Learn
is a strong symmetric monoidal functor. If D factors through the equation
quotient q, then Lε,eD also factors through q.

Proof. Equal formal paths have equal images under D. Functoriality
preserves their equality under Lε,e, and strong monoidality preserves
the declared parallel wiring.

The converse need not hold, and equality of forward implementa-
tions need not force equality of arbitrary hand-designed update rules.
The proposition depends on using the declared functorial learner con-
struction.

Boundary

Forward agreement, tangent agreement, update agreement, and
request agreement are four different audits. They coincide only
under hypotheses supplied by the realization.

8.5 Tangent lifting of parametrized modules

For f : P× X → Y, ordinary tangent structure gives

T f : TP× TX −→ TY.

After the canonical product identification, this is again a parametrized
map, now with parameter object TP. Hence tangent lifting descends
to parametrized maps when it respects the chosen reparameterization
equivalence.
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Proposition 8.5 (Tangent descent). If representatives f : P× X → Y and
f ′ : P′ × X → Y differ by a diffeomorphic reparameterization ϕ : P′ → P,
then their tangent representatives differ by Tϕ : TP′ → TP. Therefore T
defines a well-typed lift on the corresponding parametrized arrows.

Proof. Differentiate f ′ = f ◦ (ϕ× idX) and use functoriality of T.

Applying this lift to every arrow gives the tangent candidate

TParaD : FMon(Σ) −→ Para.

Its factorization obstruction is the first Deep-LINCS signal:

O1(D) = OS⊗(TParaD).

8.6 Natural DLINCS updates

Chapter 4 introduced Natural LINCS as metric-aware typed repair. For
a stochastic deep model with parameter object P and conditional law
pθ(y | x), a canonical candidate geometry is the Fisher metric

Fθ(u, v) = E(x,y)∼µθ
[u[log pθ(y | x)] v[log pθ(y | x)]] , (8.1)

where u, v ∈ Tθ P, and where the sampling law µθ is part of the declara-
tion. For a scalar objective, the coordinate form of the resulting update
is

∆θnat = −F†
θ∇θ L.

More generally, Deep LINCS substitutes the Fisher metric into the
constrained or regularized typed repair problems of Equations (4.1)
and (4.2). The structural obstruction need not be collapsed into a single
loss before the repair direction is selected.

The pullback Fisher metric of an overparametrized network is com-
monly singular: two parameter directions may induce the same observ-
able model. From the LINCS perspective this is a quotient, not merely
a numerical defect. The compiler should identify parameter gauges
and observational null directions, solve on the quotient when possible,
and record any practical approximation—pseudoinverse, damping, or
structured curvature estimate—in the admission certificate.

This specialization also connects directly to reinforcement learning.
On a policy manifold, the Fisher metric is weighted by a declared
state-visitation law. Natural policy-gradient and natural actor–critic
methods use that geometry to choose an intrinsic actor update. In
a Natural-GIRL realization, the Bellman or intervention sketch still
declares the repair target; policy geometry selects the actor direction,
while the critic and compatible features provide an estimator. Geometry
does not confer a causal meaning on the update or certify its admission.
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Boundary

A smooth topos provides internal function spaces, and tangent
structure provides admissible variation. Neither chooses the Fisher
metric. Natural DLINCS requires a declared stochastic semantics,
sampling law, quotient, and metric approximation in addition to
the categorical architecture.

8.7 A four-level audit

For a declared relation p ∼ q, Deep LINCS can retain four observations:

E0 = ω0
(

D(p), D(q)
)
,

E1 = ω1
(
TD(p), TD(q)

)
,

EU = ωU
(
Up, Uq

)
,

Er = ωr
(
rp, rq

)
.

The first measures finite forward disagreement. The second measures
directional disagreement. The third compares parameter updates, and
the fourth compares requests passed across module boundaries.

Level Question Typical computation Common blind spot

Base Do the declared
forward routes
agree?

output residual or
factorization witness

nearby instability

Tangent Do their admissible
local variations
agree?

JVP, VJP, or higher
probe

wrong probe
semantics

Update Do the routes
propose compatible
parameter changes?

optimizer-state
comparison

gauge and
parameter sharing

Request Do they send
compatible credit
backward?

interface cotangent
comparison

agreement only at
outputs

Table 8.1: Deep LINCS keeps the four
levels visible rather than merging them
into one training loss.

8.8 Weil probes beyond first order

In representable tangent categories, Weil algebras classify first and
higher infinitesimal probes [Leung, 2017a,b]. A first-order dual-number
probe yields the ordinary tangent lift. Products and iterates of Weil
objects encode mixed directions and higher jets.

For a finite probe graph G, assign a first-order generator to each
vertex and a mixed interaction probe to selected edges. The graph then
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controls which directional interactions are evaluated without construct-
ing the full dense higher derivative. This is valuable when a model
exposes many candidate modules but the sketch declares only sparse
interactions.

Design principle

Higher-order computation should follow the interaction signa-
ture. Evaluate only the mixed directions, brackets, or jets that
correspond to declared structural questions.

8.9 The DLINCS compiler

The computational architecture can be organized as a compiler with a
small interface.

Compiling a deep learning sketch

1: Parse typed objects, generators, serial wiring, and tensor wiring.
2: Construct the quotient relations and designated universal proper-

ties.
3: Instantiate every generator as a fixed or parametrized module.
4: Compile base obstruction observers for the declared relations.
5: Lift admitted objects and arrows to tangent or Weil probes.
6: Compile reverse-mode updates and requests compositionally.
7: Quotient parameter gauges and presentation-null directions.
8: If an intrinsic metric is declared, solve the typed tangent repair on

the quotient and record any curvature approximation.
9: Retract the tangent proposal to parameter space without conflating

it with admission.
10: Return separate base, tangent, update, and request certificates.

This compiler need not force every module to be trainable. Fixed
transitions, incidence maps, restrictions, and aggregation operators are
parametrized maps with terminal parameter objects. Trainable modules
and fixed structure can therefore coexist in one sketch.

8.10 Five recurring deep shapes

The applications later in the book instantiate a small family of diagram
shapes.

This classification does not prove the domain-specific claims of those
systems. It shows that once their maps are realized as parametrized
modules, the same serial, monoidal, tangent, and learner semantics can
be reused.
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Shape Declaration Deep
realization

Later example

Parallel paths two serial
routes agree

shared
modules with
route-specific
composition

GIRL,
ALLORA

Restricted factorization edge or local
data arise from
a smaller object

encoder plus
constrained
decoder

LINCS–RLHF

Descent diagram local models
agree on
overlaps and
glue

local networks
and learned
restrictions

SID

Typed apex faces restrict
from an
information-
rich object

view encoders,
gauges, global
decoder

RADAR

Controlled interaction generated
update fields
close or
compose

skills, adapters,
intervention
modules

LASKO;
BRIDGE;
SKFM

Table 8.2: Recurring deep-sketch shapes.
Domain semantics determine what each
factorization means.

8.11 Scaling and implementation choices

A naive all-path, all-direction audit is unnecessary. Practical Deep
LINCS uses the locality already present in the sketch:

• generate a relation basis rather than enumerate every equivalent
path;

• localize obstructions to the smallest subdiagrams that witness them;

• use Jacobian–vector and vector–Jacobian products instead of materi-
alized Jacobians;

• sample sparse interaction probes from the declared signature;

• cache shared prefixes and suffixes of compared paths; and

• separate training-time observers from slower admission-time audits.

If there are R local relation generators and K admitted probes, the
audit should scale with the evaluated local modules and approximately
with RK, not with the number of all global path pairs. Chapter 9

develops the localization and admission mechanisms that make this
possible.
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Admission contract

A Deep-LINCS auxiliary signal is admitted only after its probe se-
mantics, parameter quotient, computational budget, and held-out
contribution are audited. The compiler must permit the tangent,
update, or request coefficient to be zero.

8.12 What Deep LINCS adds

Deep LINCS does not propose a replacement for backpropagation.
It gives backpropagation a typed structural specification. The sketch
states what the system promises; tangent lifting exposes local instability;
reverse composition transports credit through the same architecture;
and admission decides which detected failures justify changing the
model. This is the computational substrate shared by the application
chapters.

Further reading

Categorical accounts of learning provide the closest conceptual back-
ground. Backpropagation as a functor appears in Fong et al. [2019];
reverse derivative categories and categorical gradient learning are devel-
oped in Cockett et al. [2020] and Cruttwell et al. [2022]. The categorical-
deep-learning program [Gavranović et al., 2024] broadens this agenda
from optimizers to algebraic descriptions of architectures and their
constraints.

Natural gradient begins with Amari [1998]; Amari [2016] devel-
ops its information-geometric setting. For scalable deep networks,
Kronecker-factored approximate curvature provides an influential struc-
tured approximation [Martens and Grosse, 2015]. Natural policy gra-
dient [Kakade, 2001] and natural actor–critic [Peters and Schaal, 2008]
show how the same geometric principle enters reinforcement learn-
ing. Natural DLINCS uses these methods to choose intrinsic repair
directions while retaining typed obstruction and admission records.

On the machine-learning side, neural ordinary differential equations
[Chen et al., 2018], normalizing flows [Papamakarios et al., 2021], diffu-
sion models [Ho et al., 2020], and flow matching [Lipman et al., 2023]
are useful examples of architectures whose semantics depend on paths,
transports, or continuous dynamics. Deep LINCS does not subsume
these models; it supplies a common way to declare which of their
computational routes should compose, differentiate those promises,
and decide whether a detected discrepancy should influence training.
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Quotients, Localization, Repair, and Admission

An obstruction becomes actionable only after four further decisions.
Which variation is real rather than presentational? Where does the
failure live? Which corrections are allowed? What evidence licenses a
change? LINCS assigns these questions to quotients, localization, repair
languages, and admission contracts.

quotient localize propose repair

auditadmit or abstain
The stages form a control system around
optimization. A gradient can propose a
candidate, but it does not decide which
quotient, site, or evidential threshold is
legitimate.9.1 Quotient before measuring

A learning system is usually presented with redundancy. Neural pa-
rameters have permutations and rescalings; low-rank adapters have
factorization gauge; reward models have additive baselines; local trivi-
alizations have gauge transformations; causal fields depend on coordi-
nates even when their distribution does not.

Definition 9.1 (Presentation quotient). Let P be a presentation space
and let π : P → M = P/∼ identify representatives with the same
declared model behavior. A diagnostic e : P → Z descends to the
quotient when there is ē : M→ Z such that

e = ē ◦ π.

If this condition fails, the diagnostic can change while the declared
model does not. It is then a presentation artifact, not an obstruction on
the model space.

Definition 9.2 (Projectable repair). A field VP : P→ TP is projectable
through π when there is a field VM : M→ TM satisfying

Tπ ◦VP = VM ◦ π.

Alternatively, the realization may declare a gauge fixing or an equivari-
ant horizontal lift.
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Design principle

Measure and repair on the semantic quotient whenever possible.
If computation must use representatives, declare the gauge and
certify that the resulting signal descends.

9.2 Localizing factorization failures

Let J = Path(S) index a learning sketch and let U = {Ji ↪→ J}i∈I be a
cover by subsketches. A global obstruction can be restricted to every Ji,
producing local obstruction data.

Definition 9.3 (Obstruction localization). A localization of O(D) over
U consists of local objects

Oi(D) = OS|Ji
(D|Ji)

together with restriction maps on overlaps and any coherence needed
to compare them.

Localization answers more than “which parameter has a large gradi-
ent?” It identifies declared subdiagrams in which a factorization, limit,
colimit, or closure obligation fails. A claim of smallest support addi-
tionally requires a refinement order and a cover capable of detecting
minimal witnesses.

Proposition 9.4 (Tangent stability of localization). Suppose T preserves
the restrictions and overlap constructions used by U , every restricted tangent
model is admissible, and the obstruction assignment is natural under these
restriction isomorphisms. Then tangent lifting commutes with localization:

INC(D)|Ji
∼= OS|Ji

(T(D|Ji)).

Proof. By the preservation hypotheses, (TD)|Ji
∼= T(D|Ji ). The two

sides therefore present the same restricted tangent factorization prob-
lem, and the obstruction assignment transports the isomorphism.

The hypotheses matter. Automatic differentiation of a global pro-
gram does not by itself show that a designated equalizer, pullback, or
descent object is preserved by the chosen tangent realization.

9.3 Compatibility is not effectivity

Local objects may agree on overlaps without arising from a global object
in the declared model class.
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Definition 9.5 (Compatible local family). For local models Di and re-
strictions to overlaps Jij, compatibility means that the restricted models
agree up to the declared coherence:

Di|Jij ≃ Dj|Jij .

Definition 9.6 (Effective family). A compatible family is effective when
there exists an admissible global model D whose restrictions recover
the Di, with the required uniqueness or equivalence.

Ui Uj

overlap

agreement need not
produce a global lift

Figure 9.1: Compatibility is a local con-
dition; effectivity is a global realizability
condition.

This separation is central to SID, RADAR, sheaf-structured argument
systems, and distributed learning. A penalty on pairwise overlaps can
reduce local disagreement while the compatible family remains outside
the image of the global model class.

Boundary

Localization diagnoses where a failure is witnessed. It does not
guarantee that a local repair extends globally, that compatible
repairs glue, or that the resulting global object lies in the admitted
model class.

9.4 The repair language

A repair is not an arbitrary parameter step. It is a typed edit drawn
from a declared language.

Definition 9.7 (Repair language). For a model D, a repair language
R(D) specifies admissible edits and their typing. It may include:

• parameter updates within a fixed architecture;

• changes to arrows, routes, or parameter sharing;

• additions or removals of objects, views, or constraints;

• modifications of covers, restrictions, or gluing maps;

• changes to an intervention, probe, or interaction signature; and

• abstention or escalation to a richer model class.

Repairs can therefore be transverse: they can change the presentation
or admissible model class rather than moving only along the current
parameter manifold. This is essential when the obstruction says that
the current model cannot realize the required factorization.

Definition 9.8 (Repair proposal). A proposal operator assigns candi-
dates

PropD : OS(D)⇝ R(D).
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The dashed arrow indicates that proposal can be set-valued, stochastic,
or partial.

Gradient descent is one realization when the repair language consists
only of parameter directions and a scalar observation is differentiable.
It is not the general definition.

9.5 Repair as structural surgery

The repair language makes a learning sketch actionable in the same
broad sense that a causal model is actionable. A causal intervention
replaces a target mechanism while invoking a modularity assumption
for the mechanisms not targeted. A LINCS repair similarly specifies an
edit together with the obligations it promises to preserve.

Definition 9.9 (Structural intervention). A structural intervention on
an actionable learning model L = (S, D, Λ,R,A) is an edit

e : (S, D) −→ (Se, De)

equipped with:

1. a typed target in the realization or declaration;

2. an explicit class of non-target objects, arrows, equations, observers,
and admission blocks to be preserved;

3. a propagation rule producing the candidate repaired behavior; and

4. a registered validation protocol, using evidence independent of the
proposal signal, that must be evaluated before admission.

Four common cases form a hierarchy:

parameter : D 7→ D′ inside a fixed realization class,
component : f 7→ f ′ for a selected module or morphism,

architecture : S 7→ S′ with changed routes or covers,
declaration : S ↪→ S+ with new generators or axioms.

Each higher level enlarges what can be repaired and also what must
be revalidated. Parameter repair can often be tested inside a fixed
sketch. Declaration repair must transport prior evidence, preserve the
successful fragment of the old theory, and face observations capable of
distinguishing the augmented declaration from its predecessor.

The phrase structural surgery marks the methodological inheritance
from causal inference, not an automatic causal interpretation. When
the edited morphism denotes a causally grounded mechanism, the
repair may realize an intervention in Pearl’s sense. When it denotes an
adapter, reward representation, warrant, or cover, it is an intervention
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on the learning system. The categorical typing is shared; the causal
semantics is not.

Boundary

A typed edit becomes a causal intervention only through an explicit
mechanism model and realizable intervention protocol. LINCS
supplies an actionable structural model and invariant-preservation
obligations; it does not supply causal meaning merely by naming
an edit “surgery.”

9.6 Functorial and descent-compatible repair

Suppose α : D→ D′ is a repair transformation. A tangent-compatible
repair has a transported transformation

Tα : TD −→ TD′.

If D′ factors through the declared quotient, then a repair advertised as
compositionality-preserving must retain that factorization.

For a cover, global and local repairs must also interact with restric-
tion:

resi ◦RG ∼= Ri ◦ resi,

with cocycle coherence on overlaps.

Proposition 9.10 (Gluing compatible local repairs). Suppose the admis-
sible models form a stack over the chosen cover, the local repairs RiDi agree
on overlaps with coherent descent data, and each repaired local model remains
admissible. Then the repaired family glues to a global admissible model, unique
up to the declared equivalence.

Proof. This is the effectivity condition in the stack semantics applied to
the compatible repaired family.

The proposition is deliberately conditional. Without effective descent,
local repair compatibility is only a necessary condition for a global
repair.

9.7 Observation profiles before scalarization

A single number often hides the information needed to choose among
repairs. LINCS therefore permits a profile-valued observation

ΨS(D, e)

containing local defects, overlap effects, tangent behavior, task out-
comes, uncertainty, computational cost, and downstream side effects of
candidate e.
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Definition 9.11 (Repair identifiability). A profile identifies repairs,
relative to the declared equivalence, when

ΨS(D, e) = ΨS(D, e′) =⇒ e ≃ e′.

When this implication fails, the evidence identifies only an equiv-
alence class or moduli space of repairs. Choosing one representative
may still be useful, but the choice requires an additional preference,
cost, or regularity criterion.

9.8 Admission is a separate decision problem

Proposal and admission should be separated. The proposal mecha-
nism searches the repair language; the admission mechanism decides
whether available evidence warrants deployment.

Definition 9.12 (Admission rule). Given validation evidence V , an
admission rule is a partial decision

AV : (D, e, ΨS(D, e)) −→ {accept, reject, abstain}.

A useful rule is lexicographic. Hard invariants and safety constraints
are tested first; only survivors are compared on task and structural
outcomes.

A conservative admission procedure

1: Verify typing, quotient descent, and repair-language membership.
2: Reject candidates that violate hard structural or safety invariants.
3: Test the repaired base obstruction on held-out support.
4: Test admitted tangent and interaction blocks separately.
5: Evaluate task benefit, uncertainty, compute, and regression risk.
6: Prefer the least complex repair inside the supported equivalence

class.
7: Accept only if the declared margin is met; otherwise reject or

abstain.

Admission contract

Localization does not imply effectivity, an available tangent sig-
nal does not mandate an update, and defect reduction does not
prove recovery of a privileged architecture. Admission must au-
dit structural validity, semantic relevance, and empirical benefit
separately.
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9.9 Validated scalarization

After the obstruction profile and admission blocks are explicit, a nu-
merical realization may use

Lval
D = Φ0

(
O0(D)

)
+ ∑

k∈ΩD

gk(V)λkΦk
(
INCk(D)

)
,

where gk(V) ≥ 0 is selected from validation evidence. The model class
must permit gk = 0. An auxiliary tangent signal that does not help,
does not transport semantically, or cannot be estimated reliably should
not be forced into the objective.

Block Typical null Evidence Failure
response

Leakage
barrier

Base structure declared
factoriza-
tion holds

held-out
routes or
overlaps

repair or
enrich
model

freeze decla-
rations first

Tangent structure admitted
lift is
coherent

held-out
probes

drop signal
or revise
site

fit gates on
validation
only

Task behavior no practical
improve-
ment

task metrics
and slices

reject
candidate

separate
final test

Safety/invariants no
forbidden
regression

hard checks
and red
teams

automatic
rejection

never trade
against
mean gain

Table 9.1: Admission blocks remain sepa-
rately inspectable even when a final deci-
sion combines them.

9.10 Uncertainty and stochastic consistency

Suppose an interaction profile is estimated from K minibatches by
Ψ̂K, with target population profile ΨE. A useful certificate separates
variance and bias:

E

∥∥∥Ψ̂K −ΨE

∥∥∥2
≤ C

K
+ b2

K, bK → 0.

Same-minibatch and independently crossed directional estimates can
converge to the same population profile while having different variance.
The estimator design is therefore part of the admission contract.

Three outcomes should remain available:

• accept when the repair clears the structural and empirical margins;

• reject when it violates a hard condition or is clearly inferior;

• abstain when support, power, identifiability, or model capacity is
insufficient.

Abstention is not a failure of learning. It is the correct result when
the evidence does not license a model-changing claim.
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9.11 Certificates and provenance

Every admitted repair should emit a compact certificate:

1. the sketch and version of its declarations;

2. the presentation quotient and tangent site;

3. the localized obstruction witnesses;

4. the repair-language element that was proposed;

5. the before-and-after profile on validation support;

6. uncertainty, invariants, and rejected alternatives; and

7. the admission decision with its thresholds.

The certificate is especially important when LINCS changes more
than parameters. It allows a reviewer to distinguish a structural edit
from an optimization step and to reconstruct why the system considered
the change licensed.

9.12 Iterated repair and coalgebraic stabilization

Repair can be iterated. Let xn denote the obstruction state after the n-th
diagnose–repair cycle, and let

xn+1 = FD(xn)

be the realized INC update. This is first of all a discrete dynamical
system. A coalgebraic presentation additionally packages an observable
certificate, for example

c : MD −→ O×MD, c(x) =
(
cert(x), FD(x)

)
,

which is a coalgebra for the endofunctor O×−. This packaging exposes
the successive observations of a system that repeatedly unfolds and
repairs its infinitesimal behavior [Rutten, 2000].

Theorem 9.13 (Contractive stabilization). Let (MD, dD) be complete and
suppose FD : MD → MD is ρ-contractive for 0 ≤ ρ < 1. Then there is a
unique fixed point x∗, and

dD(xn, x∗) ≤
ρn

1− ρ
dD(x1, x0).

If approximate updates satisfy dD(x̃n+1, FD x̃n) ≤ ε, then

lim sup
n

dD(x̃n, x∗) ≤
ε

1− ρ
.
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Proof. The first claim is the Banach fixed-point argument. Summing the
geometric bound on successive differences gives the displayed estimate.
For approximate updates, apply contractivity recursively and sum
the accumulated ε-terms. This is the metric-coinductive stabilization
pattern [Kozen and Ruozzi, 2009].

Contractivity is an additional hypothesis, not a generic property of
the tangent tower. Coalgebraic language organizes repeated diagnosis;
it does not guarantee convergence of every repair loop.

9.13 The reusable contract

The application chapters use the same operational spine:

1. Quotient presentation-null variation.

2. Localize the typed base and tangent obstructions.

3. Propose edits from an explicit repair language.

4. Check descent and global effectivity.

5. Observe a profile before scalarizing it.

6. Audit uncertainty, task behavior, and invariants.

7. Admit, reject, or abstain, and record a certificate.

This is the point at which LINCS becomes a learning architecture
rather than only a diagnostic vocabulary. The later systems differ in
their sketches, probes, quotients, and repairs; they share this separation
of structural failure from permission to change the model.

Chapter 1 stated the axiomatic contract near the beginning of Part
I. The present chapter has now supplied its operational realization.
Chapter 10 next assembles both views into a general architecture for
auditable reasoning. Part II can then ask how the same rules special-
ize across causal discovery, neural architectures, adapters, skills, and
policies.

Further reading

Sheaves and sites organize localization and descent [Mac Lane and
Moerdijk, 1992]. Standard category-theory texts supply the universal-
property view of quotients and presentation invariance; see Mac Lane
[1998] and Riehl [2017]. Mirror descent and Mirror–Prox show how
geometry can select a numerical repair without redefining its structural
obligation [Beck and Teboulle, 2003, Juditsky et al., 2011].
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Admission has close analogues in double/debiased machine learning
and targeted learning, which seek valid inference beyond in-sample fit
[Chernozhukov et al., 2018, van der Laan and Rose, 2011].



10
Reasoning by Structural Repair
T H E C O LT A R C H I T E C T U R E

The preceding chapters developed lincs as a theory of structural
diagnosis and repair. The same machinery also defines a general
architecture for reasoning. A reasoning system maintains a typed model
of its commitments, probes that model, records failures of composition,
proposes localized changes, and changes its maintained state only
when independent evidence admits the proposal. We call an auditable
sequence of these operations a Chain of lincs Thought, or CoLT. We write CoLT, with a lowercase “o,” to

distinguish the architecture from COLT,
the Conference on Learning Theory.

CoLT is not a renaming of ordinary chain-of-thought prompting. A
generated rationale is a sequence of linguistic tokens. A CoLT trace is
a sequence of typed structural states and evidence-bearing transition
records. It need not reveal, imitate, or claim access to a model’s private
internal computation. Its purpose is to expose what the maintained
system declared, what was observed to fail, what was changed, and
why that change was admitted.

Boundary

A plausible narrative is not yet an auditable reasoning trace. CoLT
requires typed commitments, explicit obstruction witnesses, regis-
tered repairs, and admission evidence. Fluency may be an obser-
vation of a trace, but it is not its semantics.

10.1 Reasoning as the evolution of a maintained model

Conventional presentations often identify reasoning with a list of propo-
sitions

p0, p1, . . . , pn.

Such a list suppresses the structure that makes an inference meaningful:
the types of its terms, the rule connecting one statement to another, the
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scope of its evidence, the alternatives it ruled out, and the authority
that licensed revision.

lincs instead treats reasoning as controlled evolution of a main-
tained realization

D0 ⇝ D1 ⇝ · · ·⇝ Dn.

The dashed arrows are not assumed to be logical implications or opti-
mizer steps. Each is a governed transition with a diagnostic history. A
state can retain unresolved obstructions; a rejected proposal can leave
the state unchanged; and an abstention can request a new observation
rather than force a conclusion.

Definition 10.1 (CoLT reasoning state). A CoLT reasoning state is a
tuple

Ck = (Sk, Dk, Tk, πk,Uk,Rk,Ak, Ek),

where

• Sk is the current structural declaration and Dk its maintained realiza-
tion;

• Tk is the admitted tangent site of meaningful probes;

• πk is the quotient that removes declared null variation;

• Uk is the cover used to localize and glue evidence;

• Rk is the registered repair language;

• Ak is the admission contract; and

• Ek is an evidence and provenance registry.

The declaration can contain propositions, but it can also contain
causal mechanisms, database relations, policies, argument roles, source
bindings, or interfaces among agents. CoLT therefore applies to rea-
soning with models, not only to deduction in a fixed propositional
language.

10.2 The anatomy of a CoLT transition

A transition begins with a probe and ends with a decision about the
maintained state. It preserves the distinctions introduced by the six-
stage lincs workflow.

Definition 10.2 (CoLT transition record). Given a state Ck, a CoLT
transition record is

τk = (δk, ok, ōk, λk, rk, γk, ak),

with the following typed fields:
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1. δk ∈ Tk is an admitted probe;

2. ok = (o0
k , o1

k) records the observed base and tangent obstruction
values;

3. ōk = πk(ok) is the obstruction after quotienting null variation;

4. λk localizes ōk over Uk;

5. rk ∈ Rk is a proposed typed repair, possibly the null proposal or a
request for more evidence;

6. γk is a certificate containing provenance, preserved obligations, tests,
uncertainty, and rejected alternatives; and

7. ak ∈ {admit, reject, abstain} is the result of applying Ak.

Only ak = admit authorizes the maintained successor Ck+1. Rejection
and abstention append records to the trace without silently changing
Dk.

maintained state
Ck

probe
δk

obstruct
and quotient

ok, ōk

localize
λk

propose repair
rk

test and certify
γk

admit, reject,
or abstain

admitted successor

Figure 10.1: A CoLT transition. The re-
turn edge changes the maintained state
only after admission. Rejection and ab-
stention still extend the audit trace.

Definition 10.3 (CoLT trace). A CoLT trace of length n is

C0
τ0=⇒ C1

τ1=⇒ · · · τn−1
==⇒ Cn,

together with every rejected or abstained transition record encountered
between the displayed admitted states. Each record must be type-
correct for the state from which it was generated, and every state-
changing arrow must carry an admission certificate.

The trace is consequently not just its successful path. Failed repairs,
unresolved alternatives, and requests for new evidence are part of the
reasoning object. They prevent the final conclusion from erasing how
narrowly it was licensed.

10.3 Constructive epistemic status

Chapter 0 explained why internal excluded middle is not generally
available in the smooth and sheaf semantics used by lincs. CoLT
turns that logical fact into an operational discipline. A system must not
collapse lack of a witness into a witness of negation.
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CoLT is therefore not a symbolic checker placed after a neural ra-
tionale. In the terminology of Section 0.13, its maintained sketch is
a revisable declaration, a language or neural model may propose a
realization or repair, and the public trace records the typed obstruction
and the evidence that licenses a transition. Constructive status is what
prevents the proposer from silently converting fluency into proof.

Status Available evidence Licensed action

Unobserved No registered observer
resolves the obligation

Acquire a probe or
preserve uncertainty

Locally supported A witness exists on one
or more contexts

Retain with its scope; do
not promote globally

Locally refuted A typed counter-witness
exists on a context

Localize the failure and
block incompatible
promotion

Compatible Local witnesses agree on
declared overlaps

Test effectivity in the
admitted global model
class

Globally effective Compatible witnesses
glue to an admitted
realization

Submit the realization to
independent admission

Repaired but
untested

A registered edit removes
the generating
obstruction

Run preservation and
held-out tests

Admitted The admission contract
accepts a certified
successor

Update the maintained
state

Abstained Evidence, observability,
power, or identifiability is
insufficient

Keep the state and record
the unresolved obligation

Table 10.1: CoLT preserves epistemic dis-
tinctions that a Boolean pass/fail label
would collapse.

Holmes’s elimination principle from Chapter 0 is valid when the
alternatives are positively certified as exhaustive and the refutations are
constructive. CoLT stores precisely those missing certificates. Without
them, the last surviving hypothesis is a repair candidate rather than an
admitted truth.

Design principle

A CoLT trace records the strongest judgment supported by the
evidence. It never upgrades not observed to false, locally coherent to
globally effective, or repaired to admitted without the corresponding
witness.
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10.4 Base, tangent, and transverse reasoning

At every state, CoLT retains two diagnostic layers:

O0
k = OSk (Dk), O1

k = OSk (TDk).

The base obstruction asks whether the current commitments compose.
The tangent obstruction asks whether that composition is stable under
a declared family of nearby changes. A claim can therefore be coherent
at the present state but fragile under paraphrase, evidence removal,
population shift, mechanism perturbation, or reordering of interacting
operations.

Infinitesimal diagnosis does not confine reasoning to infinitesimal
change. When O1

k cannot be repaired inside the current realization, the
repair language may propose a transverse change: a new object, path,
axiom, cover, observer, or intervention vocabulary. The successor then
has a changed declaration Sk+1. Old evidence must be transported to
the new sketch, and the expanded theory must pass a new admission
contract.

This is how CoLT accommodates an abductive jump without treating
the jump as magic. Infinitesimal probes diagnose the boundary of the
current theory; a transverse proposal changes that theory; transport
and admission determine whether the proposal becomes part of the
maintained model.

Boundary

The tangent signal may motivate a new hypothesis, but it does
not identify or validate that hypothesis. Discovery, transport,
and admission remain separate steps even when the proposal is
generated by a powerful language or world model.

10.5 Local reasoning and global effectivity

Reasoning is often distributed over documents, agents, experiments,
model runs, or argumentative subproblems. Let Uk = {Ui → U} be
the declared cover. A local CoLT record on Ui can contain a realization
Dk,i, an obstruction, and a repair proposal. Two records are compatible
when their restrictions agree on overlaps.

Compatibility alone is not global reasoning. The local states must
glue to a realization in the admitted global model class, and their
proposed repairs must induce a coherent global edit. Otherwise a
system can produce mutually plausible local explanations that cannot
all be true in one maintained model.

This distinction also governs multi-agent reasoning. Agreement
among agents is neither necessary nor sufficient for truth. CoLT asks
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instead whether their typed evidence is compatible, whether it is ef-
fective, which disagreement survives the decision quotient, and what
authority can admit a global change.

10.6 An audit record, not private chain of thought

Chain-of-thought prompting can improve task performance by eliciting
intermediate natural-language steps [Wei et al., 2022]. Those steps
are useful artifacts, but their causal faithfulness to a model’s internal
computation cannot be assumed. Generated explanations can omit or
rationalize features that influenced an answer [Turpin et al., 2023].

CoLT avoids depending on that assumption. Its public record con-
tains only artifacts that can be typed and checked:

• the maintained declaration and versioned realization;

• externally inspectable claims, evidence, sources, and tool results;

• obstruction witnesses and their observers;

• registered repair proposals and preserved invariants;

• validation results, uncertainty, and admission decisions; and

• hashes, timestamps, model versions, or other provenance needed to
reconstruct the transition.

A model may generate candidate rationales to populate this record,
but the record earns authority from verification and admission rather
than from a claim that the rationale exposes hidden cognition.

10.6.1 Chain-of-Evidence as an admission architecture

ScientistOne provides a recent operational example of this distinction.
Its Chain-of-Evidence (CoE) standard requires every research claim to
trace through recorded supporting claims to a grounding source [Meng
et al., 2026]. Citation, numerical, methodological, and conclusion claims
are checked against literature records, evaluator outputs, code, and
supporting claims. Its post-hoc audit separately tests score reproduc-
tion, specification compliance, reference validity, and method–code
alignment.

From a CoLT perspective, CoE is a concrete base-level admission
sketch. Its objects include claims, references, code, task specifications,
and experiment logs; its arrows include cites, implements, reports, and
derives from. A missing source, irreproducible score, or method–code
mismatch is then a localized factorization failure rather than a vague
defect in the prose. Repair can remove or qualify the claim, correct the
implementation, or rerun the experiment before admission.
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The comparison also marks a boundary. CoE deliberately covers
claim types that current tools can verify, and some of its checks use
language-model judgments. CoLT treats such checkers as registered
observers: their outputs are evidence with stated semantics and uncer-
tainty, not truth by definition. CoLT also retains rejected and abstained
transitions, rather than requiring the final successful provenance path
to stand for the whole reasoning record. A tangent evidence chain asks not only

whether a claim reaches an admissible
source, but whether that support sur-
vives declared changes of seed, evaluator
tolerance, data slice, ablation, or evidence
source.

CoE therefore supplies an important base construction for verifiable
autonomous research. LINCS adds the question of stability: whether
the claim–evidence paths continue to compose under admissible per-
turbation, and which typed repair is licensed when they do not.

10.7 SCoLT: the Toulmin specialization

The Toulmin application provides the clearest specialization. The Sheaf
Chain of Toulmin Thought, SCoTT, supplies the base argument sheaf:
local tickets contain claims, grounds, warrants, backing, qualifiers,
rebuttals, and source bindings, and descent asks whether they glue. We
call the CoLT architecture specialized to this argument sketch SCoLT,
the Sheaf-theoretic Chain of lincs Thought:

SCoLT = CoLT(SArg, TArg,UArg,RArg,AArg).

SCoTT is therefore the base sheaf-theoretic construction inside SCoLT.
SCoLT adds tangent stability, localization, governed repair, and admis-
sion.

Chapter 19 develops this specialization and its initial structural
evaluation.

10.8 A compact SCoLT trace

Suppose a local ticket contains the claim “treatment X reduces outcome
Y,” grounds from one study, a warrant that transports the study esti-
mate to a target population, and a qualifier restricting the claim to that
population.

1. Declare. The argument sketch requires source naturality, warrant
transport, qualifier preservation, and descent.

2. Probe. Replace the target population while holding the surface
claim fixed.

3. Diagnose. The base ticket still parses, but the tangent route through
the warrant disagrees with direct transport of the claim.

4. Quotient and localize. Paraphrase variation is null; the surviving
obstruction localizes to the population bridge and qualifier.
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Argument compo-
nent

CoLT role Typical tangent or repair
question

Claim Maintained proposition
with scope

Does paraphrase or
context change silently
strengthen it?

Ground Evidence-bearing local
section

Does removing or
replacing one ground
expose an unsupported
route?

Warrant Typed bridge from ground
to claim

Is the bridge stable,
sourced, and applicable in
this context?

Qualifier Boundary of licensed
generality

Must the claim be
weakened after transport?

Rebuttal Registered
counter-condition

Was an exception
discharged, preserved, or
silently erased?

Source binding Provenance morphism Does restriction preserve
the evidence that licensed
the step?

Global argument Effective glued realization Do locally coherent tickets
form one admissible
argument?

Table 10.2: SCoLT instantiates the gen-
eral CoLT transition with Toulmin-typed
argument structure.

5. Repair. Propose weakening the claim, adding transport evidence, or
abstaining from population-level promotion.

6. Admit. Independent evidence determines whether the new warrant
is licensed. If not, the maintained trace records abstention rather
than silently generalizing the study.

This trace is useful even if every candidate sentence was generated
by a different model. Its coherence comes from typed artifacts and
admission contracts, not from continuity of an invisible monologue.

10.9 Minimal implementation contract

A system should not be described as CoLT unless it records at least:

1. a versioned declaration and maintained realization;

2. a typed distinction between probes, observations, and obstruction
witnesses;

3. the quotient and cover relative to which localization is claimed;

4. a registered repair language with explicit targets;

5. preserved obligations and provenance for every proposal;
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6. accept, reject, and abstain as distinct outcomes; and

7. an independently checkable admission certificate for every state
change.

The contract permits implementations in theorem provers, databases,
agent workflows, argument graphs, causal models, differentiable pro-
grams, and hybrid systems. Their common object is not a token format
but a governed structural trace.

Admission contract

A CoLT successor is admitted only when the proposed repair
is well typed, removes or appropriately reclassifies the targeted
obstruction, preserves registered non-target obligations, trans-
ports provenance, survives the declared local-to-global checks,
and passes evidence not used merely to generate the proposal.

10.10 Failure modes and open obligations

CoLT does not solve reasoning by definition. It makes several failure
modes auditable:

• an incomplete declaration can omit the obligation that should have
failed;

• an insufficient tangent site can miss a fragile inference;

• an overly aggressive quotient can erase semantically material change;

• an incomplete cover can support false localization or false consensus;

• a repair generator can search an impoverished hypothesis language;

• an admission test can reuse proposal data and overstate validation;
and

• a certificate can faithfully record an invalid causal or domain as-
sumption.

These are not defects hidden behind a single accuracy score. They
are typed open obligations that later applications can test separately.

Further reading

The Toulmin model of argument is developed by Toulmin [1958]; mod-
ern argument-mining perspectives include Habernal and Gurevych
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[2017] and Gupta et al. [2024]. Sheaf semantics and the internal logic of
local truth are treated by Mac Lane and Moerdijk [1992].

For generated reasoning traces, chain-of-thought prompting was
introduced at scale by Wei et al. [2022]. The distinction between a
plausible rationale and a faithful account of model computation is
examined by Turpin et al. [2023]. CoLT takes a different route: it treats
public, typed, independently checked artifacts as the unit of audit
rather than assuming that a verbal trace is privileged access to hidden
computation.



Part II

Applications





11
Geometric Causal Discovery
B R I D G E A N D S K F M

BRIDGE turns the infinitesimal-causality diagnostic of Chapter 5

into a causal-discovery front end. Regime changes produce estimated
response fields. Directed influence proposes candidate arrows, while
Lie-bracket residuals record failures of visible closure. A downstream
causal learner then searches only inside the retained family. Spectral
Kernel Flow Matching (SKFM) amortizes the fields and asks how much
of the graph can be extracted directly from their geometry. BRIDGE stands for Bracket Residuals for

Interventional Discovery and Geometric Es-
timation. Its strongest present role is can-
didate generation, not stand-alone causal
identification.11.1 Three data regimes, three outputs

Let V = {X1, . . . , Xd} be observed variables and let L denote unob-
served variables. The meaning of a geometric score depends first on
how the regimes were produced.

Known targets. A reference sample and interventional samples are ob-
served, with target set Ie ⊆ V supplied for each regime. BRIDGE
returns a candidate mask, field-calibration diagnostics, and closure
scores.

Unknown targets. Regimes are labeled but their targets are unknown.
The graph–target pair is generally identifiable only up to Ψ-Markov
equivalence; the natural population output is a Ψ-partial ancestral
graph (Ψ-PAG) and invariant target information [Jaber et al., 2020].

General domains. Environment labels need not correspond to interven-
tions on a shared structural causal model. Without additional as-
sumptions, the output is a stability or transport diagnostic.

These regimes cannot be pooled under one “causal discovery” claim.
With latent variables, a partial or maximal ancestral graph (PAG or
MAG) may be the proper estimand; a directed acyclic graph (DAG)
selected over observed nodes is only a restricted visible approximation
[Spirtes et al., 2000, Pearl, 2009a].
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Boundary

A large bracket residual is not a bidirected edge. A selected visible
DAG is not a latent projection. Unknown targets, domain shifts,
and known interventions require different estimands and different
admission claims.

11.2 The BRIDGE learning sketch

For a regime e with P(e) ≪ P(0), define the Radon–Nikodym ratio

ρe(z) =
dP(e)

dP(0)
(z), EP(e) f = EP(0) [ρe f ].

This identity supplies a statistical interface. It does not identify a causal
effect. A differentiable density-ratio or transport model converts the
finite regime change into a response field ve.

The sketch contains:

• observational and regime-specific probability objects;

• measure-change or transport arrows from the reference regime;

• coordinate observations of every response field;

• the visible distribution DV = span{v1, . . . , vq}; and

• a downstream graph or equivalence-class learner restricted by the
geometric mask.

reference and
regime data

calibrated
response fields

influence and
closure geometry

candidate mask
downstream

causal learner

11.3 Influence and closure are separate observers

A population influence score for intervention i and coordinate j is

Iij =
(

EP(0) [(vi)
2
j ]
)1/2

.

Large Iij proposes that regime i changes coordinate j. It does not distin-
guish direct from mediated propagation without further conditioning
or scoring.

Let ΠV project onto the visible span. The pairwise closure residual
is

rij(z) = (I −ΠV(z))[vi, vj](z), R2
ij = EP(0)∥rij(Z)∥2.
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This is the BRIDGE INC observer: it tests whether the fitted response
family closes locally. The influence and closure blocks are kept separate
because one proposes arrows while the other qualifies the adequacy of
the visible field model.

Proposition 11.1 (Geometry-screen retention). Suppose every arrow in a
prespecified target set E⋆ lies among the top-k population influences into its
endpoint with margin γ > 0. If the estimated fields converge uniformly in the
required L2 and C1 senses, then the empirical screen retains every member of
E⋆ with probability tending to one. Residual classes separated by a margin
around a fixed threshold are also consistently separated.

Proof. Uniform convergence of the fields gives uniform convergence of
the finite family of influence scores. An error smaller than γ/2 cannot
reverse the top-k ordering at a target arrow. Continuity of (u, v) 7→
[u, v] in the chosen C1 norm, together with consistent projection, gives
uniform convergence of the residual scores. The threshold claim follows
from the separation margin.

Corollary 11.2 (Conditional downstream consistency). If the screen re-
tains the representation required by an estimand G⋆, and the downstream
learner is consistent for G⋆ whenever that representation is available, then the
two-stage procedure is consistent for G⋆.

The corollary deliberately inherits the estimand and assumptions
of the downstream method. The screen supplies retention, not a new
identification theorem.

11.4 Falsifying a latent interpretation

Latent common causes can contribute to nonclosure by removing direc-
tions needed to express visible brackets. But the same signal can arise
from target mismatch, ordinary domain shift, weak overlap, omitted
observed coordinates, insufficient adjustment, or field error. Before a
residual is called latent-sensitive, BRIDGE audits:

1. direct observational–regime distribution gaps;

2. overlap, density-ratio stability, and effective sample size;

3. held-out field continuity and calibration;

4. random, permuted, or null tangent controls;

5. sensitivity to adding measured adjustment coordinates; and

6. matched baselines for the actual data regime.
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Admission contract

The phrase “latent-sensitive” means only that latent structure
remains among the explanations not rejected by the diagnostic
battery. It does not mean that a hidden variable, its dimension, or
its incident edges have been identified.

11.5 Nonclosure as a discovery trigger

The closure residual can play a second role beyond screening. When

(I −ΠV)[vi, vj] ̸= 0,

the visible response distribution has failed to contain an interaction that
its own fields generate. This is an empirical obstruction to the declared
causal geometry. It creates a discovery question: what must change for
the response family to become adequate?

The first generated enlargement is

D(1)
V = DV + span{[vi, vj]}i,j, Q(1) = D(1)

V /DV .

A nontrivial quotient Q(1) records directions required for closure but
missing from the fitted visible span. Iterating the construction gives the
Lie closure

Lie(DV) = DV + [DV ,DV ] + [DV , [DV ,DV ]] + · · · .

This completion is a mathematical hypothesis about missing directions,
not a semantic identification of hidden causes.

Several explanations can produce the same quotient. A latent vari-
able may supply an omitted direction. So may a measured but excluded
coordinate, history dependence, an incorrectly pooled regime, a chang-
ing intervention target, support failure, or field-estimation error. The
discovery phase must therefore branch across candidate declaration
changes rather than map every residual to a latent node. One branch
enlarges the state space; another refines the cover of regimes; another
changes the transport model; still another rejects the fitted fields.

This is a small, executable instance of the outer discovery loop devel-
oped in Chapter 22. Nonclosure proposes that the current declaration is
incomplete. Controlled additions of variables, contexts, or memory then
generate competing completions. Admission asks which completion
contracts the held-out residual while preserving calibrated influences
and producing new testable consequences.
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Design principle

Treat Lie-bracket nonclosure as a question generator. Its rank
and localization can constrain candidate completions, but causal
meaning must come from interventions, measured additions, and
independent tests.

11.6 SKFM: amortizing the geometry

Kernel BRIDGE can be expensive because local fields are repeatedly
estimated. SKFM replaces them with a conditional flow-matching
network

fΘ(x, t, i)

indexed by intervention i. Automatic differentiation computes pairwise
brackets. Their projected residuals form a Gram matrix G; a leading
eigenspace E summarizes a low-rank visible footprint.

Spectral Kernel Flow Matching

1: Fit amortized response fields to observational–regime transports.
2: Verify held-out continuity, overlap, and influence calibration.
3: Compute selected Lie brackets by automatic differentiation.
4: Project brackets normal to the visible field span.
5: Form the residual Gram matrix and estimate its stable spectral rank.
6: Produce an influence mask and residual-footprint certificate.
7: Either pass the mask to a causal learner or apply a scoped ordered

extractor.

The spectral coordinates summarize structured nonclosure. They are
not identified latent variables without additional factor-model assump-
tions. Likewise, the direct extractor uses a supplied or learned order
and a soft triangular penalty; this is a modeling choice rather than a
general equivalence between DAGs and solvable Lie algebras.

11.7 Repair and admission

BRIDGE repairs the search problem, not necessarily the data-generating
system. Its principal repair is a smaller candidate family:

Gall ⇝ G(Ecand).

Other repairs include recalibrating a field, widening the mask, adding
an adjustment coordinate, changing the regime interpretation, or switch-
ing the downstream estimand from a DAG to a PAG.

Admission is lexicographic:
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1. reject fields that fail overlap or held-out calibration;

2. require target-arrow retention on controlled cases;

3. compare geometry to simpler distribution-shift diagnostics;

4. run a regime-appropriate downstream learner;

5. report screen and final-graph metrics separately; and

6. abstain from causal specificity not supported by the design.

11.8 What the experiments establish

The ten-node study uses six independently generated nonlinear DAGs
(seeds 21–26), each with three injected latent-confounded visible pairs.
The geometric screen is evaluated by candidate-arrow recall; a local
Gaussian scorer, using the Bayesian information criterion (BIC), then
selects parent sets inside that mask. The generator’s topological order
is supplied to this final step, and the best row from a small fixed
hyperparameter grid is reported for each seed. It is therefore a screen-
and-parent-selection test, not an order-free identification result. The
Sachs diagnostic uses 853 measurements of 11 proteins and a 17-arrow
canonical reference graph; its ordered parent-set row likewise uses a
reference order, while pooled greedy equivalence search (GES) is the
order-free comparator.

Experiment: BRIDGE/SKFM nonlinear-DAG sweep

On the ten-node nonlinear random-DAG sweep, the selected
graphs average 12.8 arrows, precision 0.834, recall 0.907, and di-
rected F1 = 0.864. Direct SKFM extraction is less stable on these
harder graphs even when the learned fields are accurate; the
order-to-adjacency step is the principal bottleneck. This retained
failure establishes the current division of labor: use geometry
for high-recall compression and a score-based, latent-aware, or
differentiable method for global selection.

Boundary

The Sachs study is a calibration frontier, not a solved biological
discovery benchmark. The order-assisted parent-set diagnostic and
the order-free GES comparisons answer different questions and
must not be merged into one score.
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Study Geometry
result

Downstream
result

Boundary

Three-node chain asymmetric
response
scores recover
direction

exact visible
chain

indirect scores
remain
positive

Nonlinear latent fork dominant
residual
contracts
when the
missing
coordinate is
revealed

fork
interpretation
recovered in
control

not a general
latent test

Ten-node nonlinear DAGs calibrated
masks retain
mean recall
0.907

local BIC
gives mean
directed
F1 = 0.864

best row
selected from
a small fixed
grid

Sachs signaling 44 of 110

arrows
retained; 15 of
16

pooled-GES
arrows
preserved

ordered
diagnostic
precision
0.889, recall
0.471

field
correlation
only 0.587 on
average

Table 11.1: The strongest evidence sup-
ports calibrated geometric screening fol-
lowed by a conventional causal learner.

11.9 Design lesson

BRIDGE/SKFM demonstrates a general LINCS pattern: an obstruction
need not directly name the missing structure to be useful. A calibrated,
nonspecific geometric diagnostic can still reduce a combinatorial search
dramatically, provided its retention guarantee, falsification battery,
downstream estimand, and abstention boundary remain visible.

This application also displays the two modeling levels introduced in
the foundations. The SCM or causal graph is a model of the biological
or experimental domain; the BRIDGE/SKFM sketch is a model of
the discovery system that estimates fields, screens relations, invokes
a downstream learner, and admits or rejects the resulting structure.
LINCS makes the second system actionable without pretending that
changes to its screen are interventions on the biological system. Domain
surgery and learning-system repair can interact, but their semantics
and evidence remain distinct.

Further reading

The classical causal-discovery background is given by Spirtes et al.
[2000]. Greedy equivalence search [Chickering, 2002], FCI-style discov-
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ery with latent and selection variables [Colombo et al., 2012], and in-
terventional equivalence classes [Hauser and Bühlmann, 2012] provide
important reference points for what can be identified under different
regimes. Soft interventions with unknown targets are treated by Jaber
et al. [2020].

Differentiable structure learning includes NOTEARS [Zheng et al.,
2018], gradient-based neural DAG learning [Lachapelle et al., 2020], and
interventional extensions [Brouillard et al., 2020]. For latent confound-
ing, compare non-Gaussian and higher-order approaches [Cai et al.,
2023, Morinishi and Shimizu, 2025, Tramontano et al., 2025] with the
recent RelFCI treatment of relational data [Negro et al., 2025]. The Sachs
protein-signaling study [Sachs et al., 2005] remains a useful empirical
touchstone, but its interventions, preprocessing, and target graph must
be read carefully. BRIDGE/SKFM belongs beside these methods as a
geometric screen and field-estimation layer, not as a replacement for
their identification theory.



12
Repairing Kan-Extension Structure
L I N C S – K E T

Kan Extension Transformers provide a clean architectural test of
LINCS. The model contains a direct route and an incidence-restricted
Kan-extension route to a common representation. Their intended agree-
ment is structural. A post-training repair may reduce the route obstruc-
tion, but it is admitted only while the shared predictive task remains
intact. This chapter uses KET as the architecture

and the later registered LINCS studies
as the evidence. The original KET exper-
iments are not retroactively counted as
LINCS experiments.12.1 The declared Kan diagram

Let X be a sequence or local data object, H a hidden representation,
and Y the prediction object. A direct module

dθ : X −→ H

is compared with a structured route assembled from incidence trans-
port, aggregation, and restriction:

kθ : X ι−→ X̃ Lan−−→ H̃
ρ−→ H.

The learning sketch declares

dθ ∼ ρ Lan ι.

Kan extensions characterize universal ways to extend data along a
functor [Mac Lane, 1971, Riehl, 2017]. In the computational realiza-
tion, the incidence route is finite and parametrized; LINCS audits its
agreement with the direct route rather than claiming that every learned
approximation satisfies an exact universal property.

X H Y

X̃ H̃

dθ

ι

h

Lan

ρ
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This is an ordinary diagram of maps in the computational category.
At the functorial level, the universal comparison that licenses the Lan
route is a 2-cell of the form shown in Figure 7.1. The implemented finite
route should not be promoted to such a cell by notation alone: naturality
and the relevant universal property remain admission obligations. This
is why LINCS observes the direct and structured routes instead of
declaring them equal by design.

12.2 Base and tangent obstructions

At example x, the base route obstruction is

E0(x) = dθ(x)− ρ Lan ι(x).

For an admitted input direction v, the tangent obstruction is

E1(x; v) = Ddθ(x)[v]− D(ρ Lan ι)(x)[v].

The task block is evaluated after the shared decoder h. Thus route
compatibility and prediction quality are observable separately.

Definition 12.1 (LINCS–KET profile). For validation set V , define

ΨKET(θ) =
(

Ltask, ∥E0∥V , ∥E1∥V ,P , Lshift
)
,

where P is a fixed multi-probe tangent design and Lshift contains
declared perturbation or length audits.

The fixed probes make before-and-after comparisons meaningful.
Resampling one probe per candidate can turn admission noise into
apparent improvement.

12.3 The repair language

The initial predictor is pretrained by the task loss. LINCS then freezes
the shared decoder and most of the model, allowing only incidence
and route adapters to change. A candidate repair is therefore a small,
localized parameter edit:

θ′ = θ + ∆route.

It is evaluated against frozen validation data before being committed.
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Blockwise LINCS–KET repair

1: Pretrain the KET model on the base prediction task.
2: Freeze the task semantics and the registered audit sets.
3: Propose a bounded edit to the incidence and route adapters.
4: Evaluate task, base-route, and multi-probe tangent blocks sepa-

rately.
5: Admit only if structural blocks improve and task drift stays within

cap.
6: Commit accepted edits; otherwise restore the previous state.
7: Report held-out task and structural audits without further selection.

12.4 Why a joint norm failed

The first registered experiment concatenated task, base, and tangent
residuals into one normalized admission score. It preserved the task
and reduced base incompatibility, but the held-out tangent block wors-
ened. This is a five-seed synthetic architecture test on a causal edge-local
sequence task. It uses the implemented incidence KET route, indepen-
dently checks automatic-differentiation tangents by finite differences,
and evaluates length and perturbation shifts after repair. Its purpose is
to isolate the admission mechanism, not to establish language-model
scaling.

Audit Pretrained Joint gate Change Reading

Task RMSE 0.06114 0.06129 +0.25% predictive
semantics
preserved

Base Kan RMS 0.84982 0.78928 −7.12% finite route
agreement
improved

Tangent Kan RMS 1.46421 1.61963 +10.61% registered promise
failed

Length-7 RMSE 0.12701 0.12515 −1.46% no collapse on this
shift

Table 12.1: The retained first result. Im-
provement of a joint norm did not imply
improvement of every semantic block.

An equal-weight penalty comparator drove base and tangent resid-
uals down to 0.0661 and 0.1654, but raised task RMSE from 0.0611
to 0.4477. It made the two routes agree by destroying their shared
predictive meaning.
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Boundary

Small compatibility residuals are not useful when both routes have
collapsed to the same bad computation. The task block is not a
soft preference; it is part of the semantic identity of the diagram.

12.5 Blockwise admission

The follow-up experiment was registered separately with fresh seeds,
four fixed training and validation probes, pretrained block normaliza-
tion, and lexicographic guards. It met all criteria.

Audit Pretrained Blockwise LINCS Change Result

Task RMSE 0.05629 0.05633 +0.06% inside task
guard

Base Kan RMS 0.94531 0.88325 −6.56% improved
Tangent Kan RMS 1.87822 1.73857 −7.43% improved in

5/5 seeds
Perturbed RMSE 0.05743 0.05730 −0.23% preserved
Length-7 RMSE 0.10792 0.10758 −0.31% preserved

Table 12.2: Fresh-seed blockwise multi-
probe admission resolves the specific reli-
ability failure of the first gate.

The result does not prove that blockwise admission always outper-
forms a joint score. It establishes a stronger contract: every admitted
repair satisfies the declared task, base, tangent, and normalized-score
guards.

12.6 A small language-model test

The Penn Treebank (PTB-small) study uses a word-level causal KET.
Pretraining fits next-token prediction; LINCS then repairs only the
incidence and route adapters. A deterministic 512-token vocabulary,
context length eight, 512 training windows, 32 frozen repair-validation
windows, and 128 test windows make the study deliberately small. The
three seeds share five repair steps and four fixed train and validation
tangent probes; embeddings, backbone, normalization, and vocabulary
decoder remain frozen during repair.

Experiment: PTB-small registered result

Across three held-out seeds, base Kan RMS falls 2.35% and tan-
gent Kan RMS falls 2.32%. Overall test cross-entropy changes
by +0.11%, perplexity by +0.48%, and non-<unk> cross-entropy
by −0.41%. Every seed improves both structural blocks, so the
registered criterion passes.
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The vocabulary is truncated to 512 tokens and the test target <unk>
rate is 32.62%. The reported perplexity is therefore not comparable to
standard full-vocabulary PTB. The experiment supports post-training
structural repair with nearly preserved language behavior; it does not
show an overall language-modeling improvement.

12.7 From commutators to a Čech calculation

A second KET-related study sharpens the meaning of order sensitivity.
Pairwise commutators are placed on the edges of a declared finite
nerve, producing a one-cochain. Hodge decomposition separates

c = cexact + ccoexact + charm.

Only the harmonic component represents the nontrivial first cohomol-
ogy class of the declared nerve.

On pretrained models, commutator energy is 86.76% exact, 10.31%
coexact, and 2.92% harmonic. Task-gated repair reduces held-out clo-
sure, harmonic, and tangent non-exact RMS on all three seeds while
test cross-entropy changes by −0.03%.

Design principle

Commutator energy is a local obstruction proxy. It becomes a Čech
cohomology diagnostic only after a cover or nerve, orientation,
cocycle test, and quotient by coboundaries have been declared.

The nerve here has vertices for attention, normalization, feedforward,
and geometric incidence transport; changing the nerve changes the
cohomology question. There is no claim that a transformer has one
canonical Čech cover.

12.8 Frontier-model case study: Kimi K3

Kimi K3 provides a contemporary stress test for this architectural view-
point. It is a 2.8-trillion-parameter, sparsely activated mixture-of-experts
model, but its significance here is not its parameter count or benchmark
rank. Its technical report organizes the model around three interacting
forms of information flow: hybrid Kimi Delta Attention and Gated
MLA across sequence positions, Attention Residuals across depth, and
Stable LatentMoE across channels [Kimi Team, 2026]. The deployed
system adds low-precision numerical realization and several forms of
distributed parallelism. It is therefore a diagram of coupled architec-
tural contracts rather than one undifferentiated map from tokens to
tokens.
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This is a retrospective LINCS reading, not a claim that Kimi K3 was
designed with LINCS. The point is that a frontier architecture exposes
distinct places where composition can fail:

Structural axis Declared division of labor Candidate obstruction

Sequence Three recurrent KDA
layers alternate with a
Gated MLA layer for
periodic global interaction

Long-context state is
efficient but loses or
misroutes information
needed by global retrieval

Depth Block Attention Residuals
retrieve selected earlier
representations

Compression of the depth
history dilutes a
representation needed
downstream

Channels A full-width shared path is
combined with sparse
routed experts in a
lower-dimensional latent
space

Routing imbalance,
activation explosion, or
unstable expert
specialization

Numerics Expert weights and
activations use a
deployment-aware
low-precision realization

Quantization changes task
behavior or creates a
train–serve mismatch

Execution One model is compiled
into pipeline, expert, data,
and context parallel
operations

Partitioned execution fails
to preserve the declared
model within numerical
tolerance

Table 12.3: A LINCS reading of Kimi K3.
Each efficiency mechanism introduces a
separate preservation obligation; none is
certified by parameter count alone.

Quantization gives the sharpest small example. Let Fhi
θ denote a

high-precision realization, let Flo
Q(θ)

denote the deployment realization
after quantizing the registered expert components, and let Φ be a task
and safety observer. The relevant obstruction is not the bit width itself
but the observed discrepancy

OQ(x) = Φ
(

Fhi
θ (x)

)
−Φ

(
Flo

Q(θ)(x)
)

.

Quantization-aware post-training is then a repair intended to reduce
this obstruction while retaining the deployment representation. Moon-
shot keeps the rollout and training quantization schemes aligned during
reinforcement learning, making train–serve consistency part of the de-
clared contract rather than an afterthought [Kimi Team, 2026].

The same discipline applies to the other axes. KDA does not make
Gated MLA redundant; the hybrid declares different local and global
responsibilities. Latent routing does not prove semantic preservation
merely by reducing communication. Distributed execution does not
become equivalent to the abstract model merely because it runs. Each
claim requires its own observer, quotient, and admission evidence.
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Design principle

Frontier models use compression repeatedly, but every compres-
sion is nested inside a preservation contract. Compression pro-
poses a cheaper realization; the declared compositional obligations
determine whether that realization is admissible.

12.9 Admission contract

Admission contract

A LINCS–KET repair is licensed only when the direct and struc-
tured routes are nonvacuous, tangent residuals pass an indepen-
dent numerical check, fixed held-out probes improve blockwise,
predictive semantics remain within their registered cap, and the
final claim matches the task scale. A structural pass does not imply
a general KET advantage or improved language modeling.

12.10 Design lesson

LINCS–KET is valuable precisely because the first experiment failed.
The failure showed that scalarizing semantically distinct blocks can
admit the wrong repair. The separately registered blockwise experi-
ment then repaired the admission mechanism rather than erasing the
unfavorable result. This is LINCS learning at the level of experimental
design: non-compositionality drove not only a model update, but a
better contract for deciding which updates count.

Further reading

Kan extensions and their universal properties can be approached
through Mac Lane [1998] or Riehl [2017]; their use in probability is
developed by van Belle [2024]. The transformer reference point is
the original attention architecture [Vaswani et al., 2017]. Kimi K3

provides a current primary account of hybrid attention, latent expert
routing, depth-wise residual retrieval, quantization-aware post-training,
and large-scale model execution [Kimi Team, 2026]. For an accessible
production-oriented overview, see Dickson [2026]; the architectural
claims in this chapter follow the primary report. Diffusion models
[Ho et al., 2020], diffusion language models [Li et al., 2022], and flow
matching [Lipman et al., 2023] provide neighboring examples in which
transport and alternative computational routes matter.

For the topology of local commutators, May [1992] supplies the
simplicial background and Jiang et al. [2011] gives a statistical Hodge
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decomposition on graphs. The KET paper [Mahadevan, 2026g] develops
the broader categorical architecture from which the chapter’s post-
training LINCS audit is extracted. These readings help separate three
claims that are easy to conflate: a Kan-extension specification, an
implemented neural architecture, and a successful blockwise repair
experiment.



13
Composable Neural Adapters
A L L O R A

Low-rank adapters are attractive because they preserve a frozen
backbone while adding modular capabilities. Modularity at the param-
eter level does not imply modularity in behavior: applying adapter i
before j can differ from applying j before i. ALLORA treats that order
sensitivity as a declared compositional obstruction and repairs it in the
low-rank adapter space. ALLORA abbreviates A Lie-Algebraic Low-

Rank Adaptation. It preserves separately
loadable adapters; it does not replace
merging or routing baselines that may
be better for a particular deployment.13.1 Adapters as local intervention fields

For a frozen weight Wℓ, a rank-r LoRA adapter contributes

∆ℓ
i = Bℓ

i Aℓ
i , Wℓ 7−→Wℓ + ∆ℓ

i

[Hu et al., 2022]. At hidden state h, the corresponding residual map is

aℓi (h) = h + ∆ℓ
i h.

The adapter can be read as a small intervention field on representa-
tion space. For two declared-compatible adapters, the learning sketch
contains

aℓi aℓj ∼ aℓj aℓi .

In the linear residual realization,

aℓi aℓj − aℓj aℓi = ∆ℓ
i ∆ℓ

j − ∆ℓ
j ∆ℓ

i = [∆ℓ
i , ∆ℓ

j ].

Thus the matrix commutator is an exact coordinate observer of the
two-route obstruction at one insertion site.

13.2 Why the bracket controls order

For finite strengths εi, ε j, the Baker–Campbell–Hausdorff expansion
gives

exp(εiXi) exp(ε jXj) = exp
(

εiXi + ε jXj +
εiε j

2
[Xi, Xj] + O(ε3)

)
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[Van-Brunt and Visser, 2016]. Reversing the order flips the leading
bracket term. Hence pairwise order discrepancy is second order in
adapter strength when the linear field approximation is valid.

Proposition 13.1 (Linear order bound). Let ai = I + ε∆i and aj = I + ε∆j.
Then

aiaj − ajai = ε2[∆i, ∆j],

and therefore
∥(aiaj − ajai)h∥ ≤ ε2∥[∆i, ∆j]∥∥h∥.

Proof. Expand both products and cancel their equal zeroth- and first-
order terms.

Across nonlinear layers, the commutator remains a local proxy rather
than an exact expression for output difference. The strength-sweep
experiments test where the second-order approximation remains infor-
mative.

13.3 The ALLORA objective

Let Ti denote the task loss for adapter i, and let C be the set of pairs
declared composable. A basic realization is

LALLORA = ∑
i
Ti + λc ∑

ℓ
∑

(i,j)∈C

∥∥∥[∆ℓ
i , ∆ℓ

j ]
∥∥∥2

F
.

The task losses preserve independent usefulness; the bracket block
reduces the selected interaction obstruction.

Definition 13.2 (ALLORA admission profile). For a trained adapter
family, the profile ΨA retains individual task scores, commutator norms,
hidden and output order errors, and worst-order capability and safety.

The factorization gauge leaves ∆i unchanged:

(Bi, Ai) ∼ (BiG, G−1 Ai).

Measuring commutators of ∆i, rather than raw factors, makes the
principal observer descend through this presentation redundancy.
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13.4 Training and repair

ALLORA adapter repair

1: Train or initialize independently useful low-rank adapters.
2: Declare which adapter pairs and insertion sites should compose.
3: Measure pair and multi-adapter order sensitivity on held-out in-

puts.
4: Add the layerwise commutator block for declared pairs.
5: Sweep a registered range of λc under task-loss caps.
6: Retain independently useful adapters and evaluate both application

orders.
7: Admit only Pareto-valid points; compare with merge and routing

baselines.

The repair language does not require every adapter pair to commute.
Some skills are intentionally order-dependent. The relation set C is part
of the application specification.

Design principle

Regularize only interactions whose order invariance has semantic
meaning. Vanishing every bracket can erase useful specialization
or force adapters toward trivial behavior.

A Natural LINCS extension could equip the quotient space of adapter
realizations with a Fisher or other task-semantic metric. The commuta-
tor sketch would still identify which declared interaction requires repair,
while the metric would choose the least intrinsic adapter change that
contracts it. This would define Natural ALLORA; it would not change
the requirement that individual task behavior and both application
orders be admitted separately. The experiments below use the declared
commutator penalties directly and do not rely on this additional metric
structure.

13.5 Controlled and language-model evidence

Three metrics recur below. Pair RMSE compares the outputs of i→
j and j → i on the same held-out inputs. Triple RMSE aggregates
disagreement across permutations of three adapters. The reported
“slope” is the fitted log–log exponent of order discrepancy against a
common adapter-strength multiplier; the linear proposition predicts
an exponent of two near zero strength. Task ∆ is always reported
separately so that two equally ineffective adapter orders cannot count
as a successful repair.
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The controlled behavioral experiment first isolates the mechanism:
at λc = 0.03, the bracket falls 1667×, logit-order sensitivity 1.72× 107,
and style-order sensitivity 1.89× 106, while task metrics remain perfect.

Across a six-setting pilot corpus–backbone matrix at the same weight,
commutators fall 14.5×–22.1× and output-order sensitivity falls 27.7×–
77.8×. Five of six next-token losses change by less than 0.01.

Setting Bracket Pair RMSE Triple RMSE Task ∆ Slope

PTB /
Trans-
former

21.73× 7.17× 7.31× +0.0005± 0.0008 1.64

WikiText-
2 / KET
incidence

35.46× 10.94× 11.93× +0.0026± 0.0003 1.71

Table 13.1: Five-seed theory-driven tests
at λc = 0.03. Every paired seed improves;
linear operator slopes are approximately
2.03, as predicted.

The network-output slopes of 1.48–1.71 are below the exact linear
slope near two. This gap is useful evidence: it identifies the effect of
nonlinearities and repeated insertion sites rather than pretending that
the matrix model is exact end to end.

13.6 Capability and safety composition

A capability adapter for AG News classification and a safety adapter
for ToxicChat moderation form a more deployment-like pair. ALLORA
reduces pooled hidden order RMSE 47.7×, improves worst-order capa-
bility accuracy from 0.832 to 0.851, and safety balanced accuracy from
0.800 to 0.858. Toxic recall and benign false-positive rate move from
0.860/0.260 to 0.876/0.172.

A calibrated weighted additive merge remains stronger on aver-
age task scores: capability accuracy 0.876, safety balanced accuracy
0.873, and toxic recall/FPR 0.864/0.118. Its order sensitivity is zero by
construction because it is one merged map.

Boundary

ALLORA and additive merging solve different deployment prob-
lems. The merge is a strong task-retention baseline; ALLORA is
useful when capability and safety adapters must remain separately
loadable and sequentially composable.
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13.7 Pretrained GPT-2 probe

Experiment: registered GPT-2 Medium pilot

Across three seeds, normalized commutator falls 37.7%; pair-
wise logit and hidden order MSE fall 58.5% and 58.6%; triple-
permutation MSE falls 57.9%. Mean task loss increases 0.0026 nats,
and every geometric endpoint improves in every seed.

The pilot validates transfer of the bracket-control signature to pre-
trained attention adapters. Its short training schedule and low absolute
SacreBLEU make it a geometric result, not evidence of high-quality
semantic generation.

13.8 Structured extension: LICKET

LICKET separates an adapter into aggregation and restriction pieces,

∆i = ∆colim
i + ∆lim

i ,

and penalizes cross-path interference

Cij = [∆colim
i , ∆lim

j ] + [∆lim
i , ∆colim

j ].

The learned split reduces the cross ratio from 0.422 to 0.051 on WikiText-
2 and from 0.387 to 0.062 on WikiText-103. In the architectural split,
cross-bracket reductions exceed 400× on both corpora with perplexity
within 2% of the matching baseline.

This extension illustrates the benefit of a richer sketch: instead of
asking only whether whole adapters commute, it localizes which limit–
colimit interaction carries the obstruction.

13.9 Admission and limitations

Admission contract

An ALLORA point is admitted only if individual adapters remain
useful, declared order errors improve on held-out inputs, worst-
order capability and safety clear their thresholds, and the result is
competitive with merging or routing for the intended deployment.
Bracket reduction alone is insufficient.

The evidence remains concentrated on small adapters, short com-
positions, and selected backbones. Pairwise bracket control does not
guarantee benign higher-order composition, and local commutators
do not capture every nonlinear network effect. The retained strength
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sweeps and multi-adapter tests are therefore part of the claim, not
optional illustrations.

13.10 Design lesson

ALLORA shows how a categorical declaration becomes a tractable
regularizer without losing its semantics. The equation “selected adapter
orders agree” comes first; the low-rank commutator observes its leading
obstruction; task and safety blocks prevent trivial repair; and merge
baselines reveal when sequential modularity is not worth preserving.

Further reading

The parameter-efficient lineage begins with neural adapters [Houlsby
et al., 2019] and LoRA [Hu et al., 2022]. AdapterFusion [Pfeiffer et al.,
2021], LoRAHub [Huang et al., 2024], and input-aware retrieval [Zhao
et al., 2024] study composition and routing rather than a single isolated
adapter.

Model-merging work exposes the interference problem from several
angles: task arithmetic [Ilharco et al., 2023], TIES merging [Yadav
et al., 2023], SVD-based LoRA merging [Tang et al., 2025], LoRA soups
[Prabhakar et al., 2025], and orthogonal-subspace control [Zhang and
Zhou, 2025]. Recent work on cross-task LoRA interference [Zhang et al.,
2025a] is especially close in motivation. ALLORA contributes a different
diagnostic: the Lie bracket measures order-sensitive interaction between
adapter fields, while its admission contract retains capability and safety
checks that purely algebraic merging rules may not supply.
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Skills over Lie Algebroids
L A S K O

Agentic skills do more than move a model through one state space.
A skill may edit a prompt, change a schema, invoke a tool, update a
validator, or alter a workflow artifact. LASKO models these controlled
directions as sections of a Lie algebroid. The anchor records the visible
change that a skill can execute; the bracket records order-sensitive
interaction; the anchor kernel records procedural variation invisible to
the final artifact. LASKO abbreviates Lie Algebroid Skill Op-

timization. It extends the tangent-bundle
interaction language of IC and ALLORA
to typed, state-dependent control direc-
tions.14.1 Why a Lie algebroid?

A tangent bundle gives every direction available at a state. An agent
rarely has arbitrary access. Its possible changes are constrained by
tools, permissions, schemas, and workflow state. A Lie algebroid
separates the space of controlled directions from the changes they
realize [Mackenzie, 2005].

Definition 14.1 (Lie algebroid). A Lie algebroid over a manifold M
consists of a vector bundle

π : A −→ M,

a Lie bracket [·, ·]A on sections Γ(A), and an anchor

ρ : A −→ TM

satisfying
[s, f t]A = f [s, t]A + (ρ(s) f )t

for sections s, t and smooth functions f .

The anchor answers “what visible edit occurs?” The bracket answers
“how do two controlled edits interact?” The kernel ker ρ contains
directions with no immediate visible displacement. Such directions
can still alter provenance, tool state, routing assumptions, or future
compositions.
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Geometric object Agent
interpretation

Observable
proxy

Failure

Section s typed edit or
skill policy

named repair
operator

not executable in
current state

Anchor ρ(s) realized artifact
or workflow
change

diff, tool action,
state transition

anchor mismatch

Bracket [s, t]A order-sensitive
interaction

s→ t versus
t→ s contrast

unstable
composition

Kernel direction latent procedural
change

trace difference
with similar
artifact

future hidden
regression

Table 14.1: The algebroid separates con-
trolled intent, visible execution, and la-
tent procedural state.

14.2 The workflow learning sketch

Let W be a partially ordered workflow and let

F : W −→ Md

assign a typed Markdown artifact to each stage. Objects may include a
task contract, plan graph, tool manifest, observation schema, evidence
ledger, answer template, validator contract, and handoff memory.

A skill section si reads selected anchors and writes selected anchors.
The workflow declares:

• prerequisite order between repairs;

• invariants of the tool and evidence contracts;

• restriction maps between local artifacts;

• validator paths that must agree; and

• the final artifact and trace semantics to preserve.

Definition 14.2 (LASKO residual profile). For ordered sections si, sj,
define

Rvis(i, j) = dart(Fij, Fji),

RDB(i, j) = dblame(ηij, ηji),

Rker(i, j) = dtrace(τij, τji) when Rvis(i, j) ≈ 0.

The first observer measures visible order sensitivity. The second
measures whether validators assign blame differently. The third is a
practical kernel proxy: the artifact may look unchanged while the route,
evidence, or future repair behavior differs.
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14.3 Anchor and closure defects

For a declared visible distribution D ⊆ TM, LASKO keeps two geomet-
ric failures separate:

rA(s, t) = [ρ(s), ρ(t)]− ρ([s, t]A),

the anchor-morphism defect, and

rvis(s, t) = (I − PD)[ρ(s), ρ(t)],

the visible closure residual. The first asks whether the learned section
bracket predicts executable interaction. The second asks whether the
realized interaction remains inside the declared visible control span.

Boundary

A large ordered-edit contrast is not sufficient evidence for a Lie
algebroid. The realization must identify typed sections, an anchor,
a bracket estimator, and the Leibniz or anchor compatibilities being
approximated.

14.4 Bracket screening as repair search

Suppose N candidate edits are available. Exhaustive validation of
ordered pairs requires N(N − 1) expensive executions. LASKO first
computes a cheap bracket proxy from read–write anchors and known
workflow dependencies, then validates only the highest-scoring ordered
pairs.

LASKO-prioritized repair

1: Parse the workflow into typed anchors and declared dependencies.
2: Generate admissible skill sections with read and write sets.
3: Compute cheap ordered-pair bracket or interference proxies.
4: Localize high scores to the affected workflow subdiagrams.
5: Execute only the top-ranked ordered pairs under the real validator.
6: Retain visible, blame, and trace residuals for both orders.
7: Admit a repair sequence only after held-out served validation.

The bracket is a screening device. The real validator remains au-
thoritative. This is analogous to BRIDGE: geometry buys a smaller
expensive search, while a domain evaluator chooses the final structure.

A corresponding Natural LINCS refinement would place a declared
metric on the anchored skill fibers and select the least-cost section that
contracts a localized bracket obstruction. This Natural LASKO geometry
would rank tangent repair proposals, not replace the served validator or
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certify that a proposed skill section integrates to a safe finite workflow
edit.

14.5 Controlled benchmark

A ten-anchor Markdown benchmark contains five productive ordered
chains: schema before normalization, evidence before citation, ab-
stention before formatting, tool contract before routing, and validator
before final answer. Reversing a chain loses its benefit. The normalized
workflow score is

progress× faithfulness.

Progress is the fraction of the five productive chains closed in the cor-
rect order; faithfulness checks whether the served evaluator reads the
resulting skill state correctly. A bracket probe is a cheap deterministic
read–write/dependency calculation. A validation probe sends a can-
didate artifact through the authoritative evaluator. The two columns
therefore measure different resources and are never added as if they
had equal cost.

Method Bracket probes Validation probes Score

Greedy single edit 0 27 0.240
Random ordered pairs 0 10 0.266 mean
Exhaustive ordered pairs 0 90 1.000
LASKO-prioritized 90 10 1.000

Table 14.2: The controlled benchmark iso-
lates the value of an interaction screen;
bracket probes are cheap, validation
probes expensive.

Under a served-model validation contract, exhaustive search uses
91 calls and LASKO 11; both score 1.000. Greedy and random search
score 0.000 and 0.120, respectively.

14.6 Scaling the validation budget

With k independent productive chains there are N = 2k edits. Exhaus-
tive served validation grows quadratically, while LASKO validates a
linear number of selected pairs.

Edits Exhaustive calls LASKO calls LASKO score

10 91 11 1.000

20 381 21 1.000

40 1561 42 1.000

80 6321 84 1.000

160 25441 168 1.000

Table 14.3: Controlled scale-up with fo-
cused served validation.

This is a validation-economics result, not evidence that arbitrary
agent workflows have sparse recoverable brackets. The benchmark was
designed so the cheap proxy exposes the planted ordered dependencies.
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14.7 From anonymous anchors to agent infrastructure

A second controlled benchmark replaces schematic anchors with task
contracts, plan graphs, tool manifests, router policies, observation
schemas, evidence ledgers, citation policies, validators, failure triage,
and handoff memory. Six scenarios cover retrieval, extraction, code
patching, research synthesis, long-horizon agency, and incident triage.

Exhaustive validation uses 133 calls and scores 1.000. LASKO uses
132 cheap bracket probes and 17 validation calls and also scores 1.000;
random selection uses the same validation budget but averages 0.322.
The difference is structural localization: read–write dependencies direct
validation toward plausible workflow interactions.

14.8 Application probes

The broader experimental program asks whether this pattern survives
outside planted chains.

10-K workflows. Staged filing pipelines provide typed evidence, mech-
anism, and narrative artifacts. LASKO measures whether schema,
evidence, citation, and validator repairs commute.

Democritus and causal PSR. Trace-derived causal-claim workflows ex-
pose ordered edits to extraction, qualification, and validation. A
predictive-state-representation (PSR) audit reaches the exhaustive
served score with 72 cheap bracket probes and 19 served validations,
versus 73 exhaustive validations.

SearchQA. The gated sanity check finds that a failure-derived edit
can carry a stronger local interaction signal without winning hard
accuracy. This is evidence for retaining soft and fiber-level audits.

ALFWorld. A micro-benchmark closes one live ordered repair edge
from a failed rollout. It establishes executability of the workflow
construction, not broad ALFWorld performance.

Experiment: the retained empirical hierarchy

The controlled studies establish validation savings under known
sparse interaction structure. The PSR and workflow studies
show that the machinery can run against served evaluators.
SearchQA and ALFWorld remain scoped probes, not general agent-
performance claims.

14.9 Repair admission

LASKO admission must include more than the final artifact score:
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1. the section must be executable under the current tool and schema
state;

2. the anchor prediction must match the realized edit;

3. the selected order must improve held-out validator behavior;

4. kernel proxies must not expose hidden trace regressions;

5. evidence and safety contracts must remain satisfied; and

6. the expensive validation savings must include all model and tool
calls.

Admission contract

Cheap bracket probes may rank candidates but never replace
served validation. All calls used to construct, screen, retry, or vali-
date a repair belong in the cost certificate. Similar final Markdown
is insufficient when execution traces or future compositions differ.

Design lesson

LASKO adds a critical distinction to LINCS: the space of permitted
repairs is not generally the tangent bundle of the visible artifact. It is an
anchored bundle of controlled, typed skills. The anchor, bracket, and
kernel then separate what an agent intends, what it visibly changes,
and what procedural state it leaves behind.

Further reading

The standard geometric background covers Lie groupoids and Lie al-
gebroids [Mackenzie, 2005], together with their integrability theory
[Crainic and Fernandes, 2003]. Involution algebroids and functorial
semantics for Lie theory connect this geometry more directly to cate-
gorical and tangent settings [Burke and MacAdam, 2019, MacAdam,
2022].

The agentic comparison class is changing quickly. LangGraph
[LangChain, 2026] provides a graph-based orchestration substrate,
while SkillOpt [Yang et al., 2026] treats an external skill document as
an object optimized by bounded edits and held-out validation. LASKO
is complementary to such text-space optimizers: it studies typed, an-
chored skill sections and uses brackets to screen interaction order before
expensive execution. Readers should compare full call accounting, re-
jected edits, transfer tests, and trace-level invariants, not only the final
task score.



15
Infinitesimal Reinforcement Learning
G I R L

Temporal-difference learning turns Bellman inconsistency into a
scalar error. GIRL retains the diagram that produced that error. It
distinguishes the base Bellman obstruction, its tangent sensitivity, the
action-common variation that should be quotiented away, the com-
putational branch carrying the failure, and the evidence required to
transport a repair across regimes. GIRL abbreviates Gradient Infinitesimal Re-

inforcement Learning. It is an architectural
layer above TD, not a replacement for the
underlying policy-evaluation algorithm.

15.1 The Bellman factorization

Fix a policy π on a state space X. Let Pπ : RX → RX denote its Markov
expectation operator, let V : Θ → RX, θ 7→ Vθ , be a parameterized
value representation, and let

BπV = Rπ + γPπV

the Bellman operator. The GIRL sketch declares two routes from pa-
rameter space to the value-function space:

Vθ ∼ Rπ + γPπVθ .

Θ RX

RX

V

BπV
Bπ

The base obstruction at s is the Bellman residual

δB(θ; s) = Vθ(s)−
(

Rπ(s) + γPπVθ(s)
)
.

Ordinary TD scalarizes sampled instances of this obstruction [Sutton,
1988]. GIRL tangent-lifts the same declared relation.
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15.2 The tangent Bellman residual

For an admitted state direction v ∈ TsX,

δT(θ; s, v) = DsδB(θ; s)[v].

This asks whether the two Bellman routes respond coherently to a local
change of state representation. It is not the parameter gradient of the
scalar TD loss.

Definition 15.1 (GIRL architectural interface). A GIRL realization ex-
poses:

1. the base Bellman residual δB;

2. the tangent residual δT on declared probes;

3. a cover of the transition, reward, bootstrap, and representation
branches;

4. a decision-relevant quotient; and

5. an admission controller for cross-regime use.

For isotropic random probes with E[vv⊤] = I, writing Js = DsδB

gives
Ev∥Jsv∥2 = tr(J⊤s Js) = ∥Js∥2

F.

JVPs therefore estimate the squared tangent residual without material-
izing a full Jacobian.

15.3 IL–GTD–MP

In a linear off-policy realization, the infinitesimal-learning variant of
gradient temporal difference Mirror–Prox (IL–GTD–MP) augments the
GTD–Mirror–Prox objective with a quadratic tangent Bellman penalty
[Sutton et al., 2008, Maei, 2011, Nemirovski, 2004].

Proposition 15.2 (Quadratic tangent penalty). For a linear value model
and fixed probe covariance, the expected squared tangent Bellman residual is a
positive-semidefinite quadratic function of the value parameters. Adding it to
the regularized GTD saddle objective preserves monotonicity of the associated
variational inequality.

Proof. The Bellman residual derivative is affine in the linear parameters.
Its squared norm therefore has a positive-semidefinite Gram Hessian.
Adding that term to a monotone regularized GTD operator preserves
monotonicity.
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Standard stochastic Mirror–Prox rates then apply under the usual
boundedness, variance, and step-size hypotheses. The guarantee con-
cerns optimization of the declared linear objective. It does not establish
global robustness or policy improvement.

Boundary

A small tangent residual controls first-order variation only on the
support and in the metric used to define it. Finite-shift and policy
claims additionally need coverage, derivative regularity, Bellman
inverse conditioning, and a positive action gap.

15.4 Why the advantage quotient is necessary

Absolute action values can vary smoothly while their ranking is wrong.
For policy learning, GIRL quotients the action-common direction:

Aθ(s, a) = Qθ(s, a)−∑
b

π(b | s)Qθ(s, b),

Cθ(s; a, a′) = Qθ(s, a)−Qθ(s, a′).

Adding the same c(s) to every action leaves Cθ unchanged. The tangent
contrast regularizer

RA(θ) = Es,a,a′
[
∥DsCθ(s; a, a′)∥2

]
therefore descends to the decision-relevant quotient.

Design principle

Probe the information used by the decision rule. Smooth absolute
values are not enough when only action contrasts determine the
policy.

15.5 Natural GIRL

The advantage quotient identifies which policy distinctions matter, but
it does not yet choose an intrinsic repair direction. Let Π be a smooth
policy object, let OG(π) denote the typed GIRL obstruction, and let Fπ

be a policy Fisher metric defined using a declared state-visitation law.
The Natural LINCS construction of Chapter 4 specializes to

ξ⋆π ∈ arg min
ξ∈TπΠ

1
2

Fπ(ξ, ξ) subject to DOG,π [ξ] = −OG(π). (15.1)

This is Natural GIRL: the Bellman, intervention, or advantage sketch
defines what requires repair, while information geometry selects the
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least intrinsic policy change that cancels the linearized obstruction. For
a scalar policy objective, the construction reduces in coordinates to the
familiar natural policy-gradient direction. Natural actor–critic supplies
one family of estimators for that direction; it does not replace the GIRL
declaration or admission controller.

The visitation law in Fπ is semantic data. On-policy, discounted,
stationary, replay-weighted, and target-policy distributions generally
define different geometries. In the off-policy setting of this chapter, the
metric declaration must therefore be audited together with coverage
and effective sample size. A Fisher matrix may also be singular when
distinct parameter directions induce the same policy. Such directions
should be quotiented as policy gauges before inversion, or handled by
a registered damping or pseudoinverse rule.

Design principle

GIRL declares the decision-relevant obstruction; Natural GIRL
chooses an intrinsic tangent proposal; the safety and recovery
controller decides whether that proposal may alter the policy.

15.6 Localization over Bellman covers

The Bellman computation can be covered by local subdiagrams for
representation, transition, reward, successor value, and action contrast.
Shared bootstrap branches form overlaps.

Proposition 15.3 (Tangent stability of Bellman localization). For every
cover inclusion ia : Ja → J,

T(D ◦ ia) = (TD) ◦ ia.

If the cover is complete and tangent lift preserves its overlap descent data,
compatible local tangent factorizations glue to a global tangent factorization.

Proof. The restriction identity is functoriality of T. Under the stated
descent hypotheses, the overlap equalities that glue the base family also
glue its tangent lift.

Localization of obstruction data does not imply localization of pa-
rameter repair. Cotangent transport and parameter sharing can couple
distant modules.

15.7 Six layers of control

GIRL separates six obligations:

1. Advantage quotient: remove action-common variation.
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2. Phase coherence: check that validation and deployment directions
align.

3. Confidence: require a positive one-sided utility bound.

4. Successor sampling: estimate the Bellman branch without privi-
leged population operators.

5. ESS adaptation: select an off-policy estimator from replay support.

6. Temporal control: quarantine stale experience and govern re-entry.

For normalized validation and deployment directions,

κ = ⟨dval, ddep⟩

is the phase-coherence gate. At high effective sample size, ordinary
importance sampling can be efficient; under severe mismatch, clipped
self-normalization can be safer.

healthy
quotient update

threat
freeze and quarantine

recovery
fresh validation

re-entry
half steps

ESS/phase fail

abstain

15.8 The retained experimental sequence

The experiments were designed as a sequence in which failures deter-
mine the next structural layer. In the table, regret measures the value
gap induced by the selected action, and ranking accuracy measures
whether action contrasts have the correct order. A harmful admission
is an update whose independently computed exact utility is negative.
Exact utility is used only to score the experiment; the controller sees
probe, confidence, phase, ESS, and temporal-state information. Post-
shift AUC integrates return over the evaluation epochs following the
hidden regime change.
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Stage Retained result Failure isolated Layer added

Value-level IL–GTD–MP tangent RMSE −24.1%; OOD
Bellman RMSE −81.8%

does not imply policy
improvement

action-conditioned test

Full-state policy bridge regret gain only 0.073;
smooth wrong control passes

absolute values hide
rankings

advantage quotient

Advantage quotient regret 3.465→ 2.081;
ranking +12.6 points

orthogonal phase failures coherence gate

Sampled transport zero harmful admissions;
95.0% high-budget retention

uncertainty causes
abstention

confidence block

Off-policy transport zero harm but registered
74.84% < 75% threshold

estimator depends on
mismatch

ESS meta-gate

Adversarial online shift unconditional harm 22.67%;
router zero harm

freezing delays recovery temporal recovery

Table 15.1: Scientific failures, technical
misses, and negative controls remain vis-
ible; each motivates a different architec-
tural change.

15.9 Safe recovery

In a 12-state online actor–critic, the benign control contains no safety
pathology: replay ESS remains near 0.96, no method makes a harmful
update, and unconditional quotient GIRL achieves the best final return.
Always-on gating is unnecessarily conservative. This negative result
motivates routing: use the quotient alone while diagnostics are healthy.

Experiment: GIRL safe recovery under hidden regime change

In the adversarial study, reward preference and action-transition
kernels change at epoch 10 while stale replay remains. The shift
time is hidden from the methods. Unconditional GIRL makes
harmful updates in roughly 23% of post-shift epochs. The recovery
controller detects the shift in every seed, reduces harm to zero,
and re-enters in 29/30 seeds after 4.14 epochs on average.

Method Post-shift AUC Final return Harm

Unconditional −1.093 −0.299 23.0%
Freeze router −1.255 −0.759 0%
Recovery router −0.911 −0.019 0%

Table 15.2: Locked safe-recovery run over
seeds 270–299.

One seed remains abstinent through the finite horizon. The correct
interpretation is unresolved uncertainty, not an unrecoverable environ-
ment.

15.10 Global-to-local reconstruction

In a two-block dueling deep Q-network (DQN), the zero-inclusive
global phase preserves return but reduces tangent obstruction by only
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3.92%, below the registered 5% gate. Critic-only local heads reconstruct
only about 54% of the global obstruction variance. Adding the shared
Bellman overlap (y, Dsy v) raises reconstruction R2 to 0.989/0.994 and
reduces normalized gluing error to 0.0057. Shuffling that overlap de-
stroys the result.

Local/global repair-gradient cosines remain only 0.464/0.584. The
study therefore supports localization of obstruction data, not yet com-
positional local repair.

Admission contract

A GIRL update is admitted only after quotient validity, probe
semantics, coverage, phase coherence, uncertainty, replay support,
and temporal state are checked. Exact returns may score harm in
the experiment but must not leak into the controller decision.

Design lesson

GIRL shows why a tangent signal is not one more regularizer. The
full-state signal fails scientifically; the advantage quotient exposes the
decision-relevant object; transport and ESS gates separate geometry
from statistics; and temporal quarantine turns abstention into safe
recovery. The learning occurs in the controller and declaration as much
as in the value parameters.

Further reading

The reinforcement-learning foundation is Sutton and Barto [2018]. Tem-
poral difference learning begins with Sutton [1988]; gradient-TD meth-
ods and their off-policy motivation are developed in Sutton et al. [2008],
Maei [2011]. Stochastic Mirror–Prox [Nemirovski, 2004, Juditsky et al.,
2011] supplies the optimization background for the linear saddle real-
ization.

For decision-relevant credit, compare hindsight credit assignment
[Harutyunyan et al., 2019], return decomposition [Arjona-Medina et al.,
2019], and policy-level trust regions [Schulman et al., 2015]. Natural pol-
icy gradient [Kakade, 2001] and natural actor–critic [Peters and Schaal,
2008] provide the information-geometric background for Natural GIRL.
Safe policy improvement under limited coverage is a neighboring con-
cern; decision-point restriction provides a recent example [Sharma
et al., 2025]. GIRL differs by tangent-lifting the Bellman factorization
and quotienting action-common variation before admission, but the
safe and offline RL literature supplies essential baselines for coverage,
distribution shift, pessimism, and high-confidence improvement.
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16
Learning from Structured Preferences
L I N C S – R L H F

RLHF usually turns pairwise preferences into a scalar reward and
then optimizes that reward. LINCS–RLHF treats the scalar reward as a
factorization hypothesis. If comparison log odds circulate around a cycle,
no global scalar potential represents the declared preference relation.
More reward optimization cannot repair a representation that does not
exist. The structural question comes before op-

timizer choice: should the preference re-
lation be represented by a scalar potential
at all?

16.1 The scalar-reward declaration

Fix a prompt or context x. Let Gx = (Vx, Ex) be a connected comparison
graph whose vertices are responses. Choose an orientation and let Bx ∈
R|Vx |×|Ex | be its signed incidence matrix. If Hx(i, j) is the probability
that response i is preferred to response j, define the edge log odds

ℓx(i, j) = logit Hx(i, j).

A Bradley–Terry reward rx : Vx → R declares

ℓx = B⊤x rx.

This is the representational assumption shared by explicit reward mod-
eling and preference objectives built from reward differences [Bradley
and Terry, 1952, Christiano et al., 2017, Rafailov et al., 2023].

Vx R

C1(Gx; R)

rx

ℓx on pairs d0=B⊤x

Let the columns of Zx form a basis of the cycle space ker Bx.

Definition 16.1 (Scalarization obstruction). The obstruction to scalar
reward representation is

Ωx = Z⊤x ℓx,



204 machine learning from enforcing compositionality

or, independently of a chosen basis,

[ℓx] ∈ C1(Gx; R)/ im d0.

Theorem 16.2 (Cycle criterion for reward scalarization). For a connected
comparison graph, the following are equivalent:

1. ℓx = B⊤x rx for some scalar reward rx;

2. z⊤ℓx = 0 for every cycle flow z ∈ ker Bx; and

3. Z⊤x ℓx = 0 for one, hence every, cycle basis.

When these conditions hold, rx is unique up to an additive constant.

Proof. The fundamental theorem of linear algebra gives

im B⊤x = (ker Bx)
⊥.

Connectedness leaves only the constant vector in ker B⊤x , which is the
reward gauge.

For a triangle i, j, k, the witness is simply

Ωx(i, j, k) = ℓx(i, j) + ℓx(j, k) + ℓx(k, i).

This is the cycle component in the graph-Hodge decomposition of
pairwise rankings [Jiang et al., 2011]. LINCS uses it as the obstruction
to a declared downstream representation, rather than merely as another
fit statistic.

Boundary

Vanishing circulation certifies scalarizability only on the graph that
was observed. A tree has no cycle witness: every observed field
admits a potential, yet unobserved comparisons can complete it to
either a scalar or a cyclic field. “No witness” is unidentifiable, not
accepted.

16.2 Projection is not repair

With positive edge weights Wx, a scalar model can always return the
weighted projection

r∗x ∈ arg min
1⊤r=0

∥∥∥W1/2
x (ℓx − B⊤x r)

∥∥∥2
.

The residual hx = ℓx − B⊤x r∗x is the weighted cycle component. Better
optimization can reduce estimation error inside the gradient subspace;
it cannot eliminate a population component outside that subspace.
Reward-model fit and reward representability are therefore different
questions.



learning from structured preferences 205

16.3 Tangent transport and reward gauge

Suppose ℓx,θ is differentiable and a declared perturbation θ̇ induces
ℓ̇x = Jℓx (θ)θ̇. The tangent obstruction is

TΩx(θ̇) = Z⊤x Jℓx (θ)θ̇.

It distinguishes directions that preserve, create, or repair circulation,
even when their base fields agree.

Proposition 16.3 (Naturality and gauge). The base and tangent obstruc-
tions are invariant under admissible response relabeling. They are also un-
changed by rx 7→ rx + cx1.

Proof. Signed edge permutation transports Bx, Zx, and ℓx equivariantly.
The resulting permutation matrices cancel in Z⊤x ℓx and its derivative.
Gauge invariance follows from B⊤x 1 = 0.

Prompt-common reward offsets are thus quotiented as represen-
tational gauge. They cannot change a pairwise decision and should
receive no structural credit.

16.4 Localize before pooling

Let s = (x, a, g) index a prompt, annotator population, or other declared
stratum. The localized obstruction is the family

ΩU = {Z⊤s ℓs : s ∈ U}.

Aggregation can erase precisely the variation that matters.

Proposition 16.4 (Opposite-cycle cancellation). Let one population have
reciprocal comparison probabilities with log odds ℓ and nonzero circulation.
A second population reverses every comparison and therefore has log odds
−ℓ. Their equal probability mixture has zero pooled log odds on every edge,
although neither population is scalarizable.

Proof. If H = σ(ℓ), reversal gives σ(−ℓ) = 1− H. The equal mixture
is 1/2, whose logit is zero, while the two local circulations remain
opposite and nonzero.

Design principle

The cover declares where a representation must be valid. Pooling is
permitted only after local obstructions and their overlap semantics
agree.
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16.5 Statistical admission

For estimated log odds ℓ̂s with covariance Σ̂s, set

Ω̂s = Z⊤s ℓ̂s, V̂s = Z⊤s Σ̂sZs.

Under the scalarizable null and the usual fixed-graph asymptotics,

Qs = Ω̂⊤s V̂†
s Ω̂s =⇒ χ2

d,

where d = rank Vs. This yields a three-way decision:

D(Gs, ℓ̂s) =


U, d = 0,

R, d > 0 and pQ ≤ α,

AG, d > 0 and pQ > α.

Here U requests more comparisons or a weaker target, R rejects scalar-
ization, and AG conditionally admits it on observed support. Non-
rejection is not proof of a scalar population reward.

16.6 Relational fallback

When scalarization is rejected, retain the centered reciprocal game

A = H − 1
2 11⊤, A⊤ = −A,

and solve
π∗ ∈ arg min

π∈∆(V)
max

q∈∆(V)
q⊤Aπ.

Proposition 16.5 (Relational minimax guarantee). For every reciprocal
population matrix H, the game value is zero and a population minimax policy
has zero pairwise exploitability. Uniform play is minimax when A1 = 0, but
need not be minimax in asymmetric games.

Proof. Skew symmetry gives π⊤Aπ = 0. The finite minimax theorem
and exchange of the identical strategy simplices negate the value, so it
equals zero.

The guarantee does not eliminate finite-sample error: an empirical
minimax policy can still be exploitable under the population game.



learning from structured preferences 207

16.7 What the experiments establish

Experiment: LINCS-RLHF controlled preference suite

E1–E4 are controlled preference simulations in which independent
random seeds are the replication unit and repeated pairwise labels
are sampled from a known reciprocal population matrix. E1 varies
labels per edge and cyclic strength to separate null calibration
from power. E2 assigns opposite cycles to two annotator strata and
compares pooled with localized decisions. E3 uses complete five-
and seven-response games and evaluates fitted policies against the
population matrix. E4 varies observed graph support among trees,
one-cycle graphs, sparse connected graphs, and complete graphs.
Oracle population quantities score detection and exploitability but
are unavailable to the fitted gate and policies.

Study Retained result Failure or boundary Architectural consequence

E1: calibration and power null calibration within 0.015
for n ≥ 40; power at least
0.930 in the registered
high-information regime

near-zero power in
deliberately weak cells

admit only at declared
support and resolution

E2: opposite populations equal-mixture pooling
falsely admits 99.6%;
localization changes mean
exploitability 0.089→ 0.047

four low-information cells
worsen by at most 0.0042

preserve annotator strata
before aggregation

E3: larger games mean exploitability: scalar
0.084, uniform fallback
0.094, relational fallback
0.026

55 of 144 every-cell criteria
fail, mostly balanced games

relational fallback is
preferred, not universally
dominant

E4: incomplete graphs all trees labeled
unidentifiable; false rejection
0.008 at α = .01 on
cyclic-support graphs

power depends on signal
alignment, not cycle rank
alone

collect repeated comparisons
on informative cycles

Table 16.1: The registered sequence sep-
arates calibration, localization, fallback
quality, and graph identifiability. Nega-
tive cells remain visible.

A public-data audit sharpens the collection requirement. OpenAI
summarization-feedback batch 3 contained prompt-level cycles after
support thresholding, but no worker-by-prompt stratum retained a
cycle once each edge required even two labels. It can support a prompt-
level feasibility analysis, not the annotator-local mechanism tested in
E2. An audit-ready preference dataset must preserve stable response
identities, repeated connected cycles, and annotator metadata.
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Admission contract

Scalar policy optimization is admitted only when the declared
comparison graph contains estimable cycle witnesses, the stratum-
level test does not reject at its frozen threshold, support covers the
intended deployment graph, and multiplicity is handled at the
level of the scientific claim. Otherwise the controller collects data,
weakens the target, abstains, or retains the relational game.

Design lesson

LINCS–RLHF separates learning preferences from forcing them into
rewards. Circulation diagnoses whether scalarization is structurally
available; tangent transport identifies how that availability changes;
localization prevents heterogeneous populations from canceling; and
admission controls which representation reaches policy optimization.
When preferences do not scalarize, the repair is to retain relational
structure, not to optimize its scalar projection harder.

Further reading

The standard scalar pipeline combines preference-based reinforcement
learning [Christiano et al., 2017] with Bradley–Terry comparison mod-
els [Bradley and Terry, 1952]; direct preference optimization retains
the same reward-difference form inside a policy objective [Rafailov
et al., 2023]. Reward overoptimization [Gao et al., 2023] concerns what
happens when a learned scalar proxy is optimized too strongly. LINCS–
RLHF asks the logically prior question of whether the comparison field
is representable by any scalar reward on the declared support.

Graph-Hodge ranking [Jiang et al., 2011] supplies the gradient/cycle
decomposition. Relational alternatives include minimax RLHF [Swamy
et al., 2024] and general preference models [Zhang et al., 2025b]. Recent
hybrid work explicitly separates transitive and cyclic components and
optimizes the resulting game dynamically [Huang et al., 2026]. Together
these sources suggest a growing literature in which scalar reward, cyclic
structure, population heterogeneity, and game solutions are treated as
distinct modeling choices rather than forced into one ranking.



17
Relational Manifold Recovery
R A D A R

Relational data do not begin as point clouds. Tables, typed edges,
foreign keys, and join witnesses form a diagram before they form
any homogeneous proximity graph. RADAR retains that diagram,
designates its most informative view as an apex, and uses LINCS to
repair compatibility with simpler faces without trading away their
private geometry. RADAR abbreviates Relational Apex De-

scent for Auditable Realizations. The apex
is the view that retains declared informa-
tion its faces forget; it is not merely the
best-scoring encoder.17.1 A database is a diagram

Let S be a category presenting a database schema. A database instance
is a functor

I : S −→ Set

that assigns rows to entity types and functions to declared foreign keys
[Spivak, 2012]. In the controlled construction,

R ⊆ A× B, S ⊆ B× C, Q ⊆ A× C.

The higher-order evidence is the set of join witnesses

J = {(a, b, c) : (a, b) ∈ R, (b, c) ∈ S, (a, c) ∈ Q}.

A witness records which three typed facts cohere. It is not simply
another pairwise similarity.

A B C
R S

Q
join apex J

typed triangle witnesses

Proposition 17.1 (Projection non-identifiability). Let P map database
instances to weighted graphs on A. If P(I0) = P(I1) while I0 and I1 have
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different join-witness structure, every deterministic embedding that factors
through P returns the same output on both. Under equal priors, no evaluator
of that output can identify the generating join structure with accuracy above
1/2.

Proof. For an embedding E, equality of P(I0) and P(I1) implies equality
of E ◦ P. Conditioning a randomized method on its seed gives the same
argument.

This is not a criticism of Uniform Manifold Approximation and
Projection (UMAP) [McInnes et al., 2018]; it applies to every method
given the same lossy projection. A triangle-feature UMAP baseline
is therefore necessary: it separates access to higher-order information
from the value of relational descent.

17.2 Foundries and the apex

Let U = {Ui} be typed database views. Foundry i owns:

1. a carrier Vi of database keys and provenance;

2. a local section zi : Vi → R2;

3. a private fuzzy graph Gi = (Ei, µi); and

4. a restriction interface declaring what may be compared with other
views.

For every private edge e = (p, q), the initial distance determines a
band

ℓie ≤ ∥zi(p)− zi(q)∥ ≤ uie.

A signed anchor triangle prevents rank collapse:

σi det[zi(bi)− zi(ai), zi(ci)− zi(ai)] ≥ ρi.

Let yv ∈ R2 be a global coordinate and Hi = (Ri, ti) ∈ SE(2) carry
foundry i into the global frame. Incidence compatibility is

giv = Rizi(v) + ti − yv = 0.

The join-aware geometric-transformer view initializes y; the R and Q
faces are aligned to it. Symmetric averaging would incorrectly declare
the information-forgetting faces equivalent to their apex.

Definition 17.2 (Admissible relational realization). An admissible re-
alization satisfies every declared incidence, private fuzzy band, non-
collapse anchor, chart-centering constraint, and global Euclidean gauge.
When learned foundries disagree, the terminal incidence obstruction is
reported rather than hidden inside a weighted embedding objective.
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17.3 Infinitesimal relational descent

Writing K =
[ 0 −1

1 0

]
, the tangent incidence equation is

δgiv = RiKzi(v) δαi + Riδzi(v) + δti − δyv.

Stacking these rows gives a sparse Jacobian Dg. The computational
repair solves

Dg δ = −g

in a damped metric. This selects a tangent direction; it does not define
the semantic meaning of compatibility.

Private boundaries are activated before they are crossed. For sie =

∥zi(p)− zi(q)∥2,

ṡie = 2(zi(p)− zi(q))⊤(δzi(p)− δzi(q)).

If the proposed direction crosses an edge band or anchor-area floor, its
normal covector enters the active solve. Backtracking then evaluates
the exact nonlinear declarations.

RADAR relational descent

1: Construct typed face and join-witness foundries
2: Compute centered local sections and deterministic orientations
3: Build private fuzzy bands and signed-area anchors
4: Initialize the global section from the apex; align its faces
5: while an improving admissible step exists do
6: Linearize incidence and gauge equalities
7: Solve the damped sparse tangent system
8: Activate threatened edge and area faces; re-solve
9: Clip units separately and backtrack against the exact audit

10: Retract centering and the global SE(2) gauge exactly
11: end while
12: Return the realization, rejected steps, and terminal obstruction

17.4 What is exact

Define the transition between foundry frames by

Gji = H−1
j Hi.

Proposition 17.3 (Exact induced cocycles). For every triple overlap,

Gki = GkjGji.

Triple consistency therefore requires no separate cycle loss.
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Proof. (H−1
k Hj)(H−1

j Hi) = H−1
k Hi.

This exact transition cocycle does not imply small incidence obstruc-
tion. Frame consistency and agreement of the local sections are distinct
obligations.

Proposition 17.4 (Feasibility and apex stability). If each candidate is
accepted only after exact nonlinear auditing, every accepted iterate remains
feasible to the fixed tolerance and strictly lowers incidence RMS. Moreover, if
an apex linear probe has margin γ and the aligned repair displaces every point
by less than γ/∥w∥, its predicted labels are unchanged.

Proof. Feasibility follows inductively from the acceptance predicate.
The margin claim is Cauchy–Schwarz: no signed score can move by
γ.

Design principle

RADAR does not ask a scalar loss to trade incidence against private
geometry. The diagram defines a vector obstruction and a feasible
set; the solver chooses a direction, and the exact declarations decide
whether it may enter.

17.5 Controlled relational recovery

Closed and twisted synthetic databases have similar pairwise relation
graphs but different join closure. Ten paired seeds compare flattened
PCA, several UMAP and Hodge projections, edge- and triangle-aware
geometric transformers, and RADAR. Labels never construct a represen-
tation or select a repair. Every method receives exactly the information
named in its row: pairwise baselines receive flattened relations, the
triangle baseline receives engineered join features, and apex methods
receive typed witnesses. A common downstream linear probe scores
the resulting coordinates. Accuracy therefore measures information
retained under a fixed two-dimensional bottleneck, while incidence,
private-edge, anchor, and cocycle audits determine whether the RADAR
realization itself is admissible.



relational manifold recovery 213

Representation Accuracy ROC AUC Interpretation

PCA, flattened relations 0.485± 0.029 0.512± 0.035 homogeneous feature projection
UMAP, R-Jaccard 0.506± 0.029 0.490± 0.040 pairwise face only
UMAP, triangle features, 2D 0.545± 0.060 0.568± 0.101 higher-order features under the same

bottleneck
Pooled Hodge L1 0.519± 0.011 0.499± 0.051 fixed typed-complex comparator
GT apex, PCA to 2D 0.906± 0.014 0.905± 0.015 join-aware apex before repair
RADAR 0.906± 0.014 0.905± 0.012 compatible audited realization

Table 17.1: Primary endpoint at mode-
1 closure probability 0.15. RADAR pre-
serves the apex signal; it does not im-
prove it using hidden labels.

Experiment: RADAR two-dimensional recovery

Against R-only UMAP, the paired accuracy gain is 0.400, with
bootstrap interval [0.380, 0.421]. Across the complete 50-run noise
sweep, incidence falls in every run; maximum private-edge vio-
lation is 9.34× 10−9, minimum anchor retention is 99.22%, and
induced cocycle RMS is at most 1.66× 10−16.

Boundary

The capacity diagnostic is deliberately retained. Triangle-feature
UMAP reaches 0.906 accuracy in 8D and 16D. The result is there-
fore an audited two-dimensional recovery under a severe bottle-
neck, not an information-theoretic separation from every engi-
neered graph representation.

17.6 MovieLens as a conjunctive gate

Experiment: RADAR MovieLens conjunctive gate

The chronological MovieLens 100K study uses only training events
to construct geometry and joins [Harper and Konstan, 2015]. Apex
RADAR exceeds matched rating-weighted UMAP by 0.0272 nor-
malized discounted cumulative gain at rank ten (NDCG@10), re-
duces incidence in all five seeds, retains at least 98.4% of every
anchor, and closes cocycles to numerical precision. Those structural
and ranking gates pass.
Its rating root-mean-square error (RMSE) is 1.154, however, which
is 0.154 worse than the 2D matrix-factorization comparator and
fails the preregistered 0.05 safeguard. The correct outcome is
diagnostic, not a positive recommendation claim.
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Admission contract

A RADAR realization is promoted only when incidence strictly
decreases, private bands and non-collapse anchors remain feasible,
induced cocycles close, the apex signal survives, and every task-
specific safeguard passes. Passing ranking while failing calibration
blocks the aggregate claim.

Design lesson

RADAR separates three sources of value. The apex encoder supplies
higher-order information; LINCS supplies compatibility repair; exact
audits determine admission. The method cannot reconstruct witnesses
discarded before the apex was built, and compatibility alone does not
guarantee downstream calibration. Its contribution is an auditable
relational realization whose successes and terminal failures remain
typed.

Further reading

The categorical database foundation is functorial data migration [Spivak,
2012]. For manifold learning, UMAP [McInnes et al., 2018], PaCMAP
[Wang et al., 2021], and densMAP [Narayan et al., 2021] illustrate
different choices about neighborhood, global, and density preservation.
These methods begin after data have been presented as points or a
proximity structure; RADAR asks what typed relational information is
lost in that presentation.

Relational graph convolution [Schlichtkrull et al., 2018], simplicial
neural networks [Ebli et al., 2020], cellular networks [Bodnar et al.,
2021], and generalized simplicial attention [Battiloro et al., 2024] show
how typed edges and higher cells can enter a learned representation.
Statistical Hodge theory [Jiang et al., 2011] provides a complemen-
tary spectral decomposition. RADAR should be compared with these
methods under matched information access and output dimension; its
distinctive claim is exact, apex-directed compatibility auditing rather
than universal superiority of relational geometry.
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Sheaf-Based Distributed Learning
S I D

Foundries maintain reusable local knowledge across contexts. SID
instantiates them as sheaf-valued predictive models and makes the de-
scent diagram itself the learning object. It separates local compatibility,
global effectivity, tangent updates that preserve descent, and transverse
repairs that return an obstructed family toward the descent locus. SID abbreviates Sheaf Infinitesimal Descent.

It replaces a representation-specific glu-
ing penalty with a typed descent-and-
admission interface.

18.1 Compatibility and effectivity

Let {Ui → U} be a finite cover and let a presheaf X assign a predictive-
state object X(Ui) to each context. Restrictions expose shared questions:

ρi
ij : X(Ui) −→ X(Uij).

Local sections xi ∈ X(Ui) are compatible when

ρi
ij(xi) = ρ

j
ij(xj)

on every declared overlap. Predictive-state realizations are natural here
because they describe a system through observable tests rather than a
single assumed latent state [Littman et al., 2001, Singh et al., 2004b].

Define
MU = ∏

i
X(Ui), OU = ∏

i,j
X(Uij),

and let d0, d1 : MU ⇒ OU apply the two restrictions. The compatible-
family object is

ZU = Eq(d0, d1).

A separate map
ηU : X(U) −→ ZU

restricts a declared global model to its local family.

X(U) ZU MU OU
ηU

d0

d1
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Compatibility asks whether a family lies in ZU . Effectivity asks
whether it lies in the image of ηU . Local models can agree on every
measured overlap while failing rank, normalization, causal, or dynami-
cal constraints of the global model class.

Definition 18.1 (SID factorization problem). The base SID obstruction
is the obstruction to inhabiting both the compatibility and effectivity
factorizations of the declared descent sketch. The tangent obstruction
is the same factorization problem after applying the tangent functor to
its objects, restrictions, and cones.

Design principle

Compatibility and effectivity are two typed obstructions, not two
terms in one loss. They can demand different repairs: transport
between local models, expansion of the global class, a new context,
or refusal to promote.

18.2 Why a gluing loss is not the declaration

Earlier Prometheus and Odyssey realizations used a weighted gluing
tension

Lglue = ∑
i,j

wij

∥∥∥ρi
ij(xi)− ρ

j
ij(xj)

∥∥∥2

[Mahadevan, 2026k,j]. It is a useful concrete architecture, but it pre-
supposes subtraction, a norm, and a weight relative to prediction. It
also vanishes on every compatible family, including families outside
the admitted global class.

SID retains the cover, provenance, restrictions, and promotion se-
mantics but makes the descent factorization primitive. A metric may
choose among corrections; it does not define what gluing means.

Proposition 18.2 (Restriction to a subcover). A global compatibility witness
restricts naturally to every declared subcover, before and after tangent lift.
Conversely, vanishing on selected subcovers implies global compatibility only
if they jointly contain every declared simplex and their corrections agree on
shared local objects.

Independently repairing each pair can assign incompatible updates
to the same foundry. Localization must itself be a compatible family.

18.3 The linear predictive-state model

Let θi ∈ Rpi parameterize foundry i, and let Ri
ij select or transport

predictions to shared tests. After choosing an orientation of the overlap
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graph, stack the restriction differences:

Aθ =
(

Ri
ijθi − Rj

ijθj
)
(i,j).

The compatible locus is ker A. If u is a proposed predictive update, the
unit SID correction solves

Aa = −A(θ + u).

When A has full row rank, the minimum-norm realization is

a = −A⊤(AA⊤)−1 A(θ + u).

Theorem 18.3 (Compatibility and prediction decomposition). Let

PA = I − A⊤(AA⊤)−1 A.

Starting from a compatible θ, the repaired update is

θ+ = θ + PAu.

Thus SID retains precisely the component of the predictive update tangent to
the compatibility subspace. From an arbitrary state, the unit repair projects
θ + u onto ker A.

Proof. Substitute the displayed correction and use Aθ = 0. The matrix
PA is the orthogonal projector onto ker A.

The theorem also marks a boundary: projection may remove a
locally useful component of u. Structural and predictive metrics must
be reported separately.

18.4 Tangent descent

Assume the predictive category carries tangent structure [Cockett and
Cruttwell, 2014b].

Theorem 18.4 (Tangent descent). If T preserves the finite products defining
MU and OU , and preserves the equalizer defining ZU , then

TZU ∼= Eq(Td0, Td1).

Consequently, at a compatible smooth family z, an infinitesimal local update v
preserves compatibility exactly when

Tzd0(v) = Tzd1(v).

Proof. Apply T to the equalizer cone. The preservation hypotheses
make the lifted cone an equalizer.

This is a preservation theorem. Away from the descent locus, tangent
vectors to two restrictions lie over different base points and cannot be
directly identified. Repair needs an additional lift.
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18.5 Transverse repair

Suppose compatibility is represented locally by a regular constraint
g : M → Rm, with descent locus Z = g−1(0). Given a predictive
direction ux, choose ax so that

Dgxax = −g(x)− Dgxux,

then retract x+ = Retx(ux + ax).

Proposition 18.5 (First-order repair). If g is twice continuously differen-
tiable, Dgx has a locally bounded right inverse, and the retraction is first-order
accurate, then

g(x+) = O
(
∥ux + ax∥2

)
.

The linear compatibility defect is removed without descending ∥g(x)∥2.

Proof. Taylor expansion cancels the base and linear terms by the repair
equation.

If the linear solve has residual at most εx, the same argument gives

∥g(x+)∥ ≤ εx + c∥ux + ax∥2.

Solver error, statistical uncertainty, and linearization error therefore
remain separately auditable.

Boundary

Exact categorical notation does not make an estimated restriction
exact. A repair is admitted only when its reduction exceeds un-
certainty in the overlap witness and the predicted second-order
remainder.

18.6 Restricted repairs and integrability

Let A ⊂ TM be the edits actually exposed by the architecture and set

DSID = A|Z ∩ TZ.

Theorem 18.6 (Admissible integrability). If DSID has constant rank and
is closed under Lie brackets, then each compatible family lies on a maximal
local integral manifold whose tangent directions are precisely the available
gluing-preserving repairs.

Proof. This is the Frobenius theorem applied to the restricted repair
distribution.

Bracket closure is informative only for a restricted repair language.
If A = TM, then DSID = TZ and closure is automatic. The theorem is
local integrability, not convergence and not a universal argument for
bracket regularization.
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18.7 The SID controller

Sheaf Infinitesimal Descent

1: Estimate local predictive updates ui

2: Evaluate typed compatibility and effectivity witnesses
3: Localize each witness to its incident cover simplices
4: Solve for admitted tangent corrections ai

5: Retract xi ← Retxi (ui + ai)

6: Audit pair, triple-overlap, and global-realizability conditions
7: Promote, damp, quarantine, collect data, or revise the cover

Method Primitive Structural consequence

Glue loss scalar tradeoff approximate pair
agreement

Augmented Lagrangian equality plus duals solver-dependent
feasibility

Projection realized constraint direct local feasibility
SID descent sketch and

repair lift
typed compatibility,
effectivity, localization,
and admission

Table 18.1: Similar linear algebra can im-
plement different learning contracts.

18.8 Four foundry proofs of concept

Foundry SID result Preserved outcome Claim boundary

Trade corridor overlap residual 6.64× 10−17

after one tangent lift
global RMSE 0.0918;
promotion 0.966

synthetic nonmilitary
predictive system

GLP-1 replay residual 0, versus 0.0877
independent and 0.00202
glue loss

perfect global field and
promotion accuracy

structural consistency, not
medical truth

10-K replay residual 0, versus 0.0290
independent and 0.000712
glue loss

perfect global field and
promotion accuracy

frozen 46-claim audit, not
financial advice

Product-feedback replay exact compatibility; 0.976
witness retention; full
context coverage

perfect contract and
promotion accuracy

aggregate-interface audit,
not review truth

Table 18.2: Thirty-seed proofs of concept
retain prediction and promotion metrics
separately from descent residuals.
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Experiment: SID frozen-foundry replays

These are thirty-seed controlled replays from frozen local represen-
tations; reference labels score the run but never enter the correction.
The GLP-1, 10-K, and product rows test descent plumbing rather
than domain truth. The trade-corridor benchmark is particularly
diagnostic: a tuned gluing penalty slightly improves local predic-
tion over SID but leaves a nonzero witness, while a robust median
improves global prediction without repairing compatibility. Aggre-
gation, prediction, and descent are different operations.

Admission contract

A SID repair is admitted only when its typed witness is identifi-
able, the targeted compatibility or effectivity obstruction decreases
beyond solver and statistical uncertainty, shared corrections agree
across the cover, declared predictive and promotion safeguards
pass, and no new obstruction appears. Otherwise the system
damps, quarantines, gathers evidence, or revises the cover.

Design lesson

SID turns local-to-global structure into a learning interface. The cover
localizes responsibility; the equalizer distinguishes compatibility from
effectivity; tangent descent preserves admissible families; transverse
repair returns obstructed families toward them; and admission prevents
numerical agreement from being mistaken for global truth. This is the
sheaf-theoretic core behind foundry persistence.

Further reading

The classical background for sheaves, descent, and topos semantics
is given by Mac Lane and Moerdijk [1992]. Predictive state repre-
sentations originate in early work on predictive representations and
dynamical systems [Littman et al., 2001, Singh et al., 2004b]; later work
connects prediction to planning and abstraction [Boots et al., 2011, Soni
and Singh, 2007]. These readings clarify the two ingredients SID com-
bines: local-to-global consistency and state represented by observable
predictions.

Machine-learning uses of sheaves include sheaf neural networks
[Hansen and Gebhart, 2020], connection-Laplacian models [Barbero
et al., 2022], neural sheaf diffusion [Bodnar et al., 2022a], and nonlinear
adaptive sheaf diffusion [Zaghen et al., 2024]. Copresheaf topological
neural networks extend the architecture-level viewpoint [Hajij et al.,
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2025]. SID addresses a different layer: it treats the declared descent
diagram as a constraint and repair interface, including effectivity and
admission, rather than choosing a sheaf Laplacian as the predictive
architecture.
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Infinitesimal Argument Repair
S C O LT

The Sheaf Chain of Toulmin Thought, or SCoTT, represents an ar-
gument as local Toulmin tickets and asks whether their typed roles
glue. Chapter 10 introduced CoLT as a general architecture for rea-
soning by structural repair. Its Toulmin specialization is SCoLT, the
Sheaf-theoretic Chain of lincs Thought. SCoLT keeps the SCoTT base
construction fixed and asks a further question:

If an admissible argument is perturbed, transported, composed, or re-
paired, does it remain warranted, and can a failure be localized and
corrected without changing its declared meaning?

The distinction produces a simple hierarchy. Chain of Thought
generates a reasoning sequence. Chain of Toulmin Thought assigns ar-
gument roles. SCoTT tests whether local Toulmin structure glues. CoLT
supplies the general diagnose–repair–admit architecture, and SCoLT
differentiates, localizes, and safely repairs a failure in the Toulmin
argument sheaf. SCoTT supplies the base argument sheaf.

SCoLT is its governed CoLT evolution
under perturbation, localization, repair,
and admission.

Boundary

SCoTT provides the static sheaf-theoretic criterion: local Toulmin
tickets must agree on overlaps and admit a global realization.
SCoLT adds a dynamical criterion: that agreement must remain
stable under declared perturbations, and any repair must preserve
the argument’s licensed meaning. The deterministic E0 study
isolates this architectural claim; it does not assess unrestricted
natural-language reasoning.

19.1 The Toulmin learning sketch

Let
SArg = (SArg,DArg,LArg,KArg)
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be the argument learning sketch. Its objects include claims C, grounds
G, warrants W, backing B, qualifiers Q, rebuttals R, source-bearing
proposition clusters, local tickets, compatible families, and admitted
global arguments.

Its arrows perform role extraction, source pullback, restriction, war-
rant licensing, backing support, qualifier scoping, rebuttal discharge,
graph incidence, local-to-global realization, and projection to a down-
stream decision.

The declaration contains four particularly important path obligations.

Warrant transport. Restricting a warranted argument must agree with
restricting its grounds, warrant, and claim before reconstructing the
local bridge:

ρC(W(G)) ∼= ρW(W)(ρG(G)) .

Source naturality. A transported claim must retain the source restriction
that licensed the grounds. Source erasure is a path failure even if the
surface claim is unchanged.

Qualifier and rebuttal preservation. Transport may tighten a qualifier but
cannot silently strengthen the claim. A rebuttal must remain explicit,
be discharged by a declared evidence-bearing rule, or block promotion.

Descent and effectivity. Compatible tickets form a cone over their over-
lap diagram. A distinct realization map determines whether that com-
patible family is an admissible global argument.

19.2 Base and tangent argument obstructions

For a realized argument diagram

DArg : JArg −→ C,

the base obstruction is

O0 = OSArg(DArg).

It represents admissible diagnostics of missing or incompatible claims,
grounds, warrants, qualifiers, rebuttals, sources, graph obligations, and
global promotion.

Choose a declared tangent site TArg and lift the same sketch:

O1 = OSArg(TDArg).

The tangent obstruction asks whether warrant structure survives de-
clared changes in wording, evidence, source, context, model, prompt,
intervention regime, and preference population.
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Tangent site Example probe Characteristic failure

Surface form Meaning-preserving
paraphrase

Parser- or
wording-dependent role
assignment

Evidence Delete or substitute one
ground

Unsupported claim or
discontinuous warrant

Warrant Swap the inference rule
while holding roles fixed

False bridge acceptance

Qualifier Tighten or relax scope Silent strengthening of
the claim

Rebuttal Inject, remove, or
strengthen an exception

Obstruction erasure

Source Move evidence across
provenance domains

Source pullback failure

Context Restrict or expand the
local chart

Failure of naturality
under context change

Preference population Change annotator or
prompt stratum

Hidden cyclic or
heterogeneous
preference obstruction

Table 19.1: A tangent site declares
which argument variations carry seman-
tic meaning.

19.3 Quotient, localization, and repair

Not every textual difference should trigger repair. A task-specific
quotient

χ : (O0, O1) −→ (Ō0, Ō1)

removes decision-null variation. Meaning-preserving formatting, re-
ordering of independent grounds, and shared stylistic changes may be
null. Qualifier, source, warrant, and rebuttal changes are not null when
they can affect promotion.

The remaining obstruction is localized over a cover of reasoning steps,
source passages, retrieved documents, proposition clusters, warrant
bridges, model runs, populations, and downstream decision branches.
The output is a compatible family of typed witnesses rather than an
unordered collection of scores.

Repair has two modes. Tangential preservation changes presentation
while remaining in the same admitted semantic family. Transverse
repair changes a structurally material component: restoring evidence,
weakening an overstatement, reinstating a rebuttal, replacing a warrant,
or requesting missing support.
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Admission contract

A Toulmin repair must remove the targeted paired obstruction,
introduce no new typed obstruction, preserve source binding,
respect the decision quotient, and pass held-out probes. If the
cover is incomplete or the repair cannot be identified, the correct
outcome is abstention or evidence collection.

19.4 E0: deterministic structural perturbations

The E0 study asks whether paired SCoLT profiles distinguish declared
null changes from material changes to corpus-derived tickets. The eval-
uation uses all tickets produced from the 340-document Web-discourse
corpus of Habernal and Gurevych and the 112 English argumenta-
tive microtexts of Peldszus and Stede, with no fitted parameters and
therefore no train/test split.

Null controls changed formatting or reversed independent grounds.
Material probes dropped a claim, warrant, ground, or rebuttal; strength-
ened a qualifier; or swapped a warrant or source binding. Each ma-
terial probe changed one declared obligation. Inapplicable probes
were omitted rather than counted as negatives; swaps used the next
non-equivalent populated ticket within the same corpus.

The one-point comparator inspected only the perturbed ticket and
detected missing required fields. The paired LINCS profile compared
anchor and perturbation after applying the quotient, then emitted typed
changes for claim, grounds, warrant, qualifier, rebuttal, and source.

Measure One-point base gate SCoLT

Sensitivity to material change 0.4090 1.0000

Specificity on null controls 0.9783 1.0000

Balanced accuracy 0.6936 1.0000

F1 0.5786 1.0000

Exact obstruction localization not available 1.0000

Table 19.2: E0 results on 564 corpus-
derived tickets and 4,283 perturbation
pairs.

The observed balanced-accuracy improvement was 0.3064, exceeding
the pre-specified 0.25 criterion. The strongest base-gate blind spots were
populated-but-swapped warrants, changed source bindings, strength-
ened qualifiers, and removed rebuttals.

Repair controls made the structural distinction sharper. LINCS
admitted every exact restoration and rejected every generic nonempty
surface patch. The base completeness gate admitted 96.99% of those
superficial patches.
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Experiment: what E0 validates

E0 validates the executable distinction between checking whether
a ticket is populated and checking whether its typed obligations
remain invariant under a declared change. It also validates the two
quotient-null controls, typed localization, and blockwise rejection
of nonempty but unwarranted repairs.

Boundary

The perturbations and evaluator share a typed structured represen-
tation. The perfect LINCS result therefore validates factorization,
quotient, localization, and admission plumbing. It does not demon-
strate robustness to natural paraphrases, noisy extraction, learned
repair, answer correctness, automatic-differentiation semantics for
language, or preference alignment.

19.5 Limits and evidential ladder

E0 establishes that the typed machinery behaves correctly when pertur-
bations and tickets share a structured representation. Stronger claims
require three additional empirical regimes.

1. Extraction robustness requires held-out human or model-generated
paraphrases and revisions evaluated after imperfect Toulmin extrac-
tion.

2. End-to-end repair requires language-model proposals compared un-
der guarded admission, scalar reranking, unconstrained self-revision,
and abstention.

3. Preference-sensitive admission requires testing whether preferences
among argument candidates admit a scalar reward, with a relational
fallback when cycles or population heterogeneity remain.

The present evidence therefore supports a narrow but substantive
conclusion. SCoLT validates typed perturbation, quotienting, localiza-
tion, and guarded repair for structured argument tickets. It does not
yet establish robust extraction from unrestricted prose, reliable gener-
ation of novel repairs, or superiority to scalar baselines in end-to-end
argumentation.

Further reading

The conceptual starting point is Toulmin’s original account of claims,
grounds, warrants, backing, qualifiers, and rebuttals [Toulmin, 1958].
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The Argumentative Microtext corpus [Peldszus and Stede, 2015] and
Web-discourse argument mining [Habernal and Gurevych, 2017] pro-
vide useful empirical settings in which argument components and
relations are explicitly annotated.

For modern language models, zero-shot Toulmin explication [Gupta
et al., 2024] shows that named argument roles can guide structured
extraction, while fine-tuned LLM argument mining [Cabessa et al.,
2025] represents the broader end-to-end extraction literature. TRACE
[Kim and Yang, 2026] uses Toulmin elements to assess chain-of-thought
reasoning. SCoLT is adjacent to all three but asks a different question:
after roles have been extracted, do warrants, sources, qualifiers, and
rebuttals restrict and glue coherently, and can a proposed repair be
admitted without silently changing the claim?



20
Trustworthy Foundation Models
O DY S S E Y A N D P R O M E T H E U S

Foundation models are usually identified with the parameters of a
large pretrained network. That identification is too narrow for systems
expected to support research, decisions, and persistent institutional
knowledge. The model may generate a fluent candidate answer, but the
answer also depends on sources, retrieval, tools, intermediate artifacts,
domain assumptions, cross-document joins, and rules governing what
may be retained. Trust therefore cannot be a property of the neural
model alone.

Kimi K3 makes this boundary concrete. Releasing a 2.8-trillion-
parameter open-weight model does not by itself make the model op-
erational: sparse expert routing, hybrid long-context attention, low-
precision realization, inference kernels, and distributed execution are
part of the usable system [Kimi Team, 2026]. Chapter 12 treats these
interacting layers as a frontier-scale example of architectural obligations
and repair. The weights are indispensable, but they are not the whole
maintained artifact.

This chapter develops a complementary view. A trustworthy foun-
dation model is a maintained foundry: a typed system of local rep-
resentations whose claims can be traced to evidence, compared on
overlaps, repaired when incompatible, and admitted into durable state
only under an explicit contract. Odyssey supplies the governance and
admission architecture for such foundries. Prometheus supplies a deep-
research engine that constructs and inspects candidate world-model
artifacts. Their division of labor realizes the LINCS workflow at system
scale [Mahadevan, 2026j,k].

In this setting the distinction between a model of the world and a
model of learning becomes operational. Prometheus may construct
a biological, financial, or scientific world model whose mechanisms
support domain questions. Odyssey models the process by which
such artifacts are sourced, joined, challenged, revised, and promoted.
LINCS makes that second-order system actionable: one can intervene
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on an extractor, cover, argument rule, refresh policy, or admission block
while preserving the unaffected foundry obligations. Such an edit is
structural surgery on the learning system, not automatically a causal
intervention in the represented world.

A generated artifact is a proposal. It becomes maintained knowledge
only after its provenance, restrictions, overlaps, arguments, and intended
use have survived independent admission.

The phrase truth-preserving is deliberately
local. It means preserving declared ev-
idence and compatibility conditions un-
der transport. It does not mean that the
system possesses an oracle for external
truth.

Boundary

The architecture addresses structural trustworthiness: provenance
loss, scope drift, incompatible local claims, unsupported argument
transport, stale artifacts, and unsafe promotion. It cannot make
an unreliable source reliable, prove that a cover is complete, or
turn a plausible causal claim into an identified causal effect. Those
remain evidence and validation problems.

20.1 From a model to a foundry

The term foundation model emphasizes broad reuse across downstream
tasks [Bommasani et al., 2021]. The foundry view asks what must sur-
round that reusable substrate before its outputs can support accountable
work. A convenient declaration is

F =
(
S, U , E , ρ, O, A, V

)
.

Here S is the sketch of objects and required paths; U = {Ui → U} is
the localization cover; E is the evidence-bearing presheaf or sheaf; ρ

denotes restriction and transport maps; O is the obstruction ledger; A
is the admission contract; and V is the versioned, refreshable state that
has already been admitted.

This declaration changes the unit of trust. The unit is not an entire
model and not an unqualified sentence. It is a typed claim in a local
context, connected to a source span and an argument, with a recorded
status under a particular admission contract. Different portions of one
generated report may consequently have different statuses.

Definition 20.1 (Locally trustworthy foundry state). An artifact x is
locally trustworthy relative to a foundry declaration F when its evidence
restrictions are defined, its declared overlaps satisfy the applicable
compatibility laws, its argument ticket licenses the intended conclusion,
and its admission blocks accept it for a specified use. The definition
is relative to F, its sources, and its audit family; it is not a claim of
absolute truth.
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Four separations follow.

Generation is separated from admission. The process that proposes an
artifact should not be the sole authority that promotes it.

Compatibility is separated from effectivity. Local claims can agree pairwise
without supporting a usable global object. The system must check both
overlap agreement and the existence of an admissible realization.

Evidence is separated from argument. A source span can support grounds
without licensing the warrant used to reach the conclusion. Toulmin
structure makes that gap inspectable.

Current state is separated from persistent state. A fresh run may be
queryable while remaining quarantined. Durable state requires an
explicit update and refresh decision.

20.2 The Odyssey–Prometheus division of labor

Odyssey and Prometheus occupy different positions in the architecture.
Prometheus acquires heterogeneous sources, extracts structured events
and claims, builds local predictive or causal representations, checks
overlaps, and emits an artifact bundle. Odyssey declares what is being
built, governs the workflow, validates representation laws, exposes
arguments, and decides what becomes maintained foundry state.

Role Primary responsibility Trust question

Scylla Human-facing model brief
and answer contract

What is being claimed, for
whom, and under what
scope?

Homer Workflow orchestration,
checkpoints, and replay

Can the construction be
reproduced and refreshed?

Athena Cover, local types, restrictions,
and gluing laws

Do the representations
compose as declared?

Prometheus Source acquisition and
candidate world-model
artifacts

What local evidence, models,
and tensions can be
constructed?

Toulmin Claim, grounds, warrant,
backing, qualifier, and
rebuttal

Does the evidence license the
stated conclusion?

TICKET Promotion, qualification,
quarantine, or rejection

May this artifact enter
maintained state for the
requested use?

Table 20.1: The roles separate proposal,
structural validation, argument scrutiny,
and admission.
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The names are less important than the separation of powers. A
Prometheus bundle can contain a source manifest, artifact manifest,
world-model description, restriction and gluing audit, obstruction
ledger, dashboards, and refresh plan. These artifacts remain inspectable
even if Odyssey declines to promote them. Conversely, Odyssey can
export an admitted foundry slice to Prometheus for exploration without
surrendering the admission boundary.

Design principle

The artifact producer should expose enough structure for another
component to reject, qualify, or replay its work. Trustworthy
generation requires a first-class refusal path.

20.3 Safety as an admission problem

Many safety mechanisms operate on the final response: filter a pro-
hibited request, score toxicity, or inspect a completed answer. Those
mechanisms are necessary in suitable settings, but a research foundry
has a longer failure surface. A source may be silently dropped; a
claim may migrate to a broader population; two reports may use the
same word for different variables; a numeric statement may lose its
units or period; a rebuttal may disappear during summarization; or a
provisional inference may be stored as fact.

LINCS treats these as failures of declared compositionality. For
a candidate artifact x, an admission record may retain a structured
residual

Ω(x) =
(
Ωsource, Ωscope, Ωoverlap, Ωargument, Ωfreshness, Ωuse

)
.

The components are not collapsed prematurely into a single safety
score. They identify different repairs and confer different authority.
A missing source requires retrieval or abstention; a scope mismatch
requires qualification; an overlap tension may require a split cover; an
unsupported warrant requires new grounds or a weaker conclusion;
and stale evidence requires refresh.

The admission map is correspondingly typed:

AdmitF(x) ∈ {promote, qualify, quarantine, reject, abstain}.

These outcomes should not be read as a total ranking. A quarantined
artifact may be useful for inspection but ineligible for downstream
decisions. A qualified claim may be admissible in one population and
forbidden in another. Abstention records that the declaration does not
license an answer.
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Admission contract

No generated claim enters durable foundry state merely because
it is fluent, probable, or internally consistent. Promotion requires
source-bearing local sections, declared restriction maps, a retained
obstruction record, an argument ticket, a use-specific gate, and a
refresh policy.

Chain-of-Evidence offers a complementary operational precedent:
provenance is maintained while an autonomous research artifact is con-
structed, and the resulting claims are checked against literature, code,
evaluator outputs, and experiment logs [Meng et al., 2026]. A LINCS
foundry places those evidence links inside a broader admission state
that also retains scope, local-to-global compatibility, rejected repairs,
and refresh obligations.

20.4 The six-stage workflow at foundry scale

The architecture is an instance of the six-stage workflow developed in
Chapter 2. The correspondence is especially useful because it distin-
guishes model improvement from the governance of model state.

Stage Foundry operation Typical safety artifact

Declare Specify task, sketch, cover,
sources, roles, and intended
use

Scylla brief and Athena plan

Differentiate Probe source removal,
paraphrase, regime change, or
model variation

Sensitivity and counterfactual
audit

Quotient Identify duplicate,
presentation-equivalent, or
decision-null variation

Canonical source and claim
identities

Localize Assign failure to evidence,
overlap, argument, or
workflow chart

Obstruction ledger with
witnesses

Repair Retrieve, split, qualify, re-run,
or revise the warrant

Versioned repair and replay
trace

Admit Apply structural, evidential,
semantic, and operational
gates

TICKET decision and refresh
obligation

Table 20.2: LINCS operations become
governance operations when the learned
object is a maintained foundation-model
foundry.

Infinitesimal probes have a practical role here. Removing one source,
perturbing one premise, changing a reporting period, or transporting a
claim to an adjacent population asks whether the admitted conclusion
is locally stable. Large discontinuities remain possible: a new ontology,
causal mechanism, or foundry cover may have to be proposed. As
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Chapter 22 explains, the infinitesimal layer diagnoses pressure on the
current declaration; it need not pretend that every architectural repair
is a small parameter update.

20.5 Three foundry case studies

The same architecture becomes concrete in very different domains.
Health research stresses population, intervention, and safety qualifiers.
Corporate filings stress source anchors, units, periods, and narrative–
numeric agreement. Product research stresses identity, review hetero-
geneity, and transport between consumer, store, brand, and corporate
contexts.

The evidential unit in these studies is an artifact record, not a gener-
ated sentence scored in isolation. Each record carries a source identifier
and span, local type and scope, restriction outcomes, argument status,
admission decision, and refresh obligation. Counts below are descrip-
tive audit totals from frozen foundry runs. They establish that the
architecture can preserve and expose these distinctions; they are not
estimates of population-level answer accuracy, causal correctness, or
professional decision quality.

20.5.1 A GLP-1 health-research atlas

The Prometheus GLP-1 study retained eleven heterogeneous documents
rather than forcing them into a single evidential genre. The corpus
included efficacy studies, safety and adverse-event material, access and
adherence, cardiometabolic outcomes, delivery technologies, and adja-
cent mechanistic work. Its construction produced 3,376 extracted events,
11 causal episodes, 191 local predictive-state contexts, 190 restriction
checks, 186 compatible gluing overlaps, and four tense overlaps. Of the
restrictions, 149 were compatible and 41 divergent.

Those numbers describe an atlas, not a vote. Evidence for core
weight-loss efficacy can glue across suitable clinical contexts while
gastrointestinal mediation, hair loss, hormonal effects, reward pathways,
and adjacent animal mechanisms remain local, qualified, or obstructed.
The appropriate output is therefore not the global sentence “GLP-
1 works.” It is a navigable collection of claims whose intervention,
population, outcome, evidence level, and rebuttals remain visible. In a health foundry, preserving a con-

tradiction can be safer than resolving
it. Two studies may differ because their
populations, interventions, outcomes, or
evidence levels should never have been
glued.

This case illustrates why non-compositionality is not merely another
loss. Each divergent restriction carries a type and a proposed next
observation. Scalar averaging would erase the distinction between a
genuine contradiction and a legitimate regime boundary.
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20.5.2 A corporate 10-K foundry

A corporation foundry uses a cover over financial statements, risk
factors, management discussion, strategy signals, and market context.
The overlaps encode questions such as whether financial trends agree
with the narrative, whether strategy claims survive risk-factor rebuttals,
and whether a claimed market advantage is supported outside the
filing.

One Adobe 10-K workflow produced 46 candidate claims: 28 were
supported and 18 were retained with qualifications. Its gates required
filing-local source anchors, exact table–unit–period checks for numeric
claims, risk-factor rebuttals for strategic synthesis, and preservation of
upstream identifiers and qualifiers across role handoffs. The result was
marked ready for Scylla review rather than declared globally true.

A separate corporation gluing audit illustrates the value of retained
failure. Financial–risk, financial–narrative, and narrative–strategy over-
laps glued, while the strategy–market overlap remained obstructed
pending further filing passages and market evidence. A conventional
summary could hide that asymmetry inside a polished account. The
foundry instead keeps the unsupported moat inference out of trusted
state.

20.5.3 Product and review foundries

A product-review foundry declares restriction ports for product iden-
tity, review corpus, rating metadata, theme surface, claim evidence,
and negative-review rebuttals. A broader product foundry can then
join those charts to store experience, assortment, brand promise, and
corporate context.

This decomposition prevents three common collapses. Reviews for
adjacent products are not evidence for the focal product merely because
their names are similar. A frequent review theme is not automatically
a population-level fact. And a brand promise cannot be inferred from
consumer sentiment without a declared bridge to corporate evidence.
Product identity, source provenance, corpus coverage, and negative
evidence remain first-class obligations.
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Experiment: frozen trustworthy-foundry audits

The GLP-1 atlas records 3,376 extracted events, 191 local predictive-
state contexts, and 190 restriction checks; the Adobe 10-K workflow
records 46 candidate claims, of which 28 are supported and 18

retained with qualifications. These are descriptive artifact audits
demonstrating retained provenance, scope, and obstruction states.
They are not population-level estimates of medical, financial, or
product-answer correctness.

Foundry Unsafe global
collapse

Localizing cover Characteristic
gate

GLP-1 research One verdict
across trials,
safety reports,
populations, and
mechanisms

Population,
intervention,
outcome,
evidence level

Regime-
compatible
clinical claim
with explicit
qualifier

Corporate 10-K Fluent strategy
narrative
detached from
numbers and
risks

Statement, risk,
management,
strategy, market

Source anchor
plus exact unit,
period, and
rebuttal

Product research Aggregate
sentiment
transported
across products,
stores, and brand
claims

Identity, reviews,
ratings, themes,
store, brand

Product-local
evidence and
retained
negative-review
rebuttal

Table 20.3: Trustworthiness depends on
the domain-specific cover and admission
law, not on a universal confidence thresh-
old.

20.6 A compositional account of AI safety

The foundry perspective does not replace alignment, robustness, pri-
vacy, security, or human-factors research. It contributes a structural
layer that connects them. A safety requirement becomes operational
when one can say which diagram should commute, which perturba-
tions are meaningful, which variation is irrelevant, where failure can
be localized, and what repair may be admitted.

Five recurring safety failures acquire compositional forms:

1. provenance loss: source restriction no longer commutes with claim
transport;

2. scope drift: a claim is pushed into a population or use not covered by
its qualifier;
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3. context collapse: locally valid sections are glued across an obstructed
overlap;

4. argument laundering: grounds survive summarization while the war-
rant, rebuttal, or uncertainty disappears; and

5. state contamination: a candidate or stale artifact is treated as admitted
current knowledge.

These failures are related but not interchangeable. Their obstruction
types determine whether the correct response is retrieval, qualification,
cover refinement, argument repair, refresh, quarantine, or abstention.
The system learns from the repair traces as well: repeated gate failures
reveal weak workflow skills, incomplete covers, and brittle transports.
Policy optimization can then improve the proposal and audit process
while the admission boundary remains fixed.

20.7 What the architecture does not guarantee

Structural auditability is valuable only if its limits remain explicit.

External truth. Agreement among sources may reproduce a shared
error. Source manifests and gluing cannot substitute for independent
measurement or domain expertise.

Cover completeness. An omitted population, risk class, reporting period,
or stakeholder may make all recorded overlaps look compatible. Cover
design is itself a scientific and governance claim.

Causal identification. A coherent causal story is not an identified effect.
Interventional and latent-confounding assumptions still require the
diagnostics developed in Chapters 5 and 11.

Audit independence. Agents built from the same model family may
share blind spots. Deterministic checks, heterogeneous models, external
tools, and human review provide different forms of independence, none
of them automatic.

Adversarial robustness. Typed artifacts expose attack surfaces but do
not eliminate prompt injection, poisoned sources, compromised tools,
or malicious operators. Security must surround the foundry.

Normative legitimacy. An admission contract can make a policy explicit
and auditable; it cannot by itself establish that the policy is fair, lawful,
or socially legitimate.
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Boundary

The strongest defensible claim is not “the architecture makes foun-
dation models safe.” It is that the architecture makes specific
trust obligations, failures, repairs, and promotion decisions repre-
sentable and inspectable. That is a precondition for serious safety
work, not its completion.

20.8 Toward foundry-scale learning

Odyssey and Prometheus broaden the object optimized by LINCS.
Earlier chapters repair a causal model, an adapter family, a skill policy,
a reward relation, or an argument. A trustworthy foundation-model
system must also repair the processes that create and maintain those
objects. Its learned state includes covers, source policies, extraction
skills, gluing tests, argument templates, admission rules, and refresh
schedules.

This produces two coupled loops. The inner loop builds and repairs
a domain foundry under a fixed declaration. The outer loop studies
repeated obstruction and admission traces to revise the foundry decla-
ration or the skills that realize it. The outer loop must not erase its own
evidence: a proposed new cover or policy is itself a candidate object
subject to comparison, replay, and admission.

The same structure points toward trustworthy scientific discovery. A
Prometheus-style engine may propose a new mechanism or connection
that does not fit the current sketch. Odyssey-style governance can
preserve the anomaly that motivated the proposal, transport prior
evidence into the enlarged declaration, and require a novel prediction
or discriminating observation before promotion. This is not yet a
general theory of creativity. It is, however, a way to keep abductive
proposals connected to evidence without reducing novelty to a scalar
reward.

The broader conclusion is that foundation-model trust cannot be
obtained by making only the base neural predictor more capable. The
surrounding learning process must itself become a maintained model
with named components, intervention rights, invariants, and evidence-
bearing admission. That is the foundry-scale form of the causal lesson:
an intelligent system becomes responsibly actionable only to the extent
that the mechanisms of its own knowledge construction are explicit
enough to inspect and repair.
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20.9 Further reading

The foundation-model literature surveys both the opportunities created
by broadly reusable models and the risks introduced by homogeniza-
tion, emergence, and downstream adaptation [Bommasani et al., 2021].
Prometheus develops the automated deep-research and world-model
construction layer [Mahadevan, 2026k]. Odyssey develops the com-
plementary foundry algebra, typed agent roles, artifact transport, and
admission architecture [Mahadevan, 2026j]. Chapter 19 supplies the
argument-repair layer used to distinguish evidence possession from
warranted inference, while Chapter 21 abstracts the declaration, local-
ization, repair, and admission choices into a reusable design method.





Part IV

Synthesis





21
A Pattern Language for LINCS Systems

The applications differ in their data, models, and repair mechanisms,
but they share a stable set of design questions. This chapter turns those
questions into a pattern language for constructing and auditing new
LINCS systems.

21.1 The declaration card

Every system begins with a declaration card containing:

1. the learning sketch and its intended factorization;

2. the base and tangent obstruction objects;

3. the observation maps used for measurement;

4. the decision quotient;

5. the localization cover and its completeness claim;

6. the allowed repair language;

7. the admission blocks;

8. the abstention conditions;

9. the certificate emitted after a decision;

10. the structural level at which each repair acts; and

11. the non-target obligations that every repair must preserve.

Design principle

If an application cannot fill out the declaration card before opti-
mization, its residual has not yet been given enough structure to
function as a LINCS learning signal.
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21.2 Six recurring patterns

Factorization before scalarization. State what must compose before choos-
ing how failure will be measured.

Probe semantics before differentiation. Specify what a tangent direction
means in the domain. Automatic differentiation is one implementation,
not the definition of a meaningful probe.

Quotient before repair. Remove gauge, presentation, and decision-null
variation before assigning repair effort.

Complete localization before blame. Local witnesses justify component-
level diagnosis only relative to a cover that can reconstruct the declared
global failure.

Typed repair before optimization. The correction space should encode
what the system is allowed to change.

Blockwise admission before deployment. Structural improvement, seman-
tic preservation, statistical support, and operational feasibility should
remain separately auditable.

21.3 The actionable-model pattern

A LINCS declaration should make the learner actionable, not merely
descriptive. For every proposed repair it should be possible to answer
four questions:

1. Is the target a parameter, component, architecture, or declaration?

2. Which objects, arrows, observers, and semantic commitments are
held fixed?

3. How does the local edit propagate to the behavior being evaluated?

4. Which evidence, not used to generate the proposal, can admit or
reject the result?

This is the most general lesson LINCS takes from causal inference.
Causal models answer these questions for domain mechanisms. LINCS
asks them of the learning system itself. When the modeled arrows also
carry causal semantics, the two levels can be connected; otherwise the
result remains a structural intervention and should be described that
way.



a pattern language for lincs systems 245

21.4 The cross-application map

System Declared object Obstruction Quotient or cover Repair contract

CoLT Maintained reasoning
state and transition
record

Typed failure of a
declared commitment

Reasoning contexts
and decision-null
variation

Certified admit,
reject, or abstain

BRIDGE/SKFM Intervention response
fields

Visible bracket
nonclosure

Regime, target, and
spectral covers

Screen plus identified
discovery

LINCS-KET Direct and Kan
routes

Route incompatibility Layers, incidence,
Cech probes

Blockwise
post-training gate

ALLORA Adapter fields Order-sensitive
composition

Symmetry and layer
structure

Capability-safety
preservation

LASKO Skill sections Anchor, closure,
feasibility

Kernel/image fibers,
workflows

Executable skill gate

GIRL Bellman factorization Base/tangent
Bellman failure

Advantage quotient,
computation cover

Layered policy
recovery

LINCS-RLHF Preference field Cyclic or
unsupported reward

Population cover,
cycle space

Scalar gate or
relational fallback

RADAR Relational charts Incidence, cocycle,
apex failure

Private faces and
shared joins

Sparse
decision-preserving
descent

SID Predictive-state sheaf Compatibility or
effectivity

Cech cover and
tangent equalizer

Tangential or
transverse update

SCoLT Argument sheaf Warrant, source,
scope, rebuttal

Role and source cover Typed repair
certificate

Odyssey/Prometheus Maintained foundry Provenance, overlap,
argument, freshness

Evidence and domain
cover

Typed admission or
quarantine

21.5 A minimal experiment contract

A credible experiment separates four questions:

1. Does the registered probe actually change the declared obstruction?

2. Can the method localize that change without reacting to null con-
trols?

3. Does the repair improve held-out structural audits?

4. Does the repaired system preserve the task semantics and opera-
tional constraints?

Retained failures are part of this contract. The LINCS-KET joint-
norm result, for example, explains why blockwise admission exists. A
negative experiment that identifies a missing gate contributes more
to the pattern language than an unqualified reduction in a training
residual.



246 machine learning from enforcing compositionality

Admission contract

No aggregate score may silently compensate for failure of a manda-
tory block. Weights are useful inside a declared block; they do not
replace the logical structure of the admission decision.

21.6 Certificates and reproducibility

The output of a LINCS system is not only a repaired model. It is
a replayable certificate containing the declaration, probes, quotient
decisions, localization witnesses, proposed repair, admission results,
residual obstructions, and abstention reason when applicable.

This certificate is the common interface across all nine applications.
It also supplies the natural bridge from research prototypes to scientific
and operational audit. It records not only what changed, but at which
structural level the change occurred and which invariants were claimed
to survive.

Further reading

The pattern language rests on several mature literatures rather than
one single precursor. Sketches and categorical model theory provide
declaration [Barr and Wells, 1999, Makkai and Paré, 1989]; tangent cate-
gories provide structural differentiation [Cockett and Cruttwell, 2014b];
sheaves provide localization and descent [Mac Lane and Moerdijk,
1992]; and categorical learning provides compositional parameter and
credit semantics [Fong et al., 2019, Cruttwell et al., 2022].

For the empirical side, reproducible language-model evaluation re-
quires fixed task definitions, versions, prompts, decoding rules, and
complete call accounting. The Language Model Evaluation Harness
[EleutherAI, 2026] is one widely used substrate, while recent lessons
on reproducible evaluation emphasize the instability introduced by
seemingly minor harness choices [Biderman et al., 2026]. A LINCS
certificate adds the structural declaration, null quotient, localization
witness, rejected repairs, and admission decision to this familiar experi-
ment manifest.
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Frontiers of Infinitesimal Learning

LINCS begins with a declared structure. The sketch says which
compositions matter; the tangent site says which perturbations are
meaningful; the quotient says which variations are null; the cover says
where failure can be observed; and the admission contract says what
evidence licenses repair. This separation has made the applications in
this book comparable without making them interchangeable.

The frontier is to let some of this structure evolve. A learning
system might discover a missing context, enlarge a repair language,
refine an interaction signature, or replace strict equality by coherent
deformation. But a system that learns its own test can also learn to hide
its failure. The central research problem is therefore not unrestricted
self-modification. It is auditable structural adaptation. The next generation of LINCS systems

must learn declarations and diagnostics
without allowing repair to rewrite the
criterion by which it is judged.

22.1 Compositionality and compression

One influential tradition identifies learning with compression. In its
minimum-description-length form, a learner selects a hypothesis H
by balancing the code for the hypothesis against the code for the data
given the hypothesis:

ĤMDL ∈ arg min
H

{
L(H) + L(X | H)

}
.

Algorithmic information theory idealizes this intuition through Kol-
mogorov complexity, while practical MDL makes the coding scheme
and model class explicit [Rissanen, 1978, Grünwald, 2007, Li and
Vitányi, 2019]. This is a powerful account of regularity and model
selection. It is not, however, the primitive adopted by LINCS.

LINCS begins with a sketch S, a realized diagram D, and the typed
obstruction

Obs(FactS(D)) .

The obstruction records which declared path, cone, cocone, restriction,
or factorization failed. It need not assign a total order to candidate
models, and it need not live in a numerical space. Description length
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instead assigns a scalar after choosing a representation and code. The
two constructions therefore operate at different logical levels: one
diagnoses failure of a declared relationship; the other compares the
economy of descriptions.

Neither property implies the other. A short program can generate
data while systematically violating a safety constraint, a causal inter-
vention law, or an argument’s source restrictions. Such a program
compresses well but remains non-compositional relative to the relevant
sketch. In the other direction, a compositional system may need a long
description because its certificate retains local evidence, provenance,
uncertainty, rebuttals, or exceptional contexts. Those fields are not
waste merely because deleting them shortens the code.

There is nevertheless a close and useful interaction. Shared mor-
phisms, repeated diagrams, reusable local sections, and stable restric-
tion maps can all support shorter descriptions. Compositionality can
therefore be a source of compression. But even perfect compression of
the observed sample does not identify which compositions ought to
hold, which presentation changes are null, or which repair preserves the
intended semantics. Those choices belong to the declaration, quotient,
and admission contract.

This distinction also clarifies the role of coding dependence. Kol-
mogorov complexity is invariant only up to a machine-dependent
additive constant and is not computable in general; operational MDL
replaces it with an explicit code and model family. LINCS faces an
analogous but typed presentation issue: before comparing lengths, it
must state which encodings represent the same decision-relevant object.
A quotient χ can remove declared presentation redundancy, after which
a description-length functional

Lχ(R) + Lχ(X | R)

may compare candidate repairs R on the quotient. The quotient must
precede the comparison; otherwise a coding convention can reward or
punish variation that the application has already declared meaningless.

Design principle

Use compression to compare or regularize repairs within a de-
clared admissibility class. Do not let a shorter code erase the
structural promise, the obstruction witness, or the evidence re-
quired for admission.

The Kimi K3 case study in Chapter 12 makes the distinction op-
erational. Latent expert representations, sparse activation, recurrent
sequence state, block summaries over depth, and low-precision weights
all reduce some computational or representational burden. Yet each
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mechanism is admitted only relative to a different preservation ques-
tion: routing balance, global retrieval, information flow across depth,
task behavior, or train–serve consistency [Kimi Team, 2026]. Compres-
sion is pervasive in the system, but the architecture specifies what each
compression is allowed to forget.

This suggests a genuine research program rather than a rivalry
between frameworks. One can ask when code lengths are compatible
with restriction and gluing, when local compression bounds assemble
globally, whether an admitted repair is minimal among repairs of the
same type, and how much description is required by the certificate
itself. In this role, compression is an observer of a LINCS system—and
sometimes a valuable search principle—but not its ontology of learning.

22.1.1 The jump changes the declaration

Zahavy’s position paper LLMs Can’t Jump advances a sharper challenge
to creativity as compression [Zahavy, 2026]. Following Einstein’s ac-
count of scientific discovery, it distinguishes induction, deduction, and
abduction. Induction extracts a rule from cases and results; deduc-
tion derives results from fixed rules and cases; abduction proposes an
explanatory case or rule for a surprising result. The paper interprets
Einstein’s transition from physical thought experiments to the axioms
of general relativity as such a “jump.”

The general-relativity example matters because the available predic-
tive error was not commensurate with the conceptual reorganization
eventually required. Newtonian gravity was empirically extremely
successful, and the observations that later provided decisive tests of
general relativity were sparse or subsequent to its formulation. A
compression-driven search within the old hypothesis language could
prefer a small patch to a change in the primitives of space, time, ac-
celeration, and gravitation. The eventual theory was elegant, but its
discovery path initially enlarged and disrupted the representational
scheme rather than monotonically shortening a code.

In LINCS terms, this is the difference between changing a realization
D inside a declaration L and changing the declaration itself:

Obs(FactS(D)) ⇝
(
Φ : L→ L′

)
−→ transport and admission.

The first arrow is abductive and proposal-generating: it may introduce
new objects, morphisms, axioms, probes, or a new quotient. The second
is auditable: it asks whether old witnesses survive transport, whether
the new declaration resolves the motivating obstruction, and whether it
makes new predictions or supports interventions that pass independent
tests.

This formulation also shows how a learning signal can exist without
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a large statistical residual. Individually successful local theories may
fail to glue; requirements inherited from different domains may not
commute; or an apparently harmless assumption may block a desired
extension. Such failures are structural tensions among declarations, not
necessarily errors on a supervised sample. A new theory can respond
by reorganizing the diagram rather than fitting the old diagram more
closely.

The connection should not be overstated. A historical case study
is not a proof that no LLM can perform abduction, and no result in
this book establishes that LINCS can outperform compression-based
learning on creative discovery. Nor does detecting non-compositionality
uniquely determine a new declaration. Zahavy proposes physically
consistent, interactive world models as a source of grounded counter-
factual simulation. Such a system could generate candidate declaration
changes; LINCS could then type the proposal, preserve its provenance,
transport prior evidence, and separate invention from admission.

Boundary

LINCS does not yet mechanize the abductive jump. It provides a
formal boundary between repair within a frame and repair of the
frame, together with the obligations a proposed new frame must
satisfy.

22.1.2 Can infinitesimal learning jump?

The title of this book’s final chapter creates an apparent tension with the
claim that scientific creativity may require a jump. If LINCS is infinites-
imal, is it confined to small improvements inside a fixed conceptual
neighborhood?

The answer depends on what kind of jump is at issue. An infinites-
imal method can describe a finite change whenever local directions
integrate along a path. At a coarse temporal or observational resolu-
tion, the endpoint can look abrupt even though the trajectory is locally
resolved. Long-run evolutionary change sometimes has this character:
accumulated variation, inheritance, selection, drift, and ecological inter-
action can produce a large phenotypic or population-level separation.
This example is suggestive, not a universal reduction. Mutations and
lineage events may themselves be discrete, and evolutionary dynam-
ics can cross thresholds or reorganize developmental and ecological
regimes.

Other jumps are critical. A small change moves a system through a bi-
furcation, phase boundary, or loss of stability, after which its qualitative
organization differs. Infinitesimal analysis can reveal the approaching
instability, null mode, curvature, or failure of closure. It does not make
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the two regimes identical, and a first-order probe at a singular point
may be insufficient.

The strongest jumps are declarational. A new generator, ontology,
mechanism, or dual description may inhabit no smooth path inside the
current model category. Quantization is not merely a small parameter
update to a classical declaration; a biological mechanism transported
from population theory is not already a tangent vector in the old biologi-
cal vocabulary; and a bulk–boundary duality relates two theories rather
than moving infinitesimally inside either one. Such proposals belong
to the outer category of declarations and correspondences developed
below.

Kind of apparent jump Role of infinitesimal
structure

Additional requirement

Integrated change Supplies local directions
and transports
obstruction information
along a path

Existence and admission
of a finite integrated
repair

Critical transition Detects instability,
interaction, or loss of
closure near a regime
boundary

Higher-order probes
and validation on both
sides of the transition

Declaration change Localizes persistent
pressure that the present
language cannot absorb

A discrete proposal,
transport of prior
evidence, and
independent admission

Table 22.1: Infinitesimal diagnosis sup-
ports several kinds of change without re-
ducing every jump to a smooth trajectory.

This yields the appropriate claim for LINCS: infinitesimal diagnosis
is valuable without being generatively complete. It provides typed
local evidence, separates meaningful from null directions, and con-
strains where a larger repair must act. A proposal mechanism may then
integrate those directions, cross a detected boundary, or make a dis-
crete meta-repair. The admission mechanism must determine whether
the resulting finite or frame-changing proposal actually explains the
obstruction.

Design principle

Use infinitesimal structure as a microscope and a transport calcu-
lus, not as an ontology asserting that all novelty is continuous. A
jump that leaves the current model space must remain visible as a
change of declaration.
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22.1.3 Extending the workflow from repair to discovery

The six-stage workflow in Chapter 2 is deliberately conservative. During
an ordinary run, the declaration fixes what counts as a failure, which
perturbations carry meaning, which variations are null, and which
repairs may be admitted. Scientific discovery requires a controlled
escape from that fixed frame without abandoning the discipline of
independent admission.

Two complementary events can initiate such an extension. In the
first, persistent anomaly reveals that no repair in the declared language
reconciles theory and observation. The obstruction then points beyond
a realization D toward a proposed change Φ : L→ L′. In the second, a
proposed declaration L′ generates a novel consequence: an observation
not used to construct the proposal, but specific enough to discriminate
it from available alternatives.

These are not merely two additional boxes appended to the workflow.
They form an outer discovery loop around it:

declare→ differentiate→ quotient→ localize

→

repairL(D), within-frame learning,

Φ : L→ L′, abductive frame revision,

→ predict(L′)→ observe→ admit, reject, or abstain.

Every candidate L′ begins a new six-stage run. It must declare its
own paths and probes, expose rather than erase the obstruction that
motivated it, and face evidence not controlled by the mechanism that
proposed it.

Planck’s black-body analysis illustrates the anomaly-driven direction.
New spectral measurements showed that the Wien distribution law
lacked general validity. Planck explicitly concluded that the theory
required improvement and sought the replaceable link in its derivation.
His revised statistical argument introduced finite energy elements with
size proportional to frequency, ε = hν, and yielded a radiation law
consistent with the measured spectrum [Planck, 1901]. The historical
claim should be kept precise: Planck’s step discretized the energy ele-
ments used in the resonator calculation; the stronger ontology of freely
propagating light quanta came later. For the present purpose, the im-
portant feature is the structural leap. A failed relation among spectrum,
entropy, and classical derivation was not repaired by another parameter
fit. One of the theory’s constitutive assumptions was replaced.

General relativity illustrates the prediction-driven direction. The
completed theory implied that starlight grazing the Sun should be
deflected by approximately 1.75 arcseconds [Einstein, 1916]. A total
solar eclipse made the relevant stars observable close to the Sun, turning
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a theoretical consequence into an experimental design. Expeditions
to Príncipe and Sobral observed the eclipse of 29 May 1919; Dyson,
Eddington, and Davidson reported measurements consistent with the
general-relativistic value [Dyson et al., 1920]. Einstein had derived an
earlier, incomplete light-deflection value in 1911, so the novelty was not
simply the idea that gravity bends light. The mature theory supplied
the discriminating magnitude and thereby specified a test capable of
separating declarations.

The two episodes expose a symmetry that ordinary optimization
often hides. Data can obstruct a theory strongly enough to demand a
new primitive, while a new primitive can generate observations that did
not previously belong to the experimental agenda. Scientific creativity
moves in both directions:

observation −→ new declaration,

new declaration −→ new observation.

LINCS can represent the first arrow as obstruction-driven proposal and
the second as probe generation. Neither arrow is self-certifying.

Admission contract

An abductive declaration change must preserve an explicit wit-
ness of the anomaly that motivated it, explain why admissible
within-frame repairs are insufficient, transport prior successes
conservatively, generate discriminating consequences, and expose
those consequences to independent observation. Novelty with-
out such obligations is unconstrained invention; fit without novel
consequences is only retrospective accommodation.

22.1.4 Generative closure and functorial leaps

Lie-bracket nonclosure in Chapter 11 provides a concrete model of how
structural failure can initiate discovery. The observed response fields
generate a bracket that lies outside their visible span. One possible
repair adds a latent direction; others add an observed coordinate,
introduce memory, separate regimes, or reject the field model. The
residual does not name the missing object, but it constrains the family
of declarations that could explain the failure.

Lie closure is too specialized to serve as a general theory of scientific
creativity. Its broader analogue is generative closure. A declaration
specifies operations under which its explanations are supposed to
remain adequate. Applying those operations should not produce an
unexplained object:

Ogen(D) = GenL(D)
/

D.
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The notation is schematic because the generator depends on the science.
It may be a Lie bracket, logical consequence, symmetry action, conser-
vation law, restriction map, intervention, composition, or experimental
transport. Nonzero Ogen signals that the declared world is not closed
under one of its own sanctioned constructions.

Scientific discovery also proceeds through a different operation:
transporting a mechanism from one domain to another. Darwin’s en-
counter with Malthus is a canonical example. Darwin was already
investigating species transmutation, variation, artificial selection, geo-
graphic distribution, and the struggle for existence. Reading Malthus’s
population argument in 1838 supplied a candidate causal mechanism:
reproductive increase under limited resources creates persistent pres-
sure, so inherited variations that improve survival and reproduction
tend to be preserved [Malthus, 1798, Darwin, 1958].

Malthusian source
structure

Biological transport Relation proposed to
persist

Human population
increase

Overproduction of
organisms

More individuals arise
than available
conditions can sustain

Limited means of
subsistence

Finite ecological
resources and hazards

Population growth
encounters checks

Differential exposure to
checks

Variation among
organisms

Some differences alter
persistence and
reproduction

Population-level
consequence

Change across
generations

Preserved heritable
variation accumulates in
a lineage

Table 22.2: Darwin’s Malthusian transfer
can be read as a proposed partial func-
tor: a population-pressure mechanism is
retyped in a biological domain.

Calling this a functorial leap imposes more discipline than calling it
an analogy. A proposed partial functor

F : Cpopulation 99K Cbiology

must state which objects, processes, and relations are transported,
which source assumptions have no biological image, and which new
consequences follow in the target. The transfer is creative because
the target mechanism was not explicit in the source theory or in the
biological observations alone. It is scientific because the transported
relations can be confronted with variation, inheritance, adaptation,
divergence, and extinction [Darwin, 1859].

The historical vocabulary matters. Darwin did not possess the mod-
ern concept of a gene, and “survival of the fittest” was introduced by
Herbert Spencer and only later adopted by Darwin. The appropriate
description is differential preservation and reproductive success of her-
itable variation. Natural selection was also independently formulated
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by Alfred Russel Wallace, leading to their joint communication in 1858

[Darwin and Wallace, 1858].
Closure failure and functorial transfer therefore identify two distinct

engines of discovery:

missing consequence⇝ completion,

mechanism in another domain⇝ transport and retyping.

Other engines may require symmetry completion, a new invariant,
refinement of an observational cover, or a new primitive that reorga-
nizes the available objects. The larger LINCS problem is to build a
typed library of such meta-repairs without pretending that any single
obstruction determines the creative proposal.

Design principle

Treat scientific analogy as a proposed partial functor, not as an
untyped metaphor. Record the transported structure, the unavoid-
able mismatches, and the target-domain observations that could
reject the transfer.

22.1.5 Duality as discovery between theories

The holographic conjecture supplies a third engine of discovery. Malda-
cena proposed that suitable string or gravitational theories on anti-de
Sitter spacetimes are dual to conformal field theories in one fewer non-
compact dimension [Maldacena, 1998]. The proposal was surprising
because the two descriptions use different primitive vocabularies: one
contains gravity and a higher-dimensional bulk, while the other is a non-
gravitational quantum field theory on its boundary. A quarter-century
retrospective emphasizes how little the original proposal resembled an
incremental adjustment within either theory [Ananthaswamy, 2023].

This is not naturally represented as adding one missing arrow to a
single sketch. Let Sbulk and Sbdry present the relevant fragments of the
two theories, and let

Mbulk ⊆ Mod(Sbulk), Mbdry ⊆ Mod(Sbdry)

denote the regimes in which the proposed correspondence is meaning-
ful. The creative conjecture has the form

Mbulk ≃Mbdry,

together with a dictionary transporting states, observables, symmetries,
and dynamics. This notation expresses the categorical shape of the
claim; it does not assert that every physical formulation of the corre-
spondence has already been realized as an equivalence of ordinary
sketch-model categories. The established evidence concerns anti-

de Sitter settings. Our observed universe
is closer to a de Sitter cosmology, for
which no comparably clear holographic
dual is known [Ananthaswamy, 2023].
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The clue was structural agreement. The brane field theory and
the near-horizon geometry displayed matching symmetry structure,
even though their objects and descriptions looked radically different.
Subsequent work could then test a growing correspondence dictionary.
The duality is especially productive when a strongly coupled problem
in one presentation is transported to a tractable regime in the other.
Agreement of independently calculated quantities becomes evidence
for the proposed equivalence, while a mismatch localizes a gap in the
dictionary, an approximation regime, or the conjecture itself.

Discovery object Characteristic question Admission evidence

Sketch augmentation
S→ S+

Which generator or
axiom is missing from
the current theory?

Conservativity,
expansion of old
models, and novel
consequences

Partial functor C 99K D Does a mechanism from
one domain survive
retyping in another?

Preserved relations and
target-domain tests

Conjectured duality
M1 ≃M2

Do different theories
encode the same
admissible physics?

A coherent translation
dictionary and
independently matched
observables

Table 22.3: Theory discovery may add
structure, transport structure, or identify
two presentations through a proposed
semantic equivalence.

The LINCS workflow must therefore be able to repair correspon-
dences as well as models and sketches. Declare the two theories and
an initial dictionary; differentiate disagreement under perturbations
on either side; quotient presentation-dependent descriptions; localize
a mismatch to a dictionary entry or validity regime; repair the corre-
spondence; and admit it using observables not employed in proposing
the repair. A successful duality can also generate new probes: a con-
struction transparent on one side predicts a previously hidden object
or relation on the other.

Design principle

Do not treat a duality as a picturesque analogy. Represent it as a
typed, partial correspondence between semantic domains, with an
explicit validity regime and a growing set of independently tested
translation rules.

22.1.6 AM and degrees of mathematical novelty

The question “Could a machine invent prime numbers?” is a cleaner
mathematical analogue of the Einstein test. Merely inventing a new
word is not enough. The system must define a concept not explicitly
supplied to it, recognize why the concept is interesting, connect it to
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existing operations, and use it to formulate consequences that were not
built into the prompt.

Lenat’s Automated Mathematician, AM, is an important early case
[Lenat, 1976]. AM began with 115 incomplete modules for elementary
set-theoretic concepts and roughly 250 heuristic rules. It was not given
numbers or proof as primitives. Guided by an agenda and concept-
interest heuristics, it reconstructed natural numbers, multiplication,
factors, and prime numbers. It then formulated familiar claims includ-
ing unique factorization and Goldbach’s conjecture. AM was designed
as a concept and conjecture generator rather than a theorem prover, so
these claims were not accompanied by proofs.

This is genuine evidence against an overly simple identification of
machine novelty with statistical compression. AM enlarged a structured
vocabulary, created active concept modules, and explored their relations.
Its search was guided by mathematical heuristics and estimates of
interestingness, not by a single code-length objective. From the system’s
perspective, primes were a new concept even though they were a
rediscovery from the human perspective.

The example also qualifies the claim. AM’s mathematical seed
was small, but its inductive bias was not: its supplied concepts, fixed
facets, and hundreds of heuristics encoded substantial retrospective
knowledge about productive mathematical search. Lenat reported that
AM produced no mathematics that was wholly new to humankind
on its own, and that its performance deteriorated as it moved farther
from its initial conceptual base. Later methodological criticism likewise
questioned how much of the reported behavior could be attributed
to general principles rather than the program’s detailed engineering
[Ritchie and Hanna, 1984].

LINCS can separate three levels that are easily conflated. Lexical
novelty coins a name. Definitional extension adds a concept constructible
from the current declaration, as primes can be isolated through factor-
ization. Abductive declaration change introduces primitives or structural
commitments not already generated by the available concept language.
AM demonstrated substantial definitional extension; whether its heuris-
tics constituted a mechanism for the third level remains a different
question.

AM’s architecture also anticipates the LINCS separation between
proposal and admission. A new concept module resembles an exten-
sion of a declaration; a conjecture declares a candidate composition;
examples and counterexamples supply observations; and proof would
provide a stronger admission certificate. AM was powerful on the
proposal side and deliberately incomplete on the proof side. A LINCS
mathematical-discovery system would retain that generative openness
while requiring explicit transport, consistency, and proof obligations
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before a conjectural extension becomes admitted theory.

Design principle

Do not test concept invention by novel terminology alone. Require
a typed definition, nontrivial relations to existing structure, in-
dependently checkable consequences, and an explicit distinction
between rediscovery, definitional extension, and declaration-level
change.

22.2 What is fixed, and what may be learned?

A present LINCS instance can be summarized by a declaration

L = (S, T , χ,U ,R,A),

where S is a learning sketch, T a tangent site, χ a decision or pre-
sentation quotient, U a cover, R a typed repair language, and A an
admission rule. The candidate model D varies while much of L remains
fixed.

Future systems may instead move in a category of declarations. A
morphism

Φ : L −→ L′

would have to state how objects, paths, designated cones, probes, null
directions, covers, repairs, and admission blocks are transported. It
should also say which previously visible failures remain visible after
transport.

Definition 22.1 (Conservative declaration change). A change Φ : L→
L′ is conservative on an audit family Q when every obstruction wit-
nessed by a registered probe in Q has a transported witness in L′. It
may expose new obstructions, but it may not erase an old one merely
by changing the declaration.

This is only a first safeguard. A useful declaration change must also
preserve the intended decision semantics, expose its new blind spots,
and be evaluated on held-out audit families. The idea is analogous
to conservative extension in logic: a richer language may prove new
statements without invalidating the meaning of the old fragment.

Boundary

A learned declaration is not admitted because it makes the current
model look more compositional. It is admitted only through
evidence independent of the repair that proposed it.
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22.2.1 Theory repair as sketch augmentation

Chapter 3 interpreted a learning sketch as a categorical theory and a
realized system as one of its models. This reveals a second level of
the LINCS workflow. Ordinary repair changes D ∈ Mod(S, C). Theory
repair proposes a sketch augmentation

ι : S −→ S+

and thereby changes the category in which admissible models live. The
induced restriction functor

ι∗ : Mod(S+, C) −→ Mod(S, C)

makes the relationship between the two theories inspectable rather than
rhetorical.

The fiber of ι∗ over an old model records its possible expansions.
If the fiber is essentially a singleton, the added vocabulary may be
only definitional. If it contains several inequivalent expansions, the
old theory does not determine the new structure. If it is empty for
a previously successful model, the augmentation has rejected that
model and must explain why. These cases prevent every successful
redescription from being counted as a discovery.

22.2.2 Appearance, reality, and theoretical invention

McCarthy argued that learning cannot be reduced to classifying appear-
ances [McCarthy, 2007]. Appearances are partial and dependent on the
circumstances of observation, whereas the objects and mechanisms in-
voked by an explanation are intended to remain coherent across views,
times, and actions. In categorical language, an observation functor

O : R −→ A

maps candidate realities to appearances. An observed a ∈ A generally
determines a fiber of compatible realities, not a unique inverse image.
If the probes available to the learner do not separate that fiber, reality
is not identifiable from passive appearance.

The harder case is not selection among already represented latent
states but invention of a new theoretical sort. Ancient atomism pro-
posed that visible matter was generated from invisible constituents. Dal-
ton’s atomic theory turned that ontological proposal into a constrained
explanatory system: elements, atoms, molecules, fixed combinations,
and quantitative relations could jointly account for stable regularities in
chemical appearance. The theoretical vocabulary was not copied from
sense data. It was introduced to make a larger family of observations
compose.
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This is a declaration-level repair. A persistent obstruction in the old
sketch motivates an augmentation

S −→ S+ = S + {new sorts, generators, and laws}.

The expansion creates a new forward model from theoretical reality
to appearance. Its value lies not merely in fitting the observations
that motivated it, but in transporting earlier successes and generating
consequences that can be tested independently.

Intervention sharpens the test. Distinct candidate realities may agree
on passive appearances yet respond differently when experimental
conditions are changed. McCarthy’s inverse problem and Pearl’s inter-
vention problem are therefore successive stages rather than competing
diagnoses:

appearance −→ candidate reality,

candidate reality −→ interventional consequence,

interventional consequence −→ admission or rejection.

LINCS adds one further possibility: when every candidate inside the
current language fails, the repair may change the language itself.

Stage Model-level workflow Theory-level workflow

Declare Fix S and a candidate model
D

Fix the current theory and the
language of permitted
extensions

Differentiate Measure how an obstruction
moves under model variation

Measure which generators,
axioms, or universal
properties sustain the failure

Quotient Remove decision-null or
presentation-null model
directions

Identify
presentation-equivalent
extensions and mere
definitional changes

Localize Assign the obstruction to
components, contexts, or
overlaps

Assign explanatory pressure
to missing sorts, arrows,
equations, cones, or cocones

Repair Change the realized maps or
representations

Propose ι : S→ S+ and
compatible expanded models

Admit Test the repaired model on
held-out probes

Test conservativity, old
successes, independent
evidence, and novel
predictions

Table 22.4: The six-stage workflow lifted
from model repair to theory augmenta-
tion.

At the theory level, differentiation need not mean that sketches form
a smooth parameter space. It means constructing a typed sensitivity
analysis: which declared relation produces the persistent obstruction,
which added generator could mediate it, and which new universal
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property would make the candidate explanation testable? Localization
therefore returns not only a faulty component but an explanatory gap in
the current presentation.

The resulting search cannot range indiscriminately over all theories.
Accessible-category methods suggest one disciplined possibility: bound
the arity and size of candidate generators, construct larger candidates
from presentable pieces, and preserve filtered-colimit structure where
the semantics requires it [Makkai and Paré, 1989, Adámek and Rosický,
1994]. This does not supply an algorithm for scientific discovery. It
supplies a categorical search language in which proposed extensions
and their model categories can be compared.

Admission contract

An augmented sketch must do more than absorb the anomaly
that proposed it. Admission requires an explicit restriction func-
tor, recovery or principled rejection of successful old models, and
consequences tested on evidence not used to construct the augmen-
tation. Novel prediction is stronger evidence than retrospective
fit.

In this form, an abductive leap is neither an unexplained jump nor a
scalar loss reduction. It is a proposed expansion of the theory’s gen-
erators and axioms, together with transport obligations and empirical
or deductive tests. The examples of quantization, spacetime geometry,
natural selection, and latent causal structure can all be read this way,
although their appropriate sketch languages will be very different.

22.3 Adaptive sites and learned covers

Localization is always relative to a cover. In SID the cover contains
foundry contexts and overlaps; in LINCS-Toulmin it contains sources,
argument roles, and reasoning steps; in DLINCS it may contain layers,
branches, retrieval blocks, or agent subgraphs. A fixed cover can omit
exactly the interaction that creates the global obstruction.

An adaptive system should therefore be able to:

1. detect that the current cover is incomplete;

2. propose a refinement or enlargement;

3. transport existing local witnesses to the new cover;

4. test whether newly visible overlaps explain the global failure; and

5. retain an audit trail connecting the two localization regimes.
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Let U ⪯ U ′ denote a refinement. A local obstruction family oU should
restrict or transport naturally along refinement, while new intersections
in U ′ can reveal higher-order incompatibilities. The comparison

oU −→ ResU
′
U (oU ′)

tests whether the old diagnosis is recovered inside the richer one.

Design principle

Cover selection should optimize information gained about unre-
solved obstructions, not simply minimize the measured obstruction
on the chosen cover.

The statistical problem resembles active experimental design. A
proposed context or overlap has a cost, an expected diagnostic value,
and a risk of selection bias. Adaptive covers therefore need uncertainty-
aware stopping rules and explicit “coverage not established” outcomes.

22.4 Higher interaction signatures

First-order INC asks whether the tangent lift of a declared factorization
is inhabited. It does not exhaust infinitesimal structure. Generated
directions can interact through brackets, connections, curvature, torsion,
or higher jets. The application must declare which of these operations
has meaning.

Definition 22.2 (Interaction transport). Let D : J → C be an admissible
model with factorization problem FactS(D) and interaction signature
ΩD. An interaction transport is a natural, presentation-descending
assignment

tD,S : Obs(FactS(D))⇝ ObsΩ,S(TD).

It maps a base obstruction to a candidate interaction profile. It does not
assert that every component identifies a repair or has predictive value
after scalarization.

For admissible fields X, Y, bracket INC records relative failure of
closure:

INC[,](D) = {[X, Y] | X, Y ∈ AD, [X, Y] /∈ AD}.

This antisymmetric operation underlies the causal screen used by
BRIDGE and SKFM [Mahadevan, 2026b]. Its semantics do not transfer
automatically to adapters, policies, or skills.

With a declared connection ∇, the ordered profile

J2
∇,D(X, Y) =

(
∇XY,∇YX

)
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retains both the antisymmetric component associated with the bracket
and the symmetric component associated with joint acceleration. Either
component may be irrelevant in a particular sketch. Sparse empirical
admission should be allowed to set its coefficient to zero.

Level Declared object Characteristic
question

Possible witness

Base learning diagram
D

Do the required
finite routes and
universal
properties hold?

parallel-path or
factorization
obstruction

Tangent lifted diagram TD Does first-order
behavior preserve
the declaration?

tangent route
incompatibility

Interaction fields with
signature ΩD

Do generated
directions close
and interact as
declared?

bracket,
acceleration,
torsion, or
curvature profile

Higher prolonged sketch
S(n)

Are iterated
tangent
coherences
realized?

flip, jet, Jacobiator,
or Bianchi-type
obstruction

Homotopical enriched
factorization
problem

Can the failure be
coherently
deformed away?

homotopy or
cohomological
obstruction class

Table 22.5: A hierarchy of increasingly
structured compositionality tests.

Weil algebras provide an indexing language for these prolongations
[Leung, 2017a,c]. If W is the first-order dual-number object and

F : Weil1 −→ End(C)

classifies the tangent structure, then T = F(W). Iterated and mixed
Weil probes distinguish repeated directional differentiation from the
fiber powers used in the tangent axioms. A mature higher LINCS
theory should construct prolonged sketches

S(n) with INC(n)(D) = Obs
(
Fact

S(n)(T
nD)

)
,

including canonical flips, vertical lifts, and any declared connection
data.

22.5 Homotopical repair

Strict factorization can be too rigid for representations, policies, world
models, or reasoning graphs whose semantics are invariant under
controlled deformation. Strict repair asks for

D = Dq,
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whereas homotopical repair asks for a coherent deformation

D ≃ Dq.

Definition 22.3 (Homotopy INC). In a homotopical, model-categorical,
or ∞-categorical enrichment of C, define

INCh(D) = Obs(FactS(TD) up to coherent homotopy) .

It vanishes when the tangent factorization problem is inhabited up to
the declared notion of coherent deformation.

This definition does not turn every approximate equality into a
homotopy. The deformation paths, higher coherence cells, and allowed
endpoints belong to the declaration. Otherwise “equivalent up to
deformation” becomes an unfalsifiable escape from a failed diagram.

Example 22.4 (Argument repair up to presentation). Two Toulmin
realizations may differ in sentence order, lexical choice, or the number
of intermediate propositions while preserving claim, warrant, source,
qualifier, and rebuttal structure. A homotopical argument sketch could
treat these presentation changes as coherent paths. A deformation that
silently weakens a qualifier or disconnects a source would leave the
admitted component and remain obstructed.

Admission contract

A homotopical repair must exhibit the deformation and verify its
coherence, endpoint semantics, and behavior under restriction. A
low distance between representations is not a substitute for this
certificate.

22.6 Completion and coalgebraic stabilization

Repeated diagnosis and repair produce an unfolding

D, TINCD, T2
INCD, . . .

whose behavior can be studied coalgebraically. Existing final-coalgebra
theorems give existence under class-based or accessible set semantics
[Aczel and Mendler, 1989, Barr, 1993]. Contractive metric realizations
can give convergence under stronger analytic assumptions.

The central comparison problem is to relate a freely generated LINCS
completion to the final semantics of the INC unfolding:

LINCS(C) −→ νTINC.

When is this comparison fully faithful? When is it essentially surjective?
Can its hypotheses be checked from a learning sketch rather than
supplied externally?
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One route is through accessibility. If admissible learning sketches
and their models form an accessible category, if TINC preserves the rele-
vant filtered colimits, and if presentable objects generate the required
semantics, then free-completion and final-behavior views may meet in
one construction [Adámek and Rosický, 1994, Makkai and Paré, 1989].

The analytic frontier is equally important. A contraction factor
ρ < 1 should ideally be derived from the sketch, tangent structure,
observation profile, and admission map. Stochastic variants must
accommodate martingale noise, biased tangent estimates, changing
covers, and data-dependent contraction. Only then can stabilization
become a verifiable certificate rather than an assumed property of the
optimizer.

Boundary

A final coalgebra may exist even when no feasible computation
reaches a useful repaired system. Conversely, empirical conver-
gence of a scalar loss does not establish stabilization of the typed
obstruction unfolding.

22.7 Reflective repair and reverse transport

DLINCS requires reverse transport of local obstruction information
through shared modules, branches, retrieval systems, and agent graphs.
Reverse derivative and reverse tangent categories provide candidate
abstractions [Cockett et al., 2020, Cruttwell and Lemay, 2024], but a
reverse signal is not yet an admissible forward repair.

Let B be a diagrammatic-backpropagation procedure that maps a
global obstruction to local signals and then to parameter or architectural
changes. A reflective learning sketch includes B, its restriction maps,
and its repair maps as arrows. It can then ask whether

global obstruction global repair

local obstructions local repairs

B

loc loc

Bloc

commutes.
Ordinary diagrammatic backpropagation diagnoses a target compu-

tation. Reflective LINCS diagnoses how the learning procedure itself
transports and repairs that obstruction. A failure may call for a new
path, state variable, module, skip connection, memory interface, or
compatibility constraint rather than another parameter step. Reflection here is structural, not anthro-

pomorphic: does the repair mechanism
compose with localization and restriction
in the way its own declaration requires?



266 machine learning from enforcing compositionality

22.8 Topology of repair spaces

A scalar repair cost orders candidates but hides how qualitatively
different repairs are connected. Let RINC(D) be a category whose
objects are admissible base and tangent repairs and whose morphisms
are structure-preserving transformations among them. Its nerve

NRINC(D)n = Fun([n],RINC(D))

is a simplicial set. Vertices are repairs, edges are transformations, and
higher simplices encode coherent chains of transformations.

The geometric realization

|NRINC(D)|

turns the repair category into a classifying space. Connected compo-
nents can distinguish inequivalent repair regimes; loops can record
nontrivial cycles; and higher homotopy or homology can detect coher-
ent obstructions invisible to a scalar ranking. This parallels classifying-
space and higher algebraic K-theoretic treatments of causal equivalence
[Mahadevan, 2023, 2025b].

The ordinary nerve forgets infinitesimal organization. The Weil
nerve suggests retaining a Weil-indexed family of repair categories
[MacAdam, 2022]:

V 7−→
∣∣∣NRV

INC(D)
∣∣∣ , V ∈ Weil1.

The monoidal unit records base repair topology, the dual-number
generator records first-order repair directions, and Weil composites
organize higher and mixed prolongations.

A complementary integration problem asks whether an infinitesimal
repair algebroid assembles into a groupoid of finite repairs. Failure of
the infinitesimal-to-finite comparison would be a new obstruction: a
locally coherent repair calculus that cannot be globally executed.

Design principle

Topology should distinguish repair regimes, not decorate a loss
landscape. The objects and morphisms of the repair category must
retain the typed admission semantics before nerve and realization
are applied.

22.9 Statistical and language-valued tangent sites

Most present experiments use deterministic perturbations, controlled
synthetic data, or a fixed collection of language probes. Statistical
LINCS needs obstruction objects that carry uncertainty before scalariza-
tion. Required ingredients include:
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• support and overlap conditions for tangent probes;

• simultaneous inference across many paths, intersections, and blocks;

• uncertainty propagation through localization and quotienting;

• sequential validity under adaptive covers and repairs;

• robustness to biased or learned tangent estimators; and

• abstention under weak identification.

Infinitesimal causality makes this discipline especially visible: a
smooth response field acquires causal meaning only under explicit
intervention, support, and identification assumptions [Mahadevan,
2026f]. Similar care is needed when tangent directions are inferred
from model activations rather than supplied by a physical protocol.

Language-valued systems add another layer. Argument roles, propo-
sitions, sources, and semantic equivalence classes are estimated by
fallible models. A robust language tangent site should separate at least:

1. presentation variation such as paraphrase or reordering;

2. semantic variation that preserves the downstream decision;

3. structural variation that changes a role or restriction map; and

4. evidential variation that changes whether a claim is supported.

Inter-annotator variation, parser uncertainty, model-to-model varia-
tion, and context drift should remain visible through the repair decision.
Otherwise a language model can certify a gluing repair using the same
unsupported interpretation that generated it.

22.10 Mechanizing the declaration-to-certificate path

The long-term engineering goal is a compiler whose inputs are learning
sketches, tangent sites, quotients, covers, and admission contracts, and
whose outputs are executable audits and replayable certificates.

typed
declaration

verified
intermediate form

base and tangent
audit program

typed repair
interface

admission or
failure certificate

Figure 22.1: A prospective LINCS com-
piler. Formal verification connects the
declaration to generated code; empiri-
cal manifests connect the code to the re-
ported evidence.

The compiler should generate:

• base, tangent, and declared higher-order factorization tests;

• localization probes and cover-completeness diagnostics;

• quotient-invariance checks;
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• typed repair interfaces with effect annotations;

• blockwise held-out admission tests; and

• provenance-rich certificates for admission, rejection, or abstention.

Chain-of-Evidence demonstrates that provenance-by-construction
can already be made operational for autonomous research artifacts
[Meng et al., 2026]. A LINCS compiler would extend that base audit to
tangent evidence chains: certificates that record whether a claim’s support
survives registered perturbations of data, seeds, evaluators, ablations,
and evidence sources, and localize the first structural failure when it
does not.

Proof assistants and typed intermediate representations can verify
that generated audits match a formal sketch. Experiment manifests
serve a different role: they verify that data, probes, seeds, thresholds,
and held-out blocks match the empirical claim. Neither layer replaces
the other.

Admission contract

A mechanized repair is admitted only when the generated program
is faithful to the declaration and the empirical evidence satisfies
the registered contract. Successful compilation proves neither
condition by itself.

A staged research agenda
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Horizon Theoretical
objective

Computational
objective

Decisive evidence

Near term statistical tangent
sites and
conservative cover
refinement

compiler for
base/tangent
audits and typed
certificates

held-out gains
with calibrated
abstention

Medium term higher interaction
signatures and
reverse repair
semantics

reflective DLINCS
over modular and
agentic systems

architectural
repairs that
outperform
parameter-only
repair

Medium term accessible
completion and
intrinsic
stabilization
criteria

coalgebraic
monitoring of
repeated repair

verified
convergence of
typed obstruction
profiles

Long term homotopical
factorization and
topology of repair
categories

nerve, realization,
and infinitesimal-
to-finite repair
tools

distinct repair
regimes and
persistent
obstruction classes

Long term functorial transfer
across learning
domains

portable sketch
and admission
libraries

guarantees
preserved under a
declared domain
translation

Long term auditable
declaration
change and
scientific novelty

abductive
proposal with
active experiment
design

resolution of
persistent
anomalies and
successful
discriminating
predictions

Table 22.6: Frontiers are ordered by the
certificates needed to make them scientif-
ically meaningful, not by mathematical
novelty alone.

From causal models to actionable learning models

The book can now be read as carrying a central lesson of causal in-
ference into machine learning. Association alone does not determine
the effect of an action. A model must expose the relevant mechanisms,
specify what an intervention changes, and state what remains invariant.
Conventional causal inference applies this discipline to a domain model.
LINCS applies it more broadly to the organization of learning itself.

This shift creates a hierarchy of models rather than a competition
between causal and noncausal learning. A domain sketch may represent
biological, economic, physical, or social mechanisms. A learning sketch
represents the system that estimates, composes, compares, and repairs
such models. A foundry sketch represents the longer-lived process
that gathers evidence, maintains provenance, revises declarations, and
decides what enters durable state. Interventions at these levels answer
different questions and require different certificates.
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The frontier is therefore not merely to attach causal variables to exist-
ing predictors. It is to build learning systems whose own components
and obligations are explicit enough to support controlled action. Such
systems should distinguish:

change a parameter ̸= replace a component,

replace a component ̸= redesign an architecture,

redesign an architecture ̸= augment a theory.

The higher the intervention rises, the more demanding the transport
and admission problem becomes. A future theory of structural inter-
vention should make these levels compositional, relate their invariance
assumptions, and characterize when a repair at one level can be soundly
realized at another.

Boundary

LINCS generalizes the model-and-intervention discipline of causal
inference; it does not generalize causal semantics by fiat. A
learning-system repair is causal only when it is grounded in a
mechanism model and a realizable intervention. Otherwise its
proper claim is structural, architectural, or theory-level repair.

The continuing LINCS question

The applications in this book show that a common categorical grammar
can organize causal discovery, representation learning, adapter compo-
sition, skills, reinforcement learning, preferences, relational geometry,
predictive descent, and argument repair. The objective is not to force
those domains into one universal loss, but to make the translations
among their declarations explicit enough to prove what transfers and
observe what does not.

The durable LINCS question is therefore:

Which structural promise failed, how does that failure move, what part
of the modeled learning system may be changed while the rest is held
invariant, and what independent evidence licenses the repair?

Higher tangents, homotopy, coalgebra, topology, statistical inference,
and mechanization each refine a different part of that question. Their
value will come from preserving the distinction that motivated LINCS
in the first place: an obstruction is a typed failure of composition; a
learning signal is an observation of that failure; and a repaired system is
one that passes a separate admission decision. The resulting framework
is interventionist in method, categorical in its account of structure, and
causal only where its semantics and experiments justify that stronger
word.



frontiers of infinitesimal learning 271

A repair calculus also reveals its own boundary. LINCS as-
sumes a registered declaration and a registered language of admissible
changes. When persistent obstruction cannot be resolved within that
language, the problem is no longer only to repair a model of the the-
ory: it is to propose a finite extension of the theory, transport prior
knowledge across the extension, and admit the result under indepen-
dent evidence. The companion volume Infinitesimal Creativity begins at
this boundary. It treats typed theory extension as a distinct research
problem rather than silently promoting an unsuccessful LINCS repair
into a creative act.

Further reading

For homotopical extensions, Richter [2020] provides a route from or-
dinary categories to homotopy theory, while May [1992] develops the
simplicial foundations. Accessible and locally presentable categories
[Adámek and Rosický, 1994, Makkai and Paré, 1989] are natural set-
tings for studying categories of models, completion, and coalgebraic
semantics beyond finite sketches. Universal coalgebra [Rutten, 2000]
gives a complementary language for unfolding, behavioral equivalence,
and coinductive proof.

Higher tangent structure can be approached through Weil-algebra
classifications [Leung, 2017a,c]; MacAdam’s functorial treatment con-
nects Weil semantics, Lie theory, nerves, and realization [MacAdam,
2022]. Reverse derivative and reverse tangent categories [Cockett et al.,
2020, Cruttwell and Lemay, 2024] frame the reverse-transport problem.
On the learning side, categorical deep learning [Gavranović et al., 2024]
and copresheaf topological networks [Hajij et al., 2025] suggest how
richer declarations might compile into architectures. The open problem
for LINCS is to join these theories to uncertainty-aware, mechanized ad-
mission without erasing the domain semantics that make an obstruction
meaningful.

For the compression view of learning, Rissanen [1978] gives the
foundational shortest-description formulation and Grünwald [2007]
develops modern MDL in depth. Li and Vitányi [2019] provides the
algorithmic-information background, including the invariance and non-
computability qualifications that separate ideal complexity from an
operational code. Zahavy [2026] challenges compression as an account
of scientific invention by separating inductive compression and de-
ductive verification from abductive changes of axioms. The LINCS
question is how such codes should descend through declared quotients
and compose across covers, and how candidate declaration changes
should be generated and audited, without replacing typed admissibility
by a single complexity ranking.
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McCarthy [2007] frames a complementary limitation as the gap
between appearance and the reality that produces it. His examples con-
nect ordinary object permanence, inverse problems, and the invention
of theoretical entities such as atoms. Read together with Pearl’s causal
critique, this makes explicit why latent explanation and interventional
validation are distinct obligations.

Lenat’s account of AM [Lenat, 1976] remains a foundational study
of heuristic concept formation and conjecture generation. The method-
ological analysis by Ritchie and Hanna [1984] is a useful counterweight
when assessing how much novelty arose from general discovery princi-
ples and how much from hand-engineered representation and heuristics.
Together they make AM a particularly instructive precursor for LINCS:
a system can be strong at proposing extensions while remaining weak
at proof, admission, and transfer beyond its initial declaration.

The original papers make the two scientific-discovery loops espe-
cially concrete. Planck’s radiation-law paper [Planck, 1901] begins
from the empirical failure of a previously derived distribution and
changes a constitutive assumption in response. Einstein’s systematic
presentation of general relativity [Einstein, 1916] derives light deflec-
tion as a consequence of the new frame, while the eclipse report of
Dyson et al. [1920] records the independent observational test. They
are useful not as myths of solitary inspiration, but as paired examples
of obstruction-driven re-declaration and prediction-driven experiment
design.

Malthus’s population essay [Malthus, 1798], Darwin’s later recollec-
tion of reading it [Darwin, 1958], and the mature argument in On the
Origin of Species [Darwin, 1859] document a different discovery pattern:
transport of a mechanism across domains. The joint Darwin–Wallace
communication [Darwin and Wallace, 1858] is essential historical con-
text and guards against turning a distributed scientific development
into a story of isolated inspiration.
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Glossary of Notation

The same letter may denote different objects in different application
chapters. This glossary records the stable conventions of the lincs

framework. Types, declarations, and local definitions in the chapters
take precedence whenever a symbol is specialized.

Categorical declarations

Notation Meaning Role in lincs

C,D categories Typed domains of objects and composable maps.
f : X → Y morphism A legal computation, translation, observation, or intervention channel.
g ◦ f composite The structural operation whose declared coherence is tested.
D : J → C diagram A typed family of objects and maps with shape J.
S sketch or structural declara-

tion
Generators, equations, cones, cocones, and other obligations imposed
before choosing a loss.

Mod(S, C) models of S in C Realizations satisfying the declared sketch structure.
Path(S) path category of a sketch Formal composites generated by the declared arrows.
p, q : X⇒ Y parallel paths Two computations declared or tested to agree.
Fact factorization comparison The typed test used to compare a direct arrow with a declared

composite.
F : C → D functor A compositional translation between structural domains.
η : F⇒ G natural transformation A coherent change of functorial realization.
(V ,⊗, I) enriching symmetric

monoidal category
Supplies the type of hom-objects and the tensor used to compose them.

C(X, Y) ∈ V enriched hom-object Records structured maps from X to Y, such as an order, distance, or
vector space of maps.

SV V-enriched sketch A compositional declaration using enriched equations and designated
weighted limits or colimits.

Ω subobject classifier Internal object of truth values; its Heyting-algebra structure need not
be Boolean.

χA : X → Ω characteristic map of A ↪→ X Classifies a predicate or context-dependent subobject without
assuming that it has a decidable complement.

Graphical convention. In the 2-categorical figures, a region denotes a
category, a wire separating two regions denotes a functor from the
region on its left to the region on its right, and a box denotes a natural
transformation read from bottom to top. Horizontal pasting is whisker-
ing; vertical stacking is composition of natural transformations. Teal
wires mark tangent structure and amber boxes mark comparison or
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diagnostic cells. Color is explanatory and carries no additional type
information.

Obstruction, observation, and scalarization

Notation Meaning Role in lincs

O(D) typed obstruction of realiza-
tion D

Records failure of a declared factorization or universal property.

Op,q(D) obstruction associated with
parallel paths p, q

Localizes the failed promise to a particular comparison.

Obs observer Maps a typed obstruction into evidence available to a learner or
controller.

ϕ(O) observation or feature of an
obstruction

May retain vector-, relation-, distribution-, or language-valued
information.

ℓ(ϕ(O)) scalarization A task-dependent ranking or measurement applied after structural
typing.

INC infinitesimal non-
compositionality

Tangent response of a compositional obstruction under an admitted
probe.

INCp,q path-specific infinitesimal ob-
struction

Directional failure associated with the pair p, q.

λ scalar weighting parameter Used only when an admitted realization combines structural
observations with scalar objectives.

ker(Obs) observational null directions Variations that the declared observer cannot distinguish.
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Tangents, probes, and infinitesimal structure

Notation Meaning Role in lincs

(C, T) tangent category with cho-
sen tangent structure T =

(T, p, 0,+, ℓ, c)

Encodes admitted infinitesimal variation and its coherent transport.

T : C → C, TX tangent functor and tangent
object

Maps an object to its object of first-order directions.

TnX n-fold fiber power TX ×X
· · · ×X TX

Collects tangent vectors sharing one base point; T2X is the domain of
addition.

TnX n-fold iterate of T Represents iterated tangent levels; it is not the fiber power TnX.
p, 0,+, ℓ, c projection, zero, fiberwise

addition, vertical lift, and
canonical flip

Structural maps constrained by the tangent-category axioms.

T f : TX → TY tangent lift of f Transports infinitesimal variation through a declared map.
Dε infinitesimally perturbed re-

alization
A probe-indexed family with base point D0.

ε2 = 0 first-order nilpotent relation Synthetic differential-geometric encoding of first-order variation.
W Weil algebra or probe object Specifies the admitted order and shape of infinitesimal variation.
δ tangent direction or probe A local variation whose semantics must be declared.
[X, Y] Lie bracket of vector fields or

infinitesimal actions
Detects order-sensitive interaction and failure of involutive closure.

DbC (S) =

[S , C]
category of C-valued
database instances

Carries pointwise tangent structure when C is a tangent category.

TS I = T ◦ I pointwise tangent lift of a
database instance

Differentiates instance values while leaving the schema fixed.

τS syntactic tangent expansion
of a database schema

Declares tangent objects, fields, brackets, and their constraints
explicitly.

Obr bracket factorization obstruc-
tion

Records failure of the visible database distribution to close.

ρ : A→ TM anchor of a Lie algebroid Maps abstract skills or generators to vector fields on a base manifold.
N null or gauge subspace Directions quotiented before diagnosis when they are irrelevant to the

declared decision.
g♭ : TM →
T∗M

declared tangent metric as a
bundle morphism

Converts tangent vectors to covectors; its inverse g♯, when admitted,
selects intrinsic repair directions.

h metric on obstruction fibers Measures the residual of an inexact typed repair without defining the
obstruction itself.

ξ⋆θ Natural LINCS tangent re-
pair

Least intrinsic model variation that cancels, or approximately contracts,
the linearized typed obstruction.

Fθ Fisher information metric Information-geometric choice of gθ for a declared stochastic model and
sampling law.
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Repair and admission

Notation Meaning Role in lincs

U = {Ui → U} cover Contexts over which an obstruction is localized or evidence is
assembled.

D/∼ quotient realization Removes declared gauge, presentation, or decision-irrelevant variation.
Loc(O) localization of an obstruction Assigns surviving failure to modules, overlaps, agents, or contexts.
R repair language Registered class of typed changes that may be proposed.
r : D⇝ D′ repair proposal A controlled structural change, not yet an admitted update.
A admission rule or contract Independent criteria for accepting, rejecting, quarantining, or deferring

a repair.
Cert(r) repair certificate Provenance, invariants, uncertainty, tests, and evidence associated with

a proposal.

Ck CoLT reasoning state Packages the maintained sketch and realization with its probes,
quotient, cover, repair language, admission rule, and evidence registry.

τk CoLT transition record Records a probe, typed obstruction, localization, repair proposal,
certificate, and admission decision.

SCoLT Sheaf-theoretic Chain of
LINCS Thought

Specializes CoLT to the Toulmin argument sheaf supplied by SCoTT.

ESS effective sample size Statistical admission diagnostic in weighted or off-policy settings.
LanJ F left Kan extension Universal extension by colimit-like aggregation.
RanJ F right Kan extension Universal extension by limit-like consistency.

Local-to-global, causal, and decision notation

Notation Meaning Role in lincs

F (U) sections over context U Local predictions, arguments, evidence, or model fragments.
ρU

V restriction map Transports a section on U to V ⊆ U.
Č•(U ,F ) Cech complex of a cover Records overlap compatibility and higher gluing information.
δČ Cech coboundary Measures failure of local data to agree on overlaps.
colim, lim colimit and limit Universal aggregation and compatibility constructions.
P(Y | X = x) observational conditional Evidence obtained by conditioning, without an intervention claim.
P(Y | do(X =

x))
interventional distribution A measure defined under a declared intervention mechanism.

DKL(P∥Q) Kullback–Leibler divergence Compares identified measures but does not certify causal
identification.

Vπ , Qπ value functions Decision quantities under policy π.
Tπ , T∗ Bellman operators Policy and optimality factorizations used in decision and RL chapters.
RanJ(J∗ LanJ F) universal decision composite Extension followed by consistency relative to the information made

visible by J.
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Boundary: Typed notation

A symbol does not acquire causal, decision, or repair semantics
from its shape alone. Its type, declaration, observer, and admis-
sion contract determine what the notation licenses in a particular
application.





Subject Index

2-category, 39

abduction, 247

schema repair, 119

actionable model, 243

adapter composition, 181

adaptive site, 247

admission, 75, 143

safety, 229

admission certificate, 153

admission rule, 59

advantage quotient, 193

agentic workflow, 229

AI safety, 229

ALLORA, 181

anchor map, 187

apex, 209

appearance and reality, 119

argument repair, 223

backpropagation
structural transport, 133

Bellman factorization, 193

blockwise admission, 173

bracket residual, 101

bracket screening, 187

BRIDGE, 165

capability and safety, 181

Cartesian closed category, 49

categorical database
tangent lift, 111

categorical theory, 83

category, 33

causal discovery, 165

causal semantics, 101

Cech calculation, 173

certificate, 143, 243

chain of thought, 153

Chain-of-Evidence, 158

coalgebraic stabilization, 143, 247

CoLT, 153

commutator, 173

compatibility and effectivity, 215

compression, 247

copy and discard, 101

crossword puzzle, 45

CSQL
infinitesimal, 111

database
as diagram, 209

database instance category, 111

decision modality, 123

decision quotient, 123

declaration, 75

symbolic, 52

declaration card, 243

deep learning sketch, 133

descent, 215

distributed learning, 215

DLINCS, 133

DLINCS compiler, 133

enriched category, 34

enriched sketch, 34

equivariance
encoder example, 46

evidence provenance, 158

experiment contract, 243

exponential object, 49

factorization obstruction, 83

Fisher information, 137

Fisher metric, 97

policy manifold, 195

foundry, 229

function space

internal, 49

functor, 33

functorial database, 209

geometric causal discovery, 165

GIRL, 193

graphical calculus, 39

Heyting algebra, 50

higher-order probe, 91

hom-object, 34

homotopical repair, 247

infinitesimal causality, 101

infinitesimal database, 111

infinitesimal decision, 123

infinitesimal learning
frontiers, 247

infinitesimal non-compositionality, 91

information geometry, 97

integrability, 101

internal logic, 50

intervention protocol, 101

intuitionistic logic, 50

K-FAC, 137

Kan extension
decision making, 123

structural repair, 173

Kimi K3, 177

language model
equivariance, 46

LASKO, 187

latent variable, 165

law of excluded middle, 50

learning by repair, 75

learning sketch, 83

Lie algebroid, 187
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Lie bracket, 91

database, 111

nonclosure, 165

order sensitivity, 181

LINCS, 59

LINCS–KET, 173

LINCS–RLHF, 203

LINCS–Toulmin, 223

localization, 143

mixture of experts, 177

morphism, 33

Natural GIRL, 195

natural gradient, 97

Natural LINCS, 97

deep learning, 137

reinforcement learning, 195

natural policy gradient, 137, 195

natural transformation, 33

graphical, 39

neural adapter, 181

neural reasoning, 52

neural–symbolic learning, 52

observer, 83

Odyssey, 229

parametrized map, 133

pasting diagram, 39

pattern language, 243

predictive state, 215

preference learning, 203

probe semantics, 91

Prometheus, 229

provenance, 143, 223

qualifier, 223

quantization-aware training, 177

query
tangent compatibility, 111

quotient, 143

RADAR, 209

reasoning
structural, 153

reasoning trace, 153

rebuttal, 223

reinforcement learning, 193

relational descent, 209

relational manifold, 209

relational preference, 203

repair, 75

intrinsic tangent, 97

repair calculus, 59

repair language, 143

reproducibility, 243

response space, 59

reward gauge, 203

RLHF, 203

safe recovery, 193

scalarization, 83

schema expansion
abductive repair, 119

scientific discovery, 247

ScientistOne, 158

SCoLT, 153, 223

Toulmin specialization, 159

SCoTT, 159

set-valued decision, 123

sheaf, 33, 215

argumentation, 223

crossword example, 45

SID, 215

six-stage workflow, 75

sketch, 33

SKFM, 165

skill optimization, 187

smooth topos, 49

statistical admission, 203

string diagram, 39

structural declaration, 83

structural diagnosis, 75

structural learning, 59

structural surgery, 143

subobject classifier, 50

symbolic reasoning, 52

tangent Bellman residual, 193

tangent learning sketch, 91

tangent lift, 133

tangent structure, 33

theory change, 247

Toulmin argument, 223

transverse repair, 215

trustworthy foundation model, 229

universal construction, 33

universal decision learning, 123

universal obstruction axiom, 59

Weil algebra, 91

workflow repair, 187


	Preface
	A Trail Map of LINCS
	I Categorical Foundations
	A Working Language of Compositionality
	Categories: typed composition
	Ordinary syntax and enriched semantics
	Graphs, paths, and diagrams
	Functors: compositional translations
	Natural transformations: coherent change
	Reading coherent change in two dimensions
	Universal constructions
	Adjunctions and Kan extensions
	Sketches: declarations before objectives
	Presheaves, sheaves, and local-to-global reasoning
	Tangent structure and infinitesimal language
	Internal logic: infinitesimals, subobjects, and interventions
	Symbolic and neural reasoning
	From structural failure to learning signal
	A compact worked example
	How to read the rest of the book

	Axioms of Structural Learning
	What an axiomatization must distinguish
	The universal obstruction axiom
	Nonsmooth refinement: from a derivative to a response space
	The semantic core
	Structural laws governing the obstruction
	From semantic axioms to a repair calculus
	Six rule schemas
	An admission rule is not an equational rule
	A minimal worked example
	Soundness, completeness, and the research frontier
	What this adds to the LINCS workflow

	Learning by Repair
	From loss minimization to structural diagnosis
	An actionable model of the learning system
	The six-stage workflow
	A small factorization example
	Repair is a gated transformation
	One pattern, different domains
	What changes in the chapters ahead

	Learning Sketches and Factorization Obstructions
	From computational graphs to learning sketches
	Sketches as categorical theories
	Models and the factorization test
	Three declarations, three characteristic failures
	A running equivariance sketch
	Observation and scalarization
	Presentation, transport, and sketchability
	A sketch as a model of learning
	The declaration card

	Tangent Learning Sketches
	Tangent structure
	Tangent learning sketches
	Infinitesimal non-compositionality
	Why infinitesimal?
	The running equivariance example
	Probe semantics
	Weil probes and higher order
	Interactions and brackets
	Natural LINCS: intrinsic tangent repair
	From tangent diagnosis to learning

	Infinitesimal Causality
	A Three-Level Hierarchy
	Statistical tangent semantics
	Smooth intervention protocols
	Bracket residuals and integrability
	Invariance and dependence
	Two counterexamples that fix the interpretation
	Linearized copy and discard
	The three IC compatibility tests
	From IC to discovery

	Infinitesimal Categorical Databases
	From functorial databases to tangent instances
	Instance lift, schema expansion, and constraint stability
	Vector fields as natural database sections
	Why the tangent functor does not supply a Lie bracket
	A bracket-enriched CSQL schema
	Queries and data migration at tangent level
	From Democritus to BRIDGE and SKFM
	The six-stage database workflow
	Appearances, variations, and abductive repair
	Scope and mathematical boundaries

	Infinitesimal Decisions
	Decision making as universal extension
	A tangent site for decisions
	Differentiating universal extension
	The infinitesimal decision obstruction
	Decision-relevant quotients
	Nonsmooth and set-valued decisions
	The six-stage decision workflow
	Decision modalities
	Relation to GIRL
	Design lesson

	Deep Learning in Non-Compositional Sketches
	Why a deep specialization is needed
	Internal model spaces and parametrized maps
	Deep learning sketches
	Transport through backpropagation
	Tangent lifting of parametrized modules
	Natural DLINCS updates
	A four-level audit
	Weil probes beyond first order
	The DLINCS compiler
	Five recurring deep shapes
	Scaling and implementation choices
	What Deep LINCS adds

	Quotients, Localization, Repair, and Admission
	Quotient before measuring
	Localizing factorization failures
	Compatibility is not effectivity
	The repair language
	Repair as structural surgery
	Functorial and descent-compatible repair
	Observation profiles before scalarization
	Admission is a separate decision problem
	Validated scalarization
	Uncertainty and stochastic consistency
	Certificates and provenance
	Iterated repair and coalgebraic stabilization
	The reusable contract

	Reasoning by Structural Repair
	Reasoning as the evolution of a maintained model
	The anatomy of a CoLT transition
	Constructive epistemic status
	Base, tangent, and transverse reasoning
	Local reasoning and global effectivity
	An audit record, not private chain of thought
	SCoLT: the Toulmin specialization
	A compact SCoLT trace
	Minimal implementation contract
	Failure modes and open obligations


	II Applications
	Geometric Causal Discovery
	Three data regimes, three outputs
	The BRIDGE learning sketch
	Influence and closure are separate observers
	Falsifying a latent interpretation
	Nonclosure as a discovery trigger
	SKFM: amortizing the geometry
	Repair and admission
	What the experiments establish
	Design lesson

	Repairing Kan-Extension Structure
	The declared Kan diagram
	Base and tangent obstructions
	The repair language
	Why a joint norm failed
	Blockwise admission
	A small language-model test
	From commutators to a Čech calculation
	Frontier-model case study: Kimi K3
	Admission contract
	Design lesson

	Composable Neural Adapters
	Adapters as local intervention fields
	Why the bracket controls order
	The ALLORA objective
	Training and repair
	Controlled and language-model evidence
	Capability and safety composition
	Pretrained GPT-2 probe
	Structured extension: LICKET
	Admission and limitations
	Design lesson

	Skills over Lie Algebroids
	Why a Lie algebroid?
	The workflow learning sketch
	Anchor and closure defects
	Bracket screening as repair search
	Controlled benchmark
	Scaling the validation budget
	From anonymous anchors to agent infrastructure
	Application probes
	Repair admission
	Design lesson

	Infinitesimal Reinforcement Learning
	The Bellman factorization
	The tangent Bellman residual
	IL–GTD–MP
	Why the advantage quotient is necessary
	Natural GIRL
	Localization over Bellman covers
	Six layers of control
	The retained experimental sequence
	Safe recovery
	Global-to-local reconstruction
	Design lesson


	III Relational Learning and Reasoning
	Learning from Structured Preferences
	The scalar-reward declaration
	Projection is not repair
	Tangent transport and reward gauge
	Localize before pooling
	Statistical admission
	Relational fallback
	What the experiments establish

	Relational Manifold Recovery
	A database is a diagram
	Foundries and the apex
	Infinitesimal relational descent
	What is exact
	Controlled relational recovery
	MovieLens as a conjunctive gate

	Sheaf-Based Distributed Learning
	Compatibility and effectivity
	Why a gluing loss is not the declaration
	The linear predictive-state model
	Tangent descent
	Transverse repair
	Restricted repairs and integrability
	The SID controller
	Four foundry proofs of concept

	Infinitesimal Argument Repair
	The Toulmin learning sketch
	Base and tangent argument obstructions
	Quotient, localization, and repair
	E0: deterministic structural perturbations
	Limits and evidential ladder

	Trustworthy Foundation Models
	From a model to a foundry
	The Odyssey–Prometheus division of labor
	Safety as an admission problem
	The six-stage workflow at foundry scale
	Three foundry case studies
	A compositional account of AI safety
	What the architecture does not guarantee
	Toward foundry-scale learning
	Further reading


	IV Synthesis
	A Pattern Language for LINCS Systems
	The declaration card
	Six recurring patterns
	The actionable-model pattern
	The cross-application map
	A minimal experiment contract
	Certificates and reproducibility

	Frontiers of Infinitesimal Learning
	Compositionality and compression
	What is fixed, and what may be learned?
	Adaptive sites and learned covers
	Higher interaction signatures
	Homotopical repair
	Completion and coalgebraic stabilization
	Reflective repair and reverse transport
	Topology of repair spaces
	Statistical and language-valued tangent sites
	Mechanizing the declaration-to-certificate path

	Bibliography
	Glossary of Notation
	Subject Index


